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Abstrakt

Cirkularne r-hranové farbenie grafu G = (V, E) je zobrazenie ¢ : E — [0,7), kde pre
kazde dve susedné hrany e; a es, 1 < [c(e1) — c(eg)] < r — 1 a cirkularny chromat-
icky index grafu je infimum z r, takych, ze graf je cirkularne r-hranovo zafarbitelny.
Cirkularny r-tok je priradenie orientécie a tokovej funkcie: ¢ : E — [1,r — 1] grafu
tak, ze sucet tokovych hodnét hran vchadzajucich a vychadzajicich sa musi rovnat pre
kazdy vrchol grafu. Existuje dualita medzi vrcholovymi farbeniami a nikde-nulovymi
tokmi. Tato dualita vSak existuje iba v rovine. Cirkularnym farbenia st ekvivalentné
r-napatiam, ktoré definoval DeVos et al. Pojem r-napétia je dualny toku s dodato¢nymi
podmienkami, ktoré zabezpecuju dualitu aj mimo roviny.

Na efektivnejsie zakodovanie podmienok pre tok ako zmieSany linedrny program
pouzijeme balancovaného ohodnotenia. Ttuto dualitu sme vyuzili na vytvorenie algo-
ritmu, ktory pocita cirkuldrny chromaticky index grafu. Porovname dobu behu tohto
algoritmu a trivialneho algoritmu na vypocet cirkuldrneho chromatického indexu, ktory

pouziva zmieSané linedrne programovanie.

Krlaéové slova: cirkularne chromatické farbenie, balancované ohodnotenie, zmiesané
) b

linedrne programovanie
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Abstract

A r-circular edge coloring of a graph G = (V| F) is a mapping ¢ : E — [0,r), where
for any two adjacent vertices e; and ey, 1 < |c(e;) — c(e2)| < r — 1 and the circular
chromatic index is the infimum over all r, such that G has a r-circular edge coloring.
A circular r-flow is an asigning of an orientation and a flow function ¢ : E — [1,7 — 1]
to the graph, where the flow value of outgoing edges must be equal to the flow value of
incoming edges for every vertex of the graph. There exists a duality between colorings
and nowhere zero flows. This duality however, only exists on a plane. The concept
of circular coloring is equivalent to r-tensions, that were defined by DeVos et al. The
concept of tensions is dual to flows, in spaces other then a plane with added conditions
to ensure the duality outside of a plane. For more effective encoding of conditions of
a flow as a mixed linear program we will be using balanced valuations. We make use
of the circular coloring r-tension duality to construct an algorithm that computes the
circular chromatic index of a graph. We then compare the runtime of this algorithm
to a trivial algorithm for computing circular chromatic index that uses mixed linear

programming.

Keywords : circular chromatic index, balanced valuations, mixed integer linear pro-

gramming
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Introduction

This thesis is about finding an efficient method of determining the circular chromatic
indices of graphs, mainly cubic graphs as they are the focus of our research group and
many attributes of cubic graphs can be broadened to graphs as a whole. This work will
be centered around circular edge coloring, we’ll however first define circular colorings.

Circular coloring is a modification on the usual graph coloring, where instead of

integers we map vertices to real numbers.

Definition 1. A k-circular coloring of a graph G = (V, E) is a mapping ¢ : V. — [0, k),

where for any two adjacent vertices u and v

1 <le(u) —c(v)| <k-1

The circular chromatic number of a graph G, x.(G), is the infimum of all k, where
G has a k-circular coloring. We say that a graph G is circularly k-colorable if there
exists a circular k-coloring of G.

The circular chromatic number is well-defined, if a graph G has a circular k-coloring,
then it has circular [-coloring for any [ > k.

It was originaly defined by Vince in 1988 who called it star coloring [20].

Theorem 2. [20] For any graph G,

X(G) — 1 < xe(G) < x(G)

The problem of circular edge coloring is frequently researched in the field of graph
theory. [24, 22, 23, 13, 5] We'll be mostly focusing on edge circular colorings:

Definition 3. A circular k-edge coloring of a graph G = (V, E) is a mapping
c: E—[0,k), where for any two adjacent edges e; and eq

1 <lc(er) —cler)| <k —1

Definition 4. The circular chromatic index of a graph G, x.(G), is the smallest of all

k, where G has a k-circular edge coloring.



2 Introduction

As determining the chromatic index of a cubic graph is an NP-complete problem,
[11], so is the problem of determining the circular index. Thus finding an effective
algorithm, could vastly improve the speed of algorithmic computation of the problem.

Currently, Kunertova [14] designed multiple methods to determine circular chro-
matic index and compared their time complexity and running time. Then she used
these algorithms to compute circular indexes for small cubic snarks. For snarks of or-
ders higher then 20, dependant on the machine, this can take even a couple of minutes,
we would like something better, that could make computing the indexes even of bigger

graphs possible in an acceptable time.

We want to try one specific approach, where we will be transforming the graph into
another, making use of the flow-coloring duality, such that the graph’s index will be
equivalent to the flow of the new graph.

A circular k-flow is an asigning an orientation, a flow function ¢ : E — [1,k — 1] to
the graph, where the flow value of outgoing edges must be equal to the flow value of
incoming edges for every vertex of the graph.

The flow number of graph G, ¢(G), is the smallest of all integers r, such that G
has a circular nowhere zero r-flow.

There does exist a duality between flows and colorings on planar graphs. The
duality first proven by Tutte(1954):

Theorem 5. [}/ For every dual planar multigraphs G and G’

X(G) = o(G)

Similar duality exists between Circular coloring and circular flows. That is to say,
Xe(G) = ¢.(G") for every dual planar multigraphs G and G’. The proof of theorem 5
can also be used as the proof of duality between circular Colorings and circular flows.

For non-planar orientable surfaces a similar relationship can be established.

Circular coloring of a graph, embedded on an orientable surface corresponds to the
concept of tensions, as defined by DeVos et al. The graph has r-tension only if it has

a circular r-coloring.

Definition 6. [3/ A map ¢: E(G) — R is a tension if for every circuit C C G, if the
sum of the forward edges of C is equal to the sum of backward edges of C'. If for every
edge e € E(G),1 < |¢p(e)] <r —1, we say that ¢ is a r-tension.

The concept of tensions is dual to flows, with added conditions to ensure the duality

outside of a plane (defined later in theorem 27).

Balanced valuations r-flows defined by Lukotka [16], based on the concept of bal-

anced valuations by Jaeger [12], is the assignment of orientation to the graph and
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values from the interval |0, ””T;Q] to the edges of the graph so that the sum of outgoing
edges minus the sum of incoming edges for each vertex is equal to the degree of the
vertex modulo 2. This concept corresponds to circular r-flows and we will be using it
to improve the calculation of the circular flow number.

We have first implemented a trivial algorithm that directly computes the circu-
lar coloring using mixed linear programming, as a benchmark for comparison to our
algorithm.

We have also later implemented the algorithm that uses the duality between tensions
and flows on non planar surfaces. The algorithm attained better results in comparison
to the trivial algorithm. Sometimes the improvements in runtime where only marginal
and there may be dependece on the specific embedding of the graph used. Some more

research into these differences would be required.
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Chapter 1
Circular coloring and its duality

Theorem 7 (Vizing [4]|). For every simple graph G:
A(G) < V(G) < AG) +1

Based on Vizings theorem we separate graphs into two classes, class one graphs
that can be colored using A(G) colors and class two graphs that can be colored using
A(G) + 1 colors. In this thesis we are mainly interested in class two graphs.

As the flow-coloring duality applies to vertex colorings, we will be using the line

graph of the original graph instead,
Theorem 8. Line graph L(G) of G, is a such a graph that:
e cach vertex of L(G) represents an edge in G
e two vertices of L(G) are adjacent, if their edges in G were incident.

Theorem 9. Circular chromatic index of a graph G is the circular chromatic number
of its line graph L(G):

In this way we represent the edges of the original graph as vertices in the line graph
and we can continue using circular coloring instead of edge coloring on the original

graph.

1.1 Graphs with known chromatic indexes

First we’ll look at some graphs with known circular chromatic indexes. We will be
mainly looking at snarks, cubic graphs, that are non-trivialy not 3-edge-colorable. That
is to say, they are class two graphs and are connected and bridgeless as graphs with
bridges are always not 3-colorable. Our main interest is in snarks as edge 3-colorable

graphs also have a circular chromatic index of 3.

bt
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In this work we will be using some of these snarks for the purpose of testing the
correctness of our algorithm.

Mazék [18] discussed circular chromatic indices of snarks. He establishes the circular

11
5

The main aim of Mazak’s thesis|18] was to determine the chromatic circular index

chromatic index of Petersen graph, which is

of Blanusa snarks, discovered by Danilo Blanusa in 1946. There are 2 classes of Blanusa
snarks, denoted as B! | B2 Mazdk determines the circular chromatic index of Bl as:
, 2
Xe(By) =3+ 3
Gheleb [7] proves the circular chromatic index of B2 as:
1
[1+3m/2]

Another group of snarks with known circular chromatic indexes are the Flower

Xe(Bhiy) =3+

snarks, first constructed by Isaacs, and Goldberg snarks discovered by Goldberg.
Flower snarks are constructed from a number of smaller graph pieces, if the num-
ber of these pieces is odd the graph is 3-edge colorable, if it is even, the constructed
graph is a snark, we denote Fyk 4+ 1. The circular chromatic index of Flower snarks
was determined by Ghebleh et. al [6] as the following: x.(F3) = I, x.(F5) = & and
XL(Fr) = % for any odd k > 7. The circular chromatic index of Goldberg snarks was
determined by Ghebleh [8] as x.(G3) = % and x,(G) = £ for any odd k > 5.

Lukotka and Mazék [17] prove that for every r, 3 < r < 3+ g there exists a family
of cubic graphs with circular chromatic index 7.

Afshani et al. [1] prove that for a graph G of a maximum degree 3, that does not
contain graphs H; and H, as a subgraph, where H; and H, are graphs obtained by

subdividing one edge of the graph K3 and Ky, x.(G) < &

1.2 Circular flows

Next we will be taking a look at flows and the duality that exists between them and
colorings (and also circular flows and colorings).
For a graph G = (V| E), and a vertex v € V' we denote the set of edges incoming

to v as E*(v) and the set of edges outgoing from v as E~(v) .

Definition 10. For directed multigraph G = (V, E) and Abelian group A, ¢ : E — A

1s a nowhere zero flow if for every v € V:
D )= ) o)
e€E*(v) e€E—(v)

Where ¢(e) is the flow function, This condition is reffered to as Kirchoff’s law,
And ¢(e) # 0 for every e € E (therefore nowhere zero).
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If k£ is an integer and 0 < |¢(e)| < k then ¢ is refered to as a nowhere zero k-flow.
4]

Definition 11. The flow number of graph G, ¢(G), is the infimum of all integers r,

such that G has a circular nowhere zero r-flow.

As we are working with real numbers, we will be using circular flows, a modification
on nowhere zero flows, where we asign real values from [1,7 — 1] to edges, such that
Kirchoff’s law applies. Circular flow number of graph G, ¢.(G), is the infimum of all
r € R, such that G has a circular nowhere zero r-flow.

According to Tutte’s 5-flow conjecture [4], every bridgeless multigraph has a 5-flow,
therefore it also has a 5-circular flow. P.D.Seymour has proven in 1981 [19], that every
bridgeless multigraph has a 6-flow.

Goedgeburg et al. [9] came up with an algorithm for the computation of the circular
flow numbers of bridgeless cubic graphs. They then, using this algorithm, determined
the flow numbers for all snarks up to 36 vertices and that of various famous snarks.
Lukotka describes [15] efficient polynomial algorithms to turn balanced valuations and
orientations into circular nowhere zero r-flows. Lukotka [16] also computed circular
nowhere-zero flows, using balanced valuation r-flows and mixed linear programming
solvers. Using this method it was possible to compute flow-numbers of cubic graphs of
order up to 150, in a reasonable time of running the algorithm of less then 15 hours.

Next, we will define the concept of a cycle space, that is the vector space of all
cycles in a graph. For this we will first need to define the concept of a cycle and the

edge space, which the cycle space is the subset of.

Definition 12. A cycle is a connected graph, where the degree of every vertex is even.

A circuit is a connected graph, where the degree of every vertex is 2.

Definition 13. For a given graph G, edge space of G is the set of all subsets of E(G).
This set forms a vector space over the Zs field, where for every edge of E(G), 0 represent

the absence of the edge in the subset and 1 its presence.

Definition 14 ([10]). The cycle space of a graph G is the subset of the edge space
consisting of graph 0, all the cycles in G, and all unions of edge-disjoint cycles of G.

1.3 Balanced valuation flows

The concept of balanced valuations as used by Jeager [12], coincides with the concept
of flows. A balanced valuation of a graph G is a mapping b : V(G — N), such that
b(v) = deg(v)(mod 2) and for each vertex set .S, the number of edges of G with exactly

one vertex in S is greater than or equal to ) o b(v);
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Lukotka defined the concept of balanced valuation flows, based on Jaeger’s balanced

valuations.

Definition 15 ([16]). A balanced valuation r-flow on graph G is (O, ¢,b), where O is
an orientation, b: V(G) — Z, ¢ : E(G) — R, such that:

1. b(v) = deg(v)(mod 2) for every vertex v € V(G),
2. —=2 < ¢(e) < =2 for every edge e € E(G),
8o Deert(v) 9(€) = Deem-w) P(€) = b(v) for every vertex v € V(G).
we can represent the circular r-flow more broadly as:
Theorem 16. A circular r-flow is equivalent to the following set of equations:

a1 + @122+ ** + ATy = k17’

9171 + G99%s - - - + A2 Ty = kT

Am1T1 + Q2o - ° + ATy = ka

where every a;; € {—1,+1,0} represents the orientation of j-th edge, in relation to
vertex i, +1 for incoming edges, —1 for outgoing ones and O if the edge is not incident

to i. And where for every j, 1 <z; <r —1.

This way we can later, instead of vertices, also include the non-contractible cycles
of the graph into this definition.

As for balanced valuation r-flows we can similarly define them as:

Theorem 17. A balanced valuation r-flow is equivalent to the following set of equations

anyr + a12ys -+ a1y = b

m1Y1 + Am2Y2 -« - - + AmnYn = bm
where every b; = Zj a;;(mod 2) and for every i applies —%2 <y < 7";—2
We show that there exists an equivalence between these two definitions

Theorem 18. Let Xy, ... X, be the following set of equations with variables x1, ..., Ty

1121 + A19T9 - + A1pTy = kﬂ’

Am1T1 + AmaT2 * - - + App Ty = kmr
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where every a;; € —1,0,1, for everyi € {1...n}:1<z;<r,—landr eR:r>2

also letYy, ...Y,, be the following set of equations with variables with variables yy, ..., yn:

anyr + aoys - -+ a1y = by

Am1Y1 + QmaY2 - -+ + QY = bm

where every b; = Zj aij(mod 2) and for every i,— =2 < y; < %

r —

Then there exists a bijection between the solutions of X1,...X,, and Yy,...Y,,.

proof:

"="  From formulas —% <y < # and 1 < x; <r —1, we get:

r—2 r—2
— <y <
T r

r—2<qy.r<r—2
2<y;r+1r<2r—2
1< (yi+1)g <r-—1
from this for y; and x; to be from the same interval the following will be applied:

2
r
and for x;:
zi=(yi+1)5 (12)

we then subtitute (1.2) into X;:

;11 + Aoy - -+ + QinTy, = kT
r r r
an(y1 + 1)5 + aia(y2 + 1)5 A Qi (Yn + 1)5 = k;r

,
5(%‘1(91 +1) tap(yz+1) - +ain(ys + 1)) = kir
an(yi +1) +aix(ye + 1) - + ai(yn + 1) = 2k;

a;1y1 + @Yo -+ + AinYn + Z a;; = 2k;
je(ln)
any1 + aipyz -+ Qinln = 2k; — Z Q5
Jje(ln)
parity of 2k; — Zje(lm) a;j, is the same as the parity of just the sum, and both 2k;
and the sum are integers. Therefore 2k; — >

je(im) dij = bi



10 CHAPTER 1. CIRCULAR COLORING AND ITS DUALITY
"<" we substitute (1.1) into Y;:
anyr + aipy2 -+ QinlYn = b;

2 2 2
i - 1 ) - - 1 ttt mn - 1 = bl
a1($1r )—l—az(l’zr ) ta (x37, )
2 2 2
aﬂxl; + CL12$2; R ainxii; - ‘ E : Aij = bl
JjE€(,n)

2
;(aﬂxl + Q99 + Clmxg) = bl + Z aij

T
an + aipts - -+ apmrs = (b + e%: | aij)§
J ,n

Asbjand ;¢ ) ai; have the same parity, (bi+>;c(, ) aij)/2 is always an integer,
we'll call it k;, so:

;11 + @i -+ -+ Ain L3 = k'ﬂ”

1.4 Duality between flows and colorings

Our interest in flows lies in the existence of a duality between nowhere zero flows and

colorings, which we will be using in our algorithm.

Definition 19 ([21]). An embedding of a graph G on a surface X is a representation of
G on X in which points of X are associated with vertices and simple arcs are associated

with edges, such that:

e the endpoints of the arc associated with an edge e are the points associated with

the endvertices of e
e no arcs include points associated with other vertices
e two arcs never intersect at a point which is interior to either of the arcs

Definition 20. Let G be an embedded graph, we define G', a graph in the same surface,
as its dual graph. The vertices of G' are the faces of G. For every edge e € E(G) there
exists a corresponding dual edge ¢ € E(G') that connects the two faces, that were

adjacent to e.

Theorem 21 (Euler formula,|[4] ). For every connected planar graph G:

V(&) = [E(G)] + |F(G)] =2
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For graphs that can be embedded in surfaces, the Fuler characteristic x is defined:
x = V(&) = [EG)]+|F(G)]

and all graphs embedded in the same surface have the same Euler characteristic. Thus,
every connected planar graph has the Euler characteristic of 2. A genus, ¢ of a ori-
entable surface can be defined using the Euler characteristic, y = 2 — 2¢g. A genus 0
orientable surface is a sphere, genus 1 is a torus, genus 2 a double torus etc.

The flow-coloring duality theorem, however works under the condition that the
graph, and such also its dual, are planar. What about graphs that are not planar?
Can we define some sort of duality between them and nowhere zero flows? We will be
taking a look at graphs embedded in different surfaces than planes.

DeVos et al. define the concept of tension and local tension as well as ¢-chains,

boundries and coboundries.

Definition 22 ([3|). For directed graph G, map ¢: E(G) — R is a tension if for every
circuit C C G, if the sum of the forward edges of C' is equal to the sum of backward
edges of C. If for every edge e € E(G),1 < |p(e)| < r—1, we say that ¢ is a r-tension.

This concept of tensions corresponds to our concept of circular chromatic colorings.
Theorem 23 ([3]). x.(G) =inf{a € R|G admits an a — tension}

Lets take an Abelian group A and an embedded graph G . We call 0-chain a map
from V(G) to A, we call I-chain a map from E(G) to A, and 2-chain a map F(G) to A.
Let + = 0,1, 2,, then ¢—chains form a group under componentwise addition, we denote
Ci(G, A).

For an oriented graph G, the orientation is arbitrary as the specific orientation is
not important for these definitions. We define < v, e > for vertex v € V(G) and edge
e € E(G) as < v,e >= 0 if v and e are not incident, as < v,e >= —1 if v is the first
vertex of e and as < v,e >= 1 if it is the second vertex. For a face F' and its bounding

cycle S =g, e1,v1,..., e, v9 we define < e, ' >=37 .y . <vi,e; >

Definition 24 (|3]). If c € Cy(G, A), we define the coboundary of ¢ as dc € C1(G, A)
where dc(e) = Lyev () < v,e > c(v).

If ¢ € C1(G, A), we define the coboundary of ¢ as oc € Co(G, A) where dc(F) =
Yecr) < e, F > c(e).

If ¢ € C1(G,A), we define the boundary of ¢ as dc € Cy(G, A) where dc(v) =
Yecr(@@) < v,e>c(e).

If ¢ € Cy(G,A), we define the boundary of ¢ as Oc € C1(G,A) where dc(e) =
Yrer@) < e, F > c(F).
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We define ¢! as a tension if ¢! is a 1-chain and ¢! = 6¢° for 0-chain . We denote
the set of tensions as T'(G,T'). Similarly, note that if dc! = 0, ¢! is a flow. We denote
the set of flows as F(G,T'). If G is an embedded graph and dc! = 0, we call ¢! a local
tension. We denote the set of local tensions as L(G,T). If ¢! = dc? for ¢® € Co(G,T),
we call ¢! a facial flow. We denote the set of facial flows as K(G,T).

Theorem 25 ([3]). For every 0—chain ¢ 66c =0, so T(G,T") is a subgroup of L(G,T')
and for every 2—chain ¢ d0c =0, so K(G,I") is a subgroup of F(G,T').

Let G be a graph embedded in an orientable space and G’, be its dual. Let x be a
flow, € C1(G, A) then in Cy(G’, A) it is a local tension, but it is the same vector, if
in the dual the sequence of edges is preserved and the duality changes the orientation
of each edge in the same direction, either clockwise or anti-clockwise. Similarly if
z € C1(G, A), is a facial flow, then in C}(G’, A) = is a tension, so F(G, A) = L(G', A)
and K(G,A) =T(G", A).

Definition 26. Let ¢ € C1(G, A) and d € C1(G, A), then we define ¢ - d:

cod= Y cle)d(e)
c€E(G)
Lemma 27. Let G be a graph embedded in an orientable surface and G’ be its dual. Let
Ay, ... Ay be a set of vectors generating the vector space K(G,Q). Let Ay, ... Ay, By,... By,
be a set of vectors generating the vector space F(G,Q), then v € T(G'\R) & x €
L(G",R) and x.B; =0 for alli € {1,...m}.

proof (R. Lukotka, personal communication):
=: See (3, proposition 3.1]
<: Let x be a flow, z € L(G',R) and 2.B; = 0 for all i € {1,...m}, as x € L(G',R),
r.A; =0foralli € {1,...k}.
We want to prove, that z € T(G',R), based on propossition 3.1, we need to prove:
d.x = 0 for every d € F(G,Z). Let us take any d € F(G,Z).
Every flow d € F(G,Z) is also a flow in F(G,Q), so

d = yl-Al + .. ykAk —f- Zl.Bl + e —f- Zm-Bm

where y; and z; are from Q.

We multiply by lowest common denominator z:
zd=y. A1+ ...y Ap+20.Bi+ -+ 2 .Bn

where y; and 2} are from Z.

z(dz) = (zd)x = (Y. A1+ . YA+ 21.B1+ -+ 2,,.By).x =
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=y (Ar.2) + ..y (Apx) + 2. (Brx) + -+ 2 (Bp.x) =0

In R, z.(d.z) = 0, means d.x = 0 as A;.x = 0 because x is a flow and B;.x = 0 from

the presumption. O

Therefore if a graph could be represented as embedded in an orientable surface,
we could, and it is our aim in this thesis, transform it into its dual and calculate its

circular chromatic index using the dual’s flow number.
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Chapter 2
Trivial circular coloring algorithm

First we will describe the construction of a trivial algorithm that uses mixed linear
programming to calculate the circular chromatic index of a given cubic graph.

While this algorithm may not be the most efficient method of solving this problem,
it will give us a rough estimate as to what orders of cubic graphs a simple algorithm
can handle and we can use this estimate as comparison to our algorithm.

For each edge e of graph G we set a variable x, that will correspond to the color
of e, x. = ¢(e). To encode the circular chromatic index of the graph, Y., we add a
variable t.

We set the upper bound for ¢ as 4, as chromatic index of a cubic graph is less then 4,
based on Vizings theorem [4], and the fact that the circular chromatic index is always
smaller or equal than its chromatic index.

We will then set constraints for each vertex v such that for any two edges, e and f
that are incident to v :

1 <l|ze—azyp| <t—1,

As the absolute value is not linear, but only linear by its parts, we will need a
binary variable for each pair of incident edges b., to represent the absolute value. We
want to represent a constraint with absolute value in linear programming. We'll split
this formula into two parts, |z. — x| <t —1and |z. — x| > 1.

To represent the first inequality is easy, we just add two constraint,
Te—ap <t—1

—(xe —xy) <t-—1

To represent |x. — zs| > 1 we will need to make use of the binary variables. We’ll
add two constraints:
((L‘e — {L‘f) + M.b@f Z 1

—(ze —xp) + M.(1=bey) > 1,

15
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where b, ; is the binary variable for e and f and M is a constant large enough, that if
b =1, the first inequality will be true independently of x. — ', for cubic graphs we’ll
choose 4, as . — xy < 4 based on Vizings theorem.

Lastly, for every edge e and its variable x, we also need to set the bound:
ze € [0,1)

This algorithm will then minimize and return ¢, which is the circular chromatic

index of the graph.



Chapter 3
Duality algorithm

In this chapter, we will explain the process through which we will transform a graph
to its dual, so that we may use the linear program for its flow number as well as go
through the Implementation of the program, and describe the program that calculates

circular chromatic numbers with corresponding Implementation.

3.1 Implementation introduction

The aim of this algorithm is to determine the circular chromatic number of a cubic
graph. Altough the input of our algorithm is a cubic graph, as per theorem 9 circular
index of a graph is equal to the circular chromatic number of its line graph, so we can
think of our aim as finding a vertex coloring for the line graph. The line graph won’t
be a cubic graph. It will be a 4-regular graph, as each edge in a cubic graph has 2
other edges incident to each of the vertices of this edge.

Our algorithm will then be transforming the line graph into its dual, while keeping
the right orientation.

We won’t analyze the time complexity of the first part of the algorithm, up until
section 3.3, as the complexity of this part of the algorithm will be polynomial. The
time complexity of the linear program is non-polynomial, so the runtime of the whole

program will be determined based on the effectivity of the linear algorithm.

3.2 Overview

First we will define some commonly used structures:

e Graph, data structure vector<vector<int>>, corresponds to a specific embed-

ding of a graph as an adjacency list.

e Circuit, data structure vector<int>, represents a cycle in a graph, we also use

it to represent a face as it is also a circuit, as a sequence of vertices.

17
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The algorithm contains the following functions, along with their signatures:

Higher level functions

e main()
The main executable function of the program, takes an embedding of a graph
from standard input in the form of the Graph structure and runs the duality al-
gorithm, more specifically the graphToFlow function, while outputing the circular

chromatic number and the runtime of the algorithm.

e Graph lineGraph (Graph graph)
As stated in Theorem 9, the circular chromatic number of the graph is equal
to the circular chromatic index of its line graph, lets denote L, so to determine
the circular index of the original graph, we’ll determine the circular chromatic
number of L. This function returns the line graph to a given graph, as type

Graph so it is a specific embeddin.

e double graphToFlow( Graph lineGraph)
A higher level function, that recieves the line graph, transforms it into its dual,
while identifying its faces and non-contractible cycles from Theorem 27. The
function then runs the linear program that determines the circular flow number,
while satisfying the conditions for non-contractible cycles, and returns it as a real
number. This flow number is equivalent to the circular chromatic number of the
line graph as per Theorem 27. The lower level functions graphToFlow uses are

described below.

lower level functions of graphToFlow

e vector<Circuit> faces(Graph graph)

For the duality between circular chromatic colorings and flows to work, based on
Theorem 27, for tension z € T(G,R), which is equivalent to circular coloring, to
also be a local tension, which are dual to circular flows, we first need to determine
the set of vectors Ay, ... Ay and Aq,... Ag, By, ... B,, that generate vector space
K(G,Q) and F(G,Q) respectively. This function finds all the faces in given
graph, as the set of all the faces in a graph generates the facial flow vector space
K(G,Q), also we will need the faces of the graph in order to create its dual in
the dualGraph function.

e vector<Circuit> nonSpanningCycles (Graph spanningTree, Graph graph)
This function finds the spanning tree of the graph and uses it to find the basis
of cycle space of the graph. This basis generates the F(G,Q) vector space, so
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this basis forms the vectors Ay, ... A, By,...B,,. We then use these cycles and
the facial basis from the faces function, to determine the non-contractible cycles
Bi,...B,,.

e Graph dualGraph (vector<Circuit> faces, Graph graph,
map<int, bool>&edgeOrientation, vector<edge>&newEdges)
The dualGraph function takes the graph and its faces and finds the dual graph
to it. We make sure to preserve the specific embedding and in newEdges vector
we preserve the ordering of edges, we use this to map edges in the original graph
to their dual image. As we already know the orientation of the graph, we use this
orientation and a direction of rotation to determine the orientation of the dual,

this orientation is then stored in the edgeOrientation map.

e double rflow( Graph dual, map<int, bool>&edgeOrientation, vector<Circuit>
nonSpanningCycles)
We encode the problem of balanced valuation flows with the added conditions for
Bi,..., B! that are the dual curcuits to the non-contractible cycles By, ..., B,
from theorem 27 as a mixed linear program. This function takes the oriented
dual graph, the non-contractible cycles and computes the circular low number of
the graph, with the condition that the flow on the non-contractible cycles adds

up to 0, and returns it.

Faces of the graph

First, for the construction of the dual graph and finding the basis of the cycle space of
the graph, we will need to find the faces of the graph. Knowing the number of faces of
the given graph and using the Euler formula, Theorem 21, will allow us to find what
surface can the given graph be embedded in.

To find the faces of a graph we use a simple algorithm. We start by finding an edge
not yet used in any two faces as each edge is present twice in faces of the graph, it
could even be twice in a single face.. We then go to the second vertex of the edge, and
find the next edge incident to this vertex in some given orientation of the surface. We
then go to the second vertex of this edge and repeat the same. We do this until we
return to the edge we started with. This sequence of edges is one of the faces. We then
find another edge that wasn’t yet used twice and repeat the same approach as the first

time. Continue with this until all the edges of the graph has been accounted for.

Basis of cycle space

If the graph is planar, the set of face cycles will generate a basis of cycle space of

the graph [4]. In non-planar graphs, we will need to find the basis of cycle space and
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by finding which cycles are lineary independent to the face matrix, we will find those
cycles that are non-contractible in the non-planar embedding.

For the purpose of finding the basis of cycle space of the graph, we’ll next need to
find a spanning tree of the graph. We will be using a trivial algorithm for finding a
spanning tree of the graph. First we take an ordering of all the edges in the graph. We
start with a spanning tree graph with only the first edge. We add the second edge in
the ordering to our spanning tree. We then go through the spanning tree using breadth
first search to see if any cycles exist in it. If a cycle exists, we remove the edge last
added. If a cycle does not exist, we keep the edge in the spanning tree. We then add
the next edge and repeat the same process. We do this until we have tried every edge
or until the number of edges in the spanning tree is equal to the number of vertices
minus one, as that means all vertices are included in the spanning tree. Note that this
method will give us an arbitrary spanning tree, and for the purposes of effectivity of
the mixed linear program it may not be the best approach.

A basis of the cycle space can be made from a spanning tree, containing cycles
formed by an edge e outside the spanning tree and the edges from the spanning tree
that create the cycle from one vertex of e to the other. To find these cycles, we’ll go
through all the edges in the graph. If this edge is not present in the spanning tree,
we’ll run a function, that will, find a path in the graph from one vertex of the edge
to the other. This path together with the edge will be the cycle we were after. We’ll
repeat this approach with all the edges not in the spanning tree and we’ll get a set of

cycle that form the basis of the cycle space of the graph.

Non-contractible cycles

Then, as by Lemma 27, we have the set of vectors generating the facial flow space
Ay, ..., Ag, that we can take from the faces of the graph. We then need to find which
cycles are the non-contractible cycles, that is cycles By,...,B,,. We'll do this by
transforming the cycle basis, transforming it into an edge matrix, using the same
algorithm as with the facial matrix.

This matrix, denoted as cycleMatrix, is a two dimentional n x m array of elements
from Z,, where each row represents one of the m cycles from the spanning tree algorithm
and for each edge of the graph e;, i € [0,n), cycleMatriz[k][i] = 1 if the k-th cycle
contains the i-th edge and 0 otherwise.

We also have the facial Matrix, denoted as faceMatrix, a two dimentional n * f
array of elements from Zs, constructed the same way as the cycleMatrix. We will also
triangulate this matrix.

The pseudocode for the algorithm that transforms the cycle and face matrix into a

triangular matrix is shown in algorithm 1.
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Algorithm 1 Algorithm to transform cycles into edge matrix

edges < array of all edges of the graph
for face in faces do
row < new Array
for edge i in edges do
found < 0
for edge j in face do
if i == j then
found <« 1
end if
end for
row.push < found
end for
result.push < row

end for

Next we’ll take the facial matrix and one by one add the cycles, in the cycle basis,

then after each we’ll once again triangulate as seen in algorithm 2 and 3.

Algorithm 2 Algorithm for finding the Non-contractible cycles in a graph
for cycle ¢ in cycleMatrix do

originalSize <— faceMatrix.length
faceMatrix.push < ¢
triangulate(faceMatrix) > algorithm 3
if numberOfNonORows > originalSize then
result.push < ¢
end if

end for

The triagulation of a matrix as defined in algorithm 3 works followingly. We have
an array, leadingOnes, where we keep track of which rows leading ones have already
been determined. We then go column by column until we find a row that starts with
one and its leading one has not been determined. This row will have the leading one
in this column. We then add this row to all other rows that have a one in this column.
After this operations the first column will have only one leading one and all other
zeros. We continue this until all rows have asigned leading ones, then the matrix is in
triangular form.

If the row added, that is the cycle, is lineary dependant, that would mean it was

already generated by Aj,..., Ax. basis and as such the cycle belongs to Ay, ..., A,
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Algorithm 3 Funcions that gets a matrix over Z, and makes it a triangular matrix

using row operations
procedure TRIANGULATE(matrix)

array<bool> leadingOnes <— (matrix.size, false)
rowsCompleted < 0
for i=0, i<matrix.columnNumber, i++ do
j< 0
while j<matrix.size do
if matrix|j|[i|=1 and !leadingOnes[j| then
leadingOnesl|j| < true;
rowsCompleted+-+
for k = 0, k < matrix.size, k++ do
if matrix[k|[i]=1 and j!=k then
addRows(matrix|j|, matrix[k]) > addition (mod2)
end if
end for
break
end if
-+
end while
if rowsCompleted=matrix.size then
break
end if
end for
removeZeroRows > we can do this trivialy by a for cycle

end procedure
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not By, ..., B,,. After repeating this with all the rows of the matrix we get the set of
edges not in By, ..., By,.

Orientation

For the purposes of computing the flow of the graph we will need to find the orientation
of the graph. We’ll pick the orientation for the edges of the graph even before the
construction of the dual. We can pick any arbitrary orientation for this, for example
in the testing algorithm we picked an orientation from the vertex with the lesser index
to the one with the greater index for each edge. Later, during the construction of the
dual, we just pick either clockwise or counterclockwise orientation of the surface. This
orientation will determine the orientation of the edges in the dual graph in relation to
the original edges. We will also want the orientation of the edges in relation to the
orientation of the same edges in the non-contractible cycles. We’ll need this relation
to compute the flow, as the flow on the cycle should be equal to zero in a consistent
orientation. We’ll compare the orientation we picked to an orientation of each non-
contractible cycle and for each edge we store if it was the same or opposite. The

pseudocode for this can be seen in algorithm 4.

Algorithm 4 Algorithm for finding the orientation of the non-contractible cycles in

comparison to graphs orientation
for cycle in Cycles do

array<pair<int, bool>> cycleOrientation
for Edge c in cycle do
for Edge e in edges do
if e.first=c.first and e.second=c.second then
cycleOrientation|c| < true
else if e.first=c.second and e.second=c.first then
cycleOrientation|c| < false
end if
end for
end for
result.push < cycleOrientation

end for

Dual graph

The last thing we’ll need is to transform the graph we have, that is the line graph of

the original graph we started with, into its dual. It is important to note, we want to
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retain the order of edges in the faces when we turn them into vertices and the order
of edges in the vertices when we turn them into faces. We also want to retain the
orientation of all the edges, just rotated according to our chosen plane orientation.

The function will take the graph and its faces as arguments and return the dual
graph, the edges of the dual in the same ordering as in the original graph and a map
showing the orientation of each edge in the dual.

The algorithm will take an ordering of edges, the same one we used before, in the
face algorithm. For each of these edges we will then find the two faces that contain
this edge create an corresponding edge from one face to the other and compute its new
orientation. We will also add the edge to the dual graph in the same index as was its
position in each of the faces, so the order of edges is retained. See algorithm 5

After we have gone through all the edges, we’ll have the whole dual graph together
with its orientation and edge ordering. We now have all we need to begin the compu-

tation using mixed linear programming.

Algorithm 5 Algorithm for finding the Graph
for edge e in edges do

pair found <« (-1,-1) > variable for the first instance of this e
for face in faces do
for edge f in face do
if f = e and found = (-1,-1) then
found < (face, f, graph)
else if f = e then
dual|face]|f] < found.first
dual[found.first][found.second| < face
bool orientation <— findDualOrientation(face, edge) > algorithm 6
end if
end for
end for

end for

Algorithm 6 takes the graph, current edge, denoted u-v, and one of the faces that
include this edge, F'. The algorithm returns true, if the next edge incident to v after u-v
in the original representation of the graph is one of the edges that form the bounding
cycle of F.

If findDualOrientation() returns true and we want to retain the same orientation as
per the edge sequence in the original graph, then the new the dual edge will incoming

to F'. If it returns false, the new edge will be outgoing from F'.
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Algorithm 6 Algorithm for the new orientation in the dual graph, this orientation is

based on the order of edges in the original graph
procedure FINDDUALORIENTATION(face, edge, graph)

size <— graph|second|.size();
for edge e in graph|edge.second| do
if e.second = edge.first then
nextEdge < graphledge.second|[(e+1)%size] > the next edge in the
second vertex after our edge
for edge f in face do
if f = nextEdge then
return true
end if
end forreturn false
end if
end for

end procedure

3.3 Calculating flow using mixed linear programming

For computing the circular flow number of the graph we’ll be using balanced valuation
r-flows. Using this approach it is possible to use mixed linear programming solvers for
circular flow as was first done by Lukotka [16] in 2023.

Construction of the mixed linear program

We will now transform the problem of finding a balanced valuation r-flow into mixed
linear problem, and later use a LP solver to calculate the flow number, which as in
Theorem 18, is equivalent to the balanced valuation of the graph. We will be using the
representation of balanced valuations from Definition 17.

From the definition 15 of balanced valuation r-flows 3. and 2.,

W)= 30 ole)— D o)< 2 deglu)

e€ET(v) e€E~(v)

b(v) < deg(v) — 22X

We encode b(v) for given vertex v of G followingly. We define M, for any v, as the
maximum value that b(v) can attain. We assume that r < 6, as proven in Seymour’s 6-
flow theorem [19]. Then based on the above formula: M, = deg(v) — Q(dWT(”)} We then
add an integer variable x, for every v with a range of [0, M,]. The relation between b

and z is the following: b(v) = 2z, — M,. This also guarantees the parity of b(v).



26 CHAPTER 3. DUALITY ALGORITHM

We encode the ¢ function followingly. Let ¢ be the variable representing the bounds
of ¢(e), this will correspond to “=2. Next for every edge e € F(G) we’ll have a variable
Y. that will represent the edges flow value.

The program will then, while minimizing for ¢ we have the following constraints:

1. ayiyr + awoy2 - - - + appyn = 22, — M, for every vertex v,
2. 0 <z, < m,, for every vertex v,
3. —t <y, <t, for every edge e,

The result we get from the solver, will be the minimized ¢, from which we’ll get our

result we’ll calculate r as per following: r = ﬁ

The above described mixed linear programming algorithm is only concerned with
regular flows. We would like to add the conditions for non-contractible cycles.

The conditions for non-contractible cycles can be represented similarly to the flow

conditions in definition 16, followingly:

Ae1T1 + AT+ + Qen @y, = kel

where for non-contractible cycle ¢ where every a.; € {—1,+1,0} represents the
orientation of j-th edge, in relation to the rotation of the cycle, +1 if the orientation is
the same, —1 if it is the opposite and 0 if the edge does not belong to the cycle. The
value of z; corresponds to the flow value on the edge j, so for every j, the following
also applies, 1 < x; <r — 1.

If we add the set of these equation to the ones for flows, we get the following set of

equations:

111 + A19T9 - - - + ATy = ]ﬁ?”

Am1T1 + A2 -+ ATy = Kt

Am41,101 + Q12727+ + Q1 T, = K17

Q4,101 + Qg 202 + Amt-c,nTn = km—&-cr

where the first m rows are the equations for flows, and the last ¢ are the conditions
for non-contractible cycles.

This set of equations is however still in the same format as one for flows, just with
additional rows, and based on Theorem 18, can be represented as balanced valuation

flow.



Chapter 4

Results

In this chapter we’ll take a look at some results of using the algorithm and the lin-
ear programming solver to compute the circular flow indices of several different cubic
graphs. We'll also take a look at the comparison between the speed of the algorithm
and the trivial algorithm using linear programming described in Chapter 2. For solving
the mixed linear part of the algorithm we used lp_solve5.5 [2]. We ran these tests on
a computer with Intel Core i5-10300H CPU @ 2.50GHz processor.

We tested this algorithm on some smaller graphs first, for testing bugcatching pur-
poses and as interesting comparison of the difference in time between the c++ part
of the algoritm and the solver. For small orders of graphs the polynomial algorithm
could have slower times than the trivial algorithm. Namely, we used the K4 graph and
Petersen graph.

As the main interest of this thesis are the circular indexes of snarks, we ran this
algorithm on the main major families of snarks, Flower snarks, Goldberg snarks and
Blanu$a snarks. In 1.1 we mentioned Snarks with known chromatic indexes, we used

these Snarks for result verification.

In Table 4.1 we can see the results and time comparisons for our algorithms on flower

Flower Snarks

) vertex time dual | time triv-
index O )

order (s) ial (s)
3 12 % 0.815 3.939
4 16 3 2.238 0.573
5 20 137 198.262 1253.579
7 28 % 31052.234| 47 654.323

Table 4.1: Running time of our algorithm (left) and the trivial algorithm(right) for

flower snarks.
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Small cubic graphs
] time
n vertex y time trivial
ra . rivia
srap order dual (s)
(s)
K4 4 3 0.001 0.001
Cubical
8 3 0.002 0,002
graph
Pentagonal
. 10 3 0.004 0.005
prism
Small non-
planar 10 3 0.028 0.005
graph
Petersen 10 % 0.329 3.246

Table 4.2: Running time of our algorithm (left) and the trivial algorithm(right) for

some cubic graphs of small orders.

snarks. As we can see, the dual algorithm performs better on small order snarks, J3
and J5. Flower snark Jy isn’t really a snark, as its chromatic index is 3, as is its circular
index. We can see the trivial algorithm, performs significantly better on J; then the
dual algorithm. This may be caused by the relative speed of the Ip solver compared
to the rest of the algorithm when it is easy to find the correct circular index. The J;
snarks runs faster on the dual then on the trivial algorithm, but not as remarkably.
This is probably caused by higher order graphs having more non-planar edges, thus
having more irreducible cycles which cause the linear program to have more variables
thus increasing complexity. The trivial program does not have these variables as it

doesn’t use the duality.

In Table 4.2 we've taken a look at some small cubic graphs, mostly non-snarks,
to compare the results. For the planar graphs the speed is mostly the same. The
non-planar graph runs longer on the dual algorithm, this result may be caused by the
added complexity in the c+-+ part of the code or it may be the additional variables
and constraints in the linear program. This suggests that the less planar, that is more
crossing edges and irreducible cycles there are, the slower the linear program runs. For
more complex graphs, especially snarks as we can see for the Petersen graph, the dual

algorithm gives us larger time savings.

In Table 4.3 we’ve run the tests on the first and second Blanusa snarks and on the
Goldberg snark G3. We can see that, similarly to Flower snarks, the dual algorithm’s

runtime is significantly faster then the trivial algorithm.
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Blanusa and Goldberg snarks
_ time
L vertex 4 time trivial
ra c rivia
srap order dual (s)
(5)
First
Blanusa 18 2 16.371 | 287.863
snark
second
Blanusa 18 : 27.108 | 96.586
snark
Goldberg 10
24 3 109.366 | 2873.073
snark Gj

Table 4.3: Running time of our algorithm (left) and the trivial algorithm(right) for

Goldberg and Blanusa snarks.

Different embeddings of the G35 Goldberg snark

_ _ run time
algorithm / embedding | ¢, genus )

S

Trivial/ E1 % - 2873.073
Duality/ E1 2 3 109.366
Duality/ E2 13—0 4 885.733
Duality/ E3 13—0 5 5102.532

Table 4.4: Runn times of different embeddings of the G3 Goldberg snarks as well as

the genus of the orientable space which it was embedded in.

In Table 4.4 we’ve run the tests on different embeddings of the Goldberg snark
(3, specifically its line graph. The specifics of the embeddings are provided in the
attachments. As we can see in the table, the duality algorithm on the first embedding
performs significantly better then the trivial algorithm, the second performs slower, but
still better in comparison and embedding E3 performs worse then the trivial algorithm.
The runtime of the trivial algorithm on different embeddings isn’t meaningfuly different
so we only mension in for the first embedding. The second and third embedding are
embedded in a surface of higher genus, thus there exist more non-contractible cycles,
that add to the amount of variables in the mixed linear program. This points to the
fact that choosing the right embedding can have a huge effect on the effectivity of the
algorithm.
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Conclusion

In this thesis we looked at circular chromatic edge colorings, circular flows and the
relationship between these two concepts . We used the concept of r-tensions to represent
the duality of circular colorings. We have also mentioned several cubic graphs with
already known circular edge colorings that were determined before and we have taken a
look at some already existing algorithms for circular colorings as well as circular flows.

We have implemented an algorithm, which takes the graph, or its line, transforms
it into its dual, while retaining all properties that we find important, the sequence
of edges in the dual corresponds to the sequence in the faces of the graph and the
orientation of edges in the dual is consistent with the original graph.

We have then implemented a mixed linear program that will using the arguments
given by the previous algorithm compute the r-flow of the graph, from which we can
get, due to the duality, the circular chromatic index of the original graph. To encode
the r-flow as a mixed linear program, we used the concept of balanced valuation r-flows,
which are equivalent to a graphs circular r-flow, slightly modified to include irreducible
cycles in the graph, that are necessary to compute the circular chromatic number (or
index) of a graph embedded in an orientable space other then plane, using this method.

We have also implemented a trivial algorithm that uses mixed linear programming
to compute a graphs circular chromatic index without the use of the before mentioned
duality. In the last part of this thesis we compared the results of these two algorithms
on several snarks as well as some cubic graphs of low orders. We have found that the
dual algorithm performed many times better on graphs of higher orders and about the
same on graphs of low orders, most probably due to the polynomial complexity of the
algorithm as opposed to the non-polynomial complexity of mixed linear programming
solvers, that preform significantly worse on graphs of higher orders, so by making this
part of the algorithm more effective, we have achieved faster runtimes.

The results from this algortihm, or algorithms of similar concept, could be used to
compute the circular indexes of higher snarks more effectively. Further improvements
could be made by optimizing the choice of the spanning tree in order for the linear

program to have less variables or constraints.

31



32

Conclusion



Bibliography

1]

2l

3]

4]

[5]

(6]

17l

8]

9]

[10]

[11]

Peyman Afshani, Mahsa Ghandehari, Mahya Ghandehari, Hamed Hatami,
Ruzbeh Tusserkani, and Xuding Zhu. Circular chromatic index of graphs of max-
imum degree 3. Journal of Graph Theory, 49(4):325-335, 2005.

Michel Berkelaar, Kjell Eikland, and Peter Notebaert. Ip solve 5.5.2.11. website,
2020. https://1lpsolve.sourceforge.net/5.5/.

Matt DeVos, Luis Goddyn, Bojan Mohar, Dirk Vertigan, and Xuding Zhu.
Coloring-flow duality of embedded graphs. Transactions of the American Mathe-
matical Society, 357(10):3993-4016, 2004.

Reinhard Diestel. Graph theory. Springer, 2000.

Genghua Fan. Circular chromatic number and mycielski graphs. Combinatorica,
24:127-135, 2004.

M. Ghebleh, D. Kral’, S. Norine, and R. Thomas. The circular chromatic index

of flower snarks. The FElectronic Journal of Combinatorics, 13, 2006.

Mamad Ghebleh. Circular chromatic index of generalized blanusa snarks. The

FElectronic Journal of Combinatorics [electronic only/, 15, 08 2007.

Mohammad Ghebleh. The circular chromatic index of goldberg snarks. Discrete
Mathematics, 307(24):3220-3225, 2007.

Jan Goedgebeur, Davide Mattiolo, and Giuseppe Mazzuoccolo. Computational

results and new bounds for the circular flow number of snarks. Discrete Mathe-
matics, 343(10):112026, Oct 2020.

Jonathan L Gross, Jay Yellen, and Mark Anderson. Graph theory and its applica-
tions. Chapman and Hall/CRC, 2018.

Ian Holyer. The np-completeness of edge-coloring. SIAM Journal on Computing,
10(4):718-720, 1981.

33


https://lpsolve.sourceforge.net/5.5/

34 BIBLIOGRAPHY

[12] F Jaeger. Balanced valuations and flows in multigraphs. Proceedings of the Amer-
ican Mathematical Society, 55(1):237-242, 1976.

[13] William Klostermeyer and Cun Quan Zhang. (2 + e)-coloring of planar graphs
with large odd-girth. Journal of Graph Theory, 33(2):109-119, 2000.

[14] Olivia Kunertova. Circular chromatic index of small snarks. Master’s thesis,
Univerzita Komenského v Bratislave Fakulta matematiky, fyziky a informatiky,
2017.

[15] Robert Lukot’ka. Determining the circular flow number of a cubic graph. The
Electronic Journal of Combinatorics, pages P1-49, 2021.

[16] Robert Lukotka. Balanced valuation flows. unpublished, 2023.

[17] Robert Lukotka and Jan Mazéak. Cubic graphs with given circular chromatic index.
SIAM Journal on Discrete Mathematics, 24(3):1091-1103, 2010.

[18] Jan Mazak. Circular chromatic index of snarks. Master’s thesis, Univerzita

Komenského v Bratislave Fakulta matematiky, fyziky a informatiky, 2007.

[19] P.D Seymour. Nowhere-zero 6-flows. Journal of Combinatorial Theory, Series B,
30(2):130-135, 1981.

[20] A. Vince. Star chromatic number. Journal of Graph Theory, 12(4):551-559, Dec
1988.

[21] Wikipedia contributors. Graph embedding — Wikipedia, the free encyclopedia,
2024. [Online; accessed 24-May-2024].

[22] Xuding Zhu. Star chromatic numbers and products of graphs. Journal of Graph
Theory, 16(6):557-569, 1992.

[23] Xuding Zhu. Circular chromatic number of planar graphs of large odd girth. the
electronic journal of combinatorics, pages R25-R25, 2001.

[24] Xuding Zhu. Recent developments in circular colouring of graphs. In Martin
Klazar, Jan Kratochvil, Martin Loebl, Jifi Matousek, Pavel Valtr, and Robin
Thomas, editors, Topics in Discrete Mathematics, pages 497-550, 2006.



Appendix A: Source code

The electronic attachment to the thesis contains the source code of the duality algo-
rithm as well as the trivial algorithm for computing circular chromatic indices.

We have also included the data that we have used for the testing and the results
in Chapter 4. This data includes the specific embeddings, for the line graphs of given
graphs as well as the faces of the line graph and the genus of the surface it is embedded
in. This information is included in the data directory in the electronic attachment.

The instructions for using the implemented algorithm and documentation are in-
cluded in the README.txt file.
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