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Abstrakt

Cieľom tejto práce je preskúmať paralelizmus v rámci teórie automatov prostred-
níctvom hlbšej analýzy ekvivalencie medzi viachlavými konečnými automatmi a par-
alelne komunikujúcimi konečnými automatmi. Na základe už známych výsledkov o ich
ekvivalencii rozširuje táto práca existujúci výskum systematickým skúmaním toho, ako
komunikačná štruktúra ovplyvňuje výpočtové schopnosti. Práca poukazuje na zásadnú
úlohu komunikácie a prehlbuje naše porozumenie paralelizmu a spolupráce vo výpoč-
tových modeloch.

Kľúčové slová: teória automatov, viachlavé konečné automaty, paralelne komuniku-
júce konečné automaty, komunikačná štruktúra, ekvivalencia modelov.
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Abstract

The goal of this thesis is to investigate parallelism in automata theory by further
analyzing the equivalence between multi-head finite automata and parallel communi-
cating finite automata systems. Building on previously established equivalence results,
this work broadens the study by systematically exploring how communication structure
affects computational capabilities. This thesis shows the fundamental role of communi-
cation and deepens our understanding of parallelism and cooperation in computational
models.

Keywords: automata theory, multi-head finite automata, parallel communicating
finite automata, communication structure, equivalence of models.
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Introduction

Modern computing increasingly relies on systems composed of multiple, concurrently
operating units. Whether in hardware or distributed software architectures, parallelism
and cooperation are foundational to achieving efficiency and scalability. Yet, modeling
and reasoning about such systems remains a challenge in theoretical computer science.

This challenge is not new. Since the 1980s, researchers have explored how coop-
eration among multiple simple computational units can lead to increased computa-
tional power. Initially, this investigation centered around grammar systems [6, 2]. Two
main cooperation strategies were proposed: cooperating distributed grammar systems
(CDGS), motivated by the “blackboard model”, in which components work sequentially
on a shared sentential form; and parallel communicating grammar systems (PCGS),
motivated by the “classroom model”, in which components work in parallel and request
results from one another during derivation.

This line of work demonstrated two key phenomena. First, the combined system
was able to generate languages that could not be produced by any single context-free
grammar, thus showing that cooperation among components leads to an increase in
expressiveness. Second, it became apparent that the communication structure—that
is, who can request results from whom—impacts the expressive power of the system.

At the turn of the century, attention shifted from grammars toward systems whose
components are automata. In particular, in analogy to PCGS, Martín-Vide et al. [5]
introduced the model of parallel communicating finite automata systems (PCFA(k)).

Similarly to the grammar-based setting, the communication structure plays a fun-
damental role in determining the computational power of the system. Notably, in [5], it
was shown that unrestricted PCFA(k) are equivalent in computational power to k-head
finite automata (FA(k)) [7, 8].

This thesis investigates which communication structures within PCFA(k) suffice to
simulate FA(k). Our main objective is to better understand the way the communication
structures affect the computational power of these systems.

To this end, we begin in Chapter 2 by outlining historical developments and iden-
tifying key design features of systems of multiple automata in general.

In Chapter 3, we formally define FA(k). We briefly discuss its computational power,
examine standard notions of determinism, and present certain limitations. Motivated

1



2 Introduction

by these observations, we propose our own definition of a strict determinism that we
shall later use.

In Chapter 4, we formally define PCFA(k). We then introduce the notion of a
communication structure, review several established classes of these structures, and
define a new class—the Hamiltonian closed walk structure. Informally, this structure
admits a walk that starts and ends at the same component, visiting each component
at least once.

Finally, in Chapter 5, we first recall the equivalence between FA(k) and PCFA(k)

established in [5], where it was shown that each FA(k) can be simulated by a suitable
PCFA(k). We then present and formally prove the central contribution of this work:
for each FA(k) and each Hamiltonian communication structure of a PCFA(k), there ex-
ists an equivalent PCFA(k) employing that structure. We also present its deterministic
variant. We subsequently show that Hamiltonian structures alone do not characterize
the complete range of communication structures sufficient for such simulations. Lastly,
we illustrate the current understanding of the computational power of these systems
through examples involving systems of low degree with various communication struc-
tures.



Chapter 1

Preliminaries

Introduction

In this chapter, we introduce the fundamental notation and basic concepts from formal
language theory, automata theory, and graph theory that are used throughout this
thesis. We assume familiarity with these areas, such as covered in standard texts
like Hopcroft et al. [4] for languages and automata, and Diestel [3] for graph theory.
Nevertheless, we present key definitions here to establish a precise foundation for our
work and to ensure clarity, especially for the models developed in later chapters.

1.1 Formal Languages

Definition 1.1. An alphabet, typically denoted by Σ, is a finite, non-empty set of
symbols.

Definition 1.2. Let Σ be an alphabet. A word over the alphabet Σ is a finite sequence
of symbols from Σ. The empty word, denoted by ε, is the unique word consisting of
zero symbols.

Definition 1.3. Let w = a1a2 . . . an be a word over the alphabet Σ. The length of the
word w, denoted by |w|, is the number of symbols it contains, i.e., |w| = n.

Definition 1.4. Let Σ be an alphabet. The set of all finite words over Σ is denoted
by Σ∗. A language L over Σ is a subset of Σ∗.

Definition 1.5. Let u = u1u2 . . . un and v = v1v2 . . . vm be words over the alphabet Σ.
The concatenation of two words u and v is the word formed by appending v to u, and
it is denoted uv.

Definition 1.6. Let w = a1a2 . . . an be a word over an alphabet Σ. A word u is a
substring of w if w = xuy for some words x, y ∈ Σ∗.

3



4 PRELIMINARIES

Notation 1.1. For a finite set A, we write card(A) to denote its cardinality, i.e., the
number of elements in A.

1.2 Finite Automata

This section formally introduces finite automata. Although we assume the reader
is familiar with standard concepts from automata theory [4], we include a rigorous
definition of this model because it serves as a foundational building block for the more
complex models studied later in this work. From our experience, even small deviations
in definitions—which do not affect the overall computational power of the model—can
make a significant difference in the details of exact constructions.

Definition 1.7. A finite automaton (FA) is a 5-tuple

A = (Q, Σ, δ, q0, F ),

where

• Q is the finite set of states,

• Σ is the input alphabet,

• δ : Q× (Σ ∪ {ε}) → 2Q is the transition function,

• q0 ∈ Q is the initial state,

• F ⊆ Q is the set of final (accepting) states.

Definition 1.8. Let A = (Q, Σ, δ, q0, F ) be a FA. A configuration of A is a tuple

(q, x),

where q ∈ Q is the current state of A and x ∈ Σ∗ is the unread portion of the input
word.

Definition 1.9. Let A = (Q, Σ, δ, q0, F ) be a FA. A step of computation of A is a
binary relation on the set of all configurations of A, denoted by ⊢A, such that for each
q, q′ ∈ Q, x ∈ Σ∗ and z ∈ Σ ∪ {ε}, we have

(q, zx) ⊢A (q′, x)

if
q′ ∈ δ(q, z).
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Definition 1.10. Let A = (Q, Σ, δ, q0, F ) be a FA. The language accepted by A,
denoted by L(A), is the set

L(A) = {w ∈ Σ∗ | (q0, w) ⊢∗
A (qf , ε) for some qf ∈ F},

where ⊢∗
A is the reflexive and transitive closure of the relation ⊢A.

1.3 Graph Theory

Definition 1.11. A simple directed graph is a pair

G = (V, E),

where

• V is a finite set of vertices.

• E ⊆ {(u, v) | u, v ∈ V } is a set of directed edges.

Definition 1.12. Let G = (V, E) be a simple directed graph. We say that G is a
simple directed graph without loops if

E ⊆ {(u, v) | u, v ∈ V such that u ̸= v}.

Definition 1.13. Let G = (V, E) and G′ = (V ′, E ′) be two simple directed graphs.
We say that G and G′ are isomorphic, and write G ∼= G′, if there exists a bijection

f : V → V ′

such that for all u, v ∈ V , it holds that

(u, v) ∈ E ⇐⇒ (f(u), f(v)) ∈ E ′.

Definition 1.14. Let G = (V, E) be a simple directed graph, and let k > 0. A walk
in G is a finite sequence of vertices

W = (v1, v2, . . . , vk),

where

• vi ∈ V for each 1 ≤ i ≤ k and

• (vi, vi+1) ∈ E for each 1 ≤ i ≤ k − 1
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The length of W is k − 1, i.e., the number of edges traversed in the walk.

Remark 1.1. Note that vertices in a walk may repeat.

Notation 1.2. We shall denote the i-th vertex of a walk W = (v1, v2, . . . , vk) by
W [i] = vi, where 1 ≤ i ≤ k.

Definition 1.15. Let G = (V, E) be a simple directed graph, an let W = (v1, v2, . . . , vk)

be a walk in G. We say that W is a closed walk if

vk = v1.

In that case, we often write

W = (v1, v2, . . . , vk−1, v1),

to emphasize that W starts and ends at the same vertex.

Definition 1.16. Let G = (V, E) be a simple directed graph, an let W = (v1, v2, . . . , vk)

be a walk in G. We say that W is a Hamiltonian walk if W contains all vertices in V ,
i.e.,

{v1, v2, . . . , vk−1} = V.



Chapter 2

An Overview of Multi-Automata
Systems

Introduction and Motivation

This chapter provides additional background and context for the study of multi-automata
systems, building on the motivation outlined in the introduction. We describe general
features of such systems, identify key design aspects, and review selected models. The
goal is to place the MHFA and PCFA models—central to this thesis—within a broader
class of formal systems used to model cooperation and parallelism between computa-
tional components.

2.1 The Concept of Multi-Automata Systems

A multi-automata system is a formal model consisting of multiple automata, called
components, that operate on a common input and collectively determine acceptance.
These systems are motivated by the idea that simple components, when properly co-
ordinated, can solve more complex problems than any of them could individually.

The general structure of such systems varies. Some models assume centralized con-
trol, while others allow components to work independently. In all cases, the interest lies
in better understanding the way the communication structures affect the computational
power of these systems.

2.2 Key Design Aspects

To study and compare multi-automata systems, it is useful to consider three primary
aspects of their design: synchronization, communication, and the computational power
of individual components.

7



8 MULTI-AUTOMATA SYSTEMS

2.2.1 Synchronization

The first aspect to consider is synchronization. In this context, we distinguish between
two types of systems:

• with a global clock, where all components perform transitions in synchronized
steps;

• without a global clock, where components proceed asynchronously.

Since synchronization plays a central role in shaping the computational power of
such systems, most existing research in automata theory has focused on models with
a global clock, where the system’s behavior is typically easier to analyze. Accordingly,
the systems investigated in this thesis operate under a global clock.

2.2.2 Communication

Another fundamental aspect is communication—without it, these systems serve little
purpose. Within this framework, we distinguish two approaches:

• implicit communication, where some or all components have access to the infor-
mation of others without explicitly requesting it (e.g., by observing shared states
or through a central controller);

• explicit communication, where information is actively exchanged between com-
ponents using some explicitly defined mechanism (e.g., message passing or state
querying).

The distinction between these two communication paradigms forms a central theme
of this thesis, as we aim to compare models exemplifying each approach.

2.2.3 Computational Power of Individual Components

Finally, we consider the computational power of individual components. In theory, a
wide variety of underlying automaton models can be considered, from finite automata
to Turing machines. In practice, however, much research has focused on systems in
which the components are either finite or pushdown automata, as these tend to be
easier to understand and analyze.

To clearly isolate and study the impact of different communication mechanisms,
this thesis focuses on multi-automata systems where the individual components are
finite automata (as defined in Chapter 1).
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2.3 Representative Models

To provide context for multi-head finite automata (MHFA) and parallel communicating
finite automata systems, (PCFA)—the two models central to our investigation—this
section presents examples of multi-automata systems where components are finite au-
tomata (as defined in Chapter 2) and are synchronized by a global clock. While the
broader field of multi-automata systems also includes those with more powerful com-
ponents like pushdown automata, our analysis throughout this thesis is deliberately
restricted to FA-based systems. This focus allows for a more direct examination of
fundamental communication mechanisms without the confounding factor of varying
component power. The following examples are chosen to present key approaches to
implicit and explicit communication within this FA-based framework, thereby situat-
ing the specific design choices of MHFA and PCFA.

2.3.1 Models with Implicit Communication

Multiprocessor automata, introduced in [1], consist of multiple finite automata whose
components are referred to as processors, coordinated by a central processing unit
(CPU). At each step of the computation, the CPU decides which processor is to be-
come active or inactive (frozen). Each processor operates independently, guided by
its internal transition function. These automata communicate implicitly through the
CPU, which facilitates coordination between the processors.

Another implicit communication model is the multi-head finite automaton (MHFA) [7,
8], which simplifies implicit coordination by reducing all components to mere reading
heads controlled by a single processing unit with finitely many states. Its centralized
structure makes it both intuitive to study and a natural benchmark for comparing the
computational capabilities of more complex multi-automata systems.

An equivalent form of FA allows each component to have full knowledge of each
other. Here, the transition function of each component depends on the input symbol
being read and the states of all other components.

2.3.2 Models with Explicit Communication

Considering explicit communication, a parallel communicating finite automata system
(PCFA) first introduced in [5], provide an example of systems where multiple finite
automata work independently and exchange states upon request. These systems may
be centralized, with a master automaton directing communication, or decentralized.
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Chapter 3

Multi-Head Finite Automaton

Introduction and Motivation

This chapter formally introduces multi-head finite automata (MFHA), a model first
introduced and studied in the works [7] and [8]. This model naturally extends the
classical finite automaton by equipping it with multiple reading heads that operate on
a shared input word in synchronized steps, i.e., in each step, all heads simultaneously
read an input symbol or the empty word.

Here, the individual reading heads are not independent, i.e., they are jointly con-
trolled by a single finite-state machine.

As mentioned in Chapter 2, multi-head finite automata can be viewed as a simple
form of an implicitly communicating system, in which each component has full knowl-
edge of each others, i.e., the transition function of each component depends on the
states and input symbols read by all components.

3.1 Formal Definition of MHFA

Definition 3.1. Let k ≥ 1. A k-head finite automaton (FA(k)) is a 5-tuple

A = (Q, Σ, δ, q0, F ),

where

• Q is the finite set of states,

• Σ is the input alphabet,

• δ : Q× (Σ ∪ {ε})k → 2Q is the transition function,

• q0 ∈ Q is the initial state,

11



12 MHFA

• F ⊆ Q is the set of final (accepting) states.

Definition 3.2. Let A = (Q,Σ, δ, q0, F ) be a FA(k). A configuration of A is a (k+1)-
tuple

(q, w1, w2, . . . , wk),

where q ∈ Q is the current state, and for each j, 1 ≤ j ≤ k, wj ∈ Σ∗ is the unread
portion of the input word for the j-th reading head, i.e., there exists some w ∈ Σ∗ such
that each wj is a suffix of w.

Definition 3.3. Let A = (Q,Σ, δ, q0, F ) be a FA(k). A step of computation of A is a
binary relation on the set of all configurations of A, denoted by ⊢A, such that for each
q, q′ ∈ Q and for each j, 1 ≤ j ≤ k, wj ∈ Σ∗ and zj ∈ Σ ∪ {ε}, we have

(q, z1w1, z2w2, . . . , zkwk) ⊢A (q′, w1, w2, . . . , wk)

if
q′ ∈ δ(q, z1, z2, . . . , zk).

Definition 3.4. Let A = (Q,Σ, δ, q0, F ) be a FA(k). The language accepted by A,
denoted by L(A), is the set

L(A) = {w ∈ Σ∗ | (q0, w, w, . . . , w) ⊢∗
A (qf , ε, ε, . . . , ε) for some qf ∈ F},

where ⊢∗
A is the reflexive and transitive closure of the relation ⊢A.

Remark 3.1. Note that Definition 3.4 implies that an input word is accepted if the
automaton enters a final state and all heads have read the entire input1.

3.2 Computational Power of MHFA

In this section, we briefly examine the computational capabilities of multi-head finite
automata and illustrate how increasing the number of heads leads to a strict increase
in the computational power.

3.2.1 Increasing Power by Adding a Head

We shall begin with an example that demonstrates the power of having two reading
heads instead of one. In particular, the example shows that no analogue of the pumping
lemma holds for FA(k) in the general case.

1It is also possible to define acceptance without requiring all heads to read the entire input, but
our definition aligns with those of other models.
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Example 3.1. Let m ≥ 1, and let us define the language

Lm :=
{
ai1 a

i
2 . . . aim

∣∣ i ∈ N
}
,

where for each j, 1 ≤ j ≤ m, aj is a distinct symbol from some underlying alphabet
Σ = {a1, a2, . . . , am}.

Intuitively, Lm consists of words formed by m consecutive blocks of identical sym-
bols, all of the same length.

Construct a FA(2) A = ({q0},Σ, δ, q0, {q0}), where

δ(q0, ε, a1) = {q0},

δ(q0, a1, a2) = {q0},

δ(q0, a2, a3) = {q0},
...

δ(q0, am−1, am) = {q0},

δ(q0, am, ε) = {q0},

and for each other triple (q, z1, z2) ∈ {q0} × {Σ ∪ ε}2, we define δ(q, z1, z2) = ∅.
The automaton uses two heads to compare symbols in consecutive blocks of the

input. At each step, it matches the current symbol in one block with the corresponding
symbol in the next. Once all pairs have been successfully compared, and both heads
have read the input word, it accepts. Thus, L(A) = Lm.

The language Lm is not regular for m ≥ 2 and not even context-free for m ≥ 3, yet
it can be recognized by a two-head finite automaton for all m ≥ 1.

3.2.2 The Hierarchy Theorem

We recall a result by Yao and Rivest [9], which establishes a strict hierarchy for multi-
head finite automata.

Theorem 1 (Yao, Rivest [9]). For each k ≥ 1, there exists a language that is recog-
nizable by a FA(k + 1), but not by any FA(k).

This result shows that increasing the number of reading heads strictly increases the
computational power of the model. In other words, the class of languages recognizable
by multi-head finite automata forms a strict hierarchy:

LFA(1) ⊂ LFA(2) ⊂ · · · ⊂ LFA(k) ⊂ LFA(k+1) ⊂ · · ·
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3.3 Determinism in MHFA

In this section, we formalize the notion of determinism in the setting of MHFA. First
we introduce a standard definition and identify its limitations in relation to per-head
behavior, and then introduce a stricter definition that resolves these issues.

3.3.1 The Standard Definition

In its standard form, determinism requires that for every configuration c of some au-
tomaton A, there exists at most one configuration c′ of A such that c ⊢A c′. Defini-
tion ?? adapts this notion to MHFA.

Definition 3.5. Let A = (Q,Σ, δ, q0, F ) be a FA(k). We say that A is a deterministic
k-head finite automaton (DFA(k)), if it satisfies the following two conditions:

(i) For each q ∈ Q and each z1, z2, . . . zk ∈ Σ ∪ {ε}, the transition function yields at
most one successor, i.e.,

card(δ(q, z1, z2, . . . , zk)) ≤ 1.

(ii) For each q ∈ Q and each zj, z
′
j ∈ Σ ∪ {ε} for 1 ≤ j ≤ k such that

(z1, z2, . . . , zk) ̸= (z′1, z
′
2, . . . , z

′
k),

if
δ(q, z1, z2, . . . , zk) ̸= ∅ and δ(q, z′1, z

′
2, . . . , z

′
k) ̸= ∅,

then there exists 1 ≤ r ≤ k such that

zr ̸= z′r and zr, z
′
r ∈ Σ.

Remark 3.2. Condition (ii) in Definition ?? ensures that for any state, the transition
function cannot be defined on two distinct inputs that differ only by the presence or
absence of the empty word. In other words, it guarantees that whenever two transitions
are defined from the same state, their corresponding tuples must differ in at least one
position where both entries are symbols.

Example 3.2. The automaton constructed in Example 3.1 satisfies both conditions of
Definition ?? and is therefore a DFA(2).
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3.3.2 Ambiguity at the Level of the Transition Function

We now examine a limitation of the standard definition of determinism given in Def-
inition ??, which arises in the presence of transitions that involve reading the empty
word.

When the transition function defines multiple outcomes for the same state—one
corresponding to a head reading a symbol and another to the same head returning the
empty word—the function itself does not unambiguously prescribe the system’s behav-
ior based solely on the current state. Thus, although Definition ?? ensures that each
configuration yields at most one successor configuration, it allows a form of ambiguity
at the level of the transition function.

The following example illustrates how such ambiguity arises from the structure of
the transition function itself.

Example 3.3. Suppose that for some q ∈ Q and a, b ∈ Σ both

δ(q, ε, a) ̸= ∅ and

δ(q, a, b) ̸= ∅

are defined. Then the transition function does not uniquely specify whether the first
component reads ε or the symbol a in state q.

3.3.3 Strict Determinism

The observation made in Section 3.3.2 motivates the introduction of a stricter notion of
determinism, in which each head’s behavior is determined solely by the current state.

Definition 3.6. Let A = (Q,Σ, δ, q0, F ) be a FA(k). We say that A is a strictly deter-
ministic k-head finite automaton (SDFA(k)), if it satisfies the following two conditions:

(i) For each q ∈ Q and each z1, z2, . . . , zk ∈ Σ ∪ {ε}, the transition function yields
at most one successor, i.e.,

card(δ(q, z1, z2, . . . , zk)) ≤ 1.

(ii) For each q ∈ Q and each z1, z2, . . . , zk ∈ Σ ∪ {ε} such that

δ(q, z1, z2, . . . , zk) ̸= ∅,

if there exists some j, 1 ≤ j ≤ k such that

zj = ε,
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then, for each r, 1 ≤ r ≤ k, z′r,∈ Σ ∪ {ε}, it holds that if

z′j ̸= ε,

then
δ(q, z′1, z

′
2, . . . , z

′
k) = ∅.

Remark 3.3. Condition (ii) in Definition ?? enforces that if there exists a transition
from some state in which the j-th head reads the empty word, then no transition from
the same state exists in which the j-th head reads a symbol. The converse also holds:
if there exists a transition from some state in which the j-th head reads a symbol, then
no transition from the same state exists in which the j-th head reads the empty word.



Chapter 4

Parallel Communicating Finite
Automata Systems

Introduction and Motivation

This chapter formally introduces the parallel communicating finite automata systems
(PCFA), a model first introduced in [5]. It consists of multiple finite automata, referred
to as components, that operate on a shared input word in synchronized steps, i.e., in
each step, all components simultaneously perform one transition based on their current
state and input.

Unlike in the case of a multi-head finite automata, here the individual components
are independent, i.e., each maintains its own internal state and processes its input
separately.

To give the system a meaningful computational power, individual components must
be able to cooperate. This is achieved by allowing components to query the current
state of another component during computation1. For this purpose, we reserve a special
set of query states :

Qquery = {qquery1
, qquery2

, . . . , qqueryk
}.

Each component may include a subset of these query states in its own set of states.
If a component, say Ai, wants to request the current state of another component, say
Aj, it enters the corresponding query state qqueryj

, which is then immediately replaced
by the actual state of component Aj

2. To avoid ambiguity, Aj itself must not be in a
query state at that moment, and components are not allowed to query themselves, i.e.,
Ai must not enter qqueryi

.
The specification of which components are allowed to query which other components

1Note that unlike in the case of multi-head finite automata, here the components communicate
explicitly, i.e., they must actively ask for the information.

2Formally, this interpretation is not accurate, as clarified in Definition 4.3. However, it is safe to
think of the query state being immediately replaced by the actual state of the queried component.

17
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is defined by a communication structure. These structures provide a formal framework
for analyzing how different patterns of interaction influence the computational power
of such systems. The definitions and classifications introduced here lay the groundwork
for later analyses and constructions.

4.1 Formal Definition of PCFA

Definition 4.1. Let k ≥ 1. A parallel communicating finite automata system of degree
k (PCFA(k)) is a (k + 1)-tuple

A = (Σ, A1, A2, . . . , Ak),

where:

• Σ is an input alphabet,

• for each j, 1 ≤ j ≤ k, Aj = (Σ, Qj, δj, q0j , Fj) is a FA referred to as a component
of A.

Definition 4.2. Let A = (Σ, A1, . . . , Ak) be a PCFA(k). A configuration of A is a
2k-tuple

(q1, w1, q2, w2, . . . , qk, wk),

where for each j, 1 ≤ j ≤ k, qj ∈ Qj is the current state, and wj ∈ Σ∗ is the unread
portion of the shared input word for component Aj; that is, there exists a word w ∈ Σ∗

such that each wj is a suffix of w.

Definition 4.3. Let A = (Σ, A1, . . . , Ak) be a PCFA(k). A step of computation of A
is a binary relation on the set of all configurations of A, denoted by ⊢A, such that for
each j, 1 ≤ j ≤ k, qj, q′j ∈ Qj, wj ∈ Σ∗ and zj ∈ Σ ∪ {ε}, we have

(q1, z1w1, q2, z2w2, . . . , qk, zkwk) ⊢A (q′1, w1, q
′
2, w2, . . . , q

′
k, wk)

if exactly one of the following two conditions is satisfied—corresponding to either a
regular or a communication step of computation of A:

(i) None of the components is in a query state, i.e.,

{q1, q2, . . . , qk} ∩Qquery = ∅,

and each performs one step of computation, i.e., for each j, 1 ≤ j ≤ k,

q′j ∈ δj(qj, zj).
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(ii) Active queries are resolved, provided that the queried components are not in
query states themselves. These then retain their current states, i.e., for each j,
1 ≤ j ≤ k such that qj = qqueryr

for some r, 1 ≤ r ≤ k and qr /∈ Qquery, we have

q′j = qr and q′r = qr.

All other components—those that are neither in a query state nor being queried—
—retain their current states, i.e., for each j, 1 ≤ j ≤ k, such that qj /∈ Qquery and
qqueryj

/∈ {q1, q2, . . . , qk}, we have

q′j = qj.

Moreover, none of the components reads input, i.e., for each j, 1 ≤ j ≤ k, we
have

zj = ε.

Remark 4.1. Some authors refer to condition (i) as a computation step and to con-
dition (ii) as a communication step. Here, we do not make such a distinction and
uniformly refer to both cases as steps of computation. It can also be observed that, by
our definition, two consecutive communication steps are not possible—since all queries
are always resolved in a single step.

Definition 4.4. Let k ≥ 1 and A = (Σ, A1, . . . , Ak) be a PCFA(k). We say that
A is a deterministic parallel communicating finite automata system of degree k3, or
DPCFA(k) for short, if it satisfies the following two conditions for each 1 ≤ j ≤ k:

(i) For each q ∈ Qj and z ∈ Σ ∪ {ε},

card(δj(q, z)) ≤ 1.

(ii) For each q ∈ Qj such that
δj(q, ε) ̸= ∅,

it holds that for each a ∈ Σ,
δj(q, a) = ∅.

Definition 4.5. Let A = (Σ, A1, . . . , Ak) be a PCFA(k). The language accepted by A,

3Determinism requires that for every configuration c of A, there exists at most one configuration
c′ of A such that c ⊢A c′.
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denoted by L(A), is the set

L(A) := {w ∈ Σ∗ | (q01 , w, q02 , w, . . . , q0k , w) ⊢∗
A (qf1 , ε, qf2 , ε, . . . , qfk , ε)

for each j, 1 ≤ j ≤ k, qfj ∈ Fj},

where ⊢∗
A is the reflexive and transitive closure of the relation ⊢A.

Remark 4.2. Note that Definition 4.5 implies that an input word is accepted if it is
accepted by every component, i.e., each of the k components must enter a final state
and read the entire input.4

4.2 Communication Structures in PCFA

We now introduce three definitions and one notation. Definition 4.6 captures the
general notion of a communication structure for a system with k components, while
Definitions 4.7 and 4.8 formalize the relationship between communication structures
and PCFA.

Definition 4.6. Let k ≥ 1. A communication structure of degree k is a simple directed
graph without loops G = (V,E), with card(V ) = k.

Definition 4.7. Let k ≥ 1, A = (Σ, A1, A2, . . . , Ak) be a PCFA(k), and let G = (V,E)

be a communication structure of degree k. We say that G is induced by A, denoted by
GA, if

V = {A1, A2, . . . , Ak} and E = {(Ar, As) | qqueryr
∈ Qs}.

Definition 4.8. Let A be a PCFA(k), let G be a communication structure of degree
k, and let GA be a communication structure induced by A. We say that A employs G

if G and GA are isomorphic.

Notation 4.1. Let k ≥ 1 and let G be a communication structure of degree k. To
denote the class of all PCFA(k) that employ G, we write G-PCFA(k).

4.3 Classification of Communication Structures

We now turn our attention to several important classes of communication structures,
which are central to the analyses that follow.

We start with two structurally opposite cases—trivial and complete communica-
tion structures—which mark the lower and upper extremes of possible interaction; the
remaining classes then fit in the spectrum between these bounds.

4As in the case of multi-head finite automata, one could define acceptance without requiring all
components to read the entire input. However, our definition is consistent with that of finite automata.
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4.3.1 Trivial Structures

The trivial communication structure represents the simplest possible case, in which no
component can query any other component.

Definition 4.9. Let k ≥ 1, and let G = (V,E) be a communication structure of degree
k. We say that G is trivial if it has no edges, i.e.,

E = ∅.

A1

A2

A3A4

A5

Figure 4.1: The trivial communication structure of degree 5.

4.3.2 Complete Structures

At the other end of the spectrum, the complete communication structure permits max-
imum interaction, i.e., each component may query the state of each other component.

Definition 4.10. Let k ≥ 1, and let G = (V,E) be a communication structure of
degree k. We say that G is complete if G is a complete directed graph, i.e.,

E = {(vr, vs) | vr, vs ∈ V such that vr ̸= vs}.

A1

A2

A3A4

A5

Figure 4.2: The complete communication structure of degree 5.
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4.3.3 Centralized Structures

Having introduced both the trivial and complete communication structures, we now
consider a widely studied class known as centralized communication structures. In what
follows, we distinguish between two natural variants: one-way and two-way centralized.

One-Way Centralized Structures

This is the standard form typically meant when referring to the “centralized” structure.
As we shall see later, such structures are particularly significant for our purposes—they
are simple to define and reason to about, yet their impact on computational power
remains largely unexplored.

Definition 4.11. Let k ≥ 1, and let G = (V,E) be a communication structure of
degree k. We say that G is one-way centralized (1centr) if exactly one component
(master) can query the current state of all other components, while the other compo-
nents cannot perform any queries, i.e., for some vr ∈ V ,

E = {(vr, vs) | vs ∈ V , vs ̸= vr}

Remark 4.3. Throughout this thesis, we adopt the convention that the first compo-
nent in PCFA is the master in any centralized structure. This assumption is made
without loss of generality and simplifies notation and presentation.

A1

A2

A3

A4A5

A6

Figure 4.3: The one-way centralized communication structure of degree 6, in which
component A1 acts as the master.

Two-Way Centralized Structures

This variant extends the one-way centralized structure by allowing bidirectional com-
munication between the master and the subordinate components.

Definition 4.12. Let k ≥ 1, and let G = (V,E) be a communication structure of
degree k. We say that G is two-way centralized (2centr) if exactly one component
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(master) can query the current state of all other components, and each subordinate
component can query the master, i.e., for some vr ∈ V ,

E = {(vr, vs), (vs, vr) | vs ∈ V , vs ̸= vr}.

A1

A2

A3

A4A5

A6

Figure 4.4: The two-way centralized communication structure of degree 6, in which
component A1 acts as the master.

4.3.4 Ring Structures

In this section, we introduce the one-way ring communication structure. This structure
arranges the components in a directed cycle, allowing each component to query the next
one in a circular order.

Definition 4.13. Let k ≥ 1, and let G = (V,E) be a communication structure of
degree k. We say that G is a one-way ring if G is a Hamiltonian cycle, i.e., there exists
a bijection π : {1, . . . , k} → V such that

E = { (π(1), π(2)), (π(2), π(3)), . . . , (π(k − 1), π(k)), (π(k), π(1)) }.

A1

A2

A3A4

A5

Figure 4.5: The one-way ring communication structure of degree 5.
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4.3.5 Hamiltonian Closed Walk Structures

Finally, we introduce a new class of communication structures that plays a central role
in the results presented in this thesis. Unlike one-way centralized structures—whose
impact on computational power remains largely unexplored—Hamiltonian communi-
cation structures, as we shall later demonstrate, allow for a complete characterization
of the computational capabilities of PCFAs that employ them.

The central idea behind this class is that it captures a natural and sufficiently
expressive structural condition under which a system can simulate a multi-head finite
automaton: namely, the ability to sequentially reach every component and return to
the origin—a principle that will be explored in detail later.

Definition 4.14. Let k ≥ 1, and let G = (V,E) be a communication structure of
degree k. We say that G is Hamiltonian closed walk, if G contains a walk that starts
and ends in the same vertex and visits every vertex of them at least once.

Examples of Hamiltonian Closed Walk Structures

Now that we have formally defined Hamiltonian closed walk communication structures,
we present several examples. Each of the following satisfies the desired property by
admitting a Hamiltonian closed walk.

First, the complete communication structure, as discussed in Definition 4.10, triv-
ially satisfies the Hamiltonian closed walk: any permutation of the components defines
a unique Hamiltonian cycle5, which is also a Hamiltonian closed walk.

Secondly, the one-way ring structure, introduced in Definition 4.13, arranges com-
ponents in a directed cycle, which is in fact a Hamiltonian cycle and thus also a
Hamiltonian closed walk.

Finally, the two-way centralized structure, introduced in Definition 4.12, does not
form a Hamiltonian cycle but admits a Hamiltonian closed walk by alternating between
the master and the subordinate components.

5To be precise, a Hamiltonian cycle is formed only after appending the first component of the
permutation at the end to close the cycle.



Chapter 5

The Role of Communication: A
Comparative Study of MHFA and
PCFA

Introduction and Motivation

In this chapter, we present our main results and explore how communication influences
the computational power of multi-automata systems. In particular, we focus on parallel
communicating finite automata systems, introduced in Chapter 4, which serve as a
suitable framework for this investigation.

To study communication in isolation, it is natural to compare these systems with
multi-head finite automata, introduced in Chapter 3. Both models employ a global clock
for synchronization and consist of components with identical computational capabilities.
The key difference is that multi-head finite automata use implicit communication, with
a single finite-state control and multiple reading heads, while parallel communicating
finite automata systems achieve cooperation through an explicit querying mechanism.

Although we would expect the computational power of any multi-automata system
to depend significantly on its communication capabilities, the extent of this influence
remains only partially understood. This motivates us to examine the impact of com-
munication more closely, which we do through the notion of communication structures,
as defined in Chapter 4.

We develop our understanding of communication by first outlining the known
boundaries of computational power, then revisiting classical simulations to clarify the
role of communication in existing models. This leads naturally to our main result,
which captures the central contribution of this chapter. We conclude by extending our
investigation beyond canonical communication structures and reflecting on the broader
implications.

25
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5.1 Bound on the Computational Power

We shall begin by presenting two key results that characterize the computational power
of parallel communicating finite automata systems under two extreme communication
structures: the trivial and the complete structure. These results establish both the
lower and upper bounds in terms of computational power.

5.1.1 No Communication

Our exploration starts with the most restrictive case—systems in which no interaction
between components is allowed. This setting corresponds to systems employing a trivial
communication structure.

Since these structures allow no cooperation, the language accepted by the system is
simply the intersection of the languages accepted by its individual components. Since
each component is a finite automaton recognizing a regular language, and the class of
regular languages is closed under finite intersection, we obtain:

Proposition 1. For each k ≥ 1, trivial parallel communicating finite automata systems
of degree k recognize exactly the class of regular languages, i.e.,

LtrivialPCFA(k) = LREG.

This proposition shows that in the absence of communication, the system offers
no computational advantage over its individual components. Thus, trivial structures
serve as a natural lower bound in our investigation, illustrating that communication is
a necessary ingredient for extending the system’s power beyond regular languages.

5.1.2 Unrestricted Communication and Equivalence

We now turn to the other end of the spectrum—systems with unrestricted communica-
tion. In this setting, every component can interact with every other component, thus
we have the complete communication structure.

As we have mentioned earlier, when it comes to studying the power of communica-
tion, multi-head finite automata and parallel communicating finite automata systems
both consist of multiple finite automata operating under a global clock, and each
component has the same computational power. The key difference lies in the way
components communicate: multi-head finite automata rely on implicit communica-
tion through the shared control, whereas parallel communicating systems use explicit
queries between components.

Since we can easily see a multi-head finite automaton as a system of finite automata
in which each component knows the current state and input symbol read by all others,
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it is natural to expect that a parallel communicating system—where such information
must be explicitly requested—would be no more powerful. This intuition was confirmed
by Martín-Vide et al. [5], who showed that any parallel communicating finite automata
system with any communication structure can be simulated by a multi-head finite
automaton.

Theorem 2 (Martín-Vide et al. [5]). For each k ≥ 1 and PCFAK(k) A, there exists
an equivalent FA(k) A such that LA = LA, i.e.,

LPCFA(k) ⊆ LFA(k).

Another result, proved in the same work, is that the opposite also holds: any multi-
head finite automaton can be simulated by a parallel communicating system. This
is less obvious, as it requires a system whose components operate independently to
reproduce the behavior of a model in which each component has full information about
all the others.

Theorem 3 (Martín-Vide et al. [5]). For each k ≥ 1 and FA(k) A, there exists an
equivalent PCFAK(k) A such that LA = LA, i.e.,

LFA(k) ⊆ LPCFA(k).

Remark 5.1. It is worth noting that the notion of a communication structure was not
explicitly emphasized in their work. The constructions implicitly assumed complete
communication—meaning that every component could communicate with every other
component.

This leaves open the question of whether Theorem 3 holds under more restrictive
communication structures.

5.2 The Simulation of a FA(k) by a PCFA(k) from [5]

Building on the foundational equivalence established by Martín-Vide et al. [5], we
recall their original simulation of a FA(k) by a PCFAK(k). The construction assumes
a complete communication structure. Later we shall see that simpler communication
structures suffice.

In this section, we outline the core idea of the original simulation and present
key observations that lead to its refinement and generalization to a broader class of
communication structures.
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5.2.1 Main Idea

We now outline the main idea behind the construction: For each of the k heads of a
given FA(k), a corresponding component is constructed. Since the move function of
the FA(k) depends on the symbols read by all heads, the PCFAK(k) simulates a step
of FA(k) by collecting these symbols from each component in successive steps. Each
component reads and stores its input symbol—possibly the empty word—and passes
the information to the next. Once all components have contributed, a new state is
computed and distributed back to them.

5.2.2 Underlying Communication Structure

By our definition of an implied communication structure, see Definition 4.7, the struc-
ture implied by the original construction from [5] is complete—each component may
query any other. However, a closer inspection of the simulation reveals that not all
components actually make use of every available query state.

If we consider only those queries that are actively used, the resulting communication
structure is significantly simpler, as depicted in Figure 5.1.

A1

A2

A3. . .Ak−1

Ak

Figure 5.1: The communication structure underlying the simulation in [5] when re-
stricted to only the connections actually used.

This observation confirms our earlier intuition and motivates us to investigate
whether Theorem 3 remains valid under even more restrictive communication struc-
tures. We address this question in what follows.

5.2.3 Observations

We now highlight several observations that make it possible to extend the original
construction to a broader class of communication structures.

“CPU”

Primarily, the heads of a multi-head finite automaton do not operate independently;
they merely serve as reading heads controlled by a single finite-state machine. Con-
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sequently, it is sufficient to let a single, designated component of the system act as
the “CPU”, responsible for updating the current state of the simulated automaton on
behalf of all components.

Importantly, since acceptance requires that each component ends in a final state,
the “CPU” can determine acceptance where all states of the other components are
final.1

Reducing the Communication Requirements

By establishing one of the components as “CPU”, it is no longer necessary to distribute
the newly computed state of the simulated automaton to all components. This adjust-
ment simplifies communication requirements. For instance, a one-way ring structure
(as defined in Definition 4.13), which is a type of Hamiltonian cycle, is sufficient. More
generally, this observation leads to a significant improvement: any PCFAK(k) employ-
ing a communication structure containing a Hamiltonian cycle can simulate an FA(k).

Beyond Hamiltonian Cycles

The requirement of having a Hamiltonian cycle—i.e., a closed walk that visits each
component exactly once—is still restrictive. The core idea behind the simulation is
that it must be possible to sequentially reach each component to collect its reading—
whether an input symbol or the empty word—and eventually return to a designated
component that serves as the “CPU”, which then simulates one step of the FA(k).
We refer to this sequence as one simulation cycle. This requires the information (the
collected symbols and current state) to pass through each component at least once to
gather its input symbol. It does not require that the path taken for this information
transfer visits each intermediate component exactly once. The key constraint is that
each component performs its input reading only once per simulation cycle (as input is
read destructively).

This observation naturally leads us to the broader class of Hamiltonian communi-
cation structures as defined in Definition 4.14, which capture this relaxed condition by
admitting a Hamiltonian closed walk.

5.3 Main Results

We now state and formally prove the central theorem of this thesis. It formalizes the
key insight that Hamiltonian communication structures provide sufficient means for

1According to Definition 4.5, which defines the language accepted by a PCFA, the “CPU” compo-
nent cannot fully decide acceptance on its own, as each component must still read the entire input.
However, this is consistent with Definition 3.4, which defines the language accepted by a FA(k), where
each head must also read the entire input before accepting.
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simulating MHFA by PCFA.

5.3.1 Preliminaries

Throughout the remainder of this section, let:

• k ≥ 1,

• A = (Q,Σ, δ, q0, F ) be a FA(k),

• G = ({A1, A2, . . . , Ak}, E) be a Hamiltonian closed walk communication struc-
ture of degree k,

denote the given assumptions from Theorem 4.

We fix, once and for all, a Hamiltonian closed walk

W = (v1, v2, . . . , vk−1, v1)

in G, chosen arbitrarily, and without loss of generality we assume v1 = A1.

We now introduce two auxiliary functions used in the construction. These help
control when each component reads input and simplify indexing over positions in the
walk.

Definition 5.1 (First-visit function). The first-visit function is the function

f : V → {1, 2, . . . , |W |}

defined by
f(v) = min{1 ≤ i ≤ |W | | W [i] = v}.

It returns the first position in the walk W at which vertex v appears. We use it to en-
sure that each component reads its input exactly once per simulation cycle—specifically
at its first appearance in W .

Definition 5.2 (Walk position index function). The walk position index function is
the function

g : {1, 2, . . . , |W |+ 1} → {1, 2, . . . , k}

defined by

g(i) =

j, 1 ≤ i ≤ |W | and W [i] = Aj,

1, i = |W |+ 1.

It returns the index of the component visited at the i-th position in the walk. The
extension g(|W | + 1) = 1 simplifies handling of the final simulation step, where the
information returns to the first component.
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5.3.2 Auxiliary PCFA

Throughout this subsection, we work with k, A, G, W , f , and g as fixed in §5.3.1.

Our goal is to construct a G-PCFAK(k) A such that L(A) = L(A) by simulating
A step by step.

We now define three auxiliary sets of states used in the construction of A. Each
serves a distinct purpose in coordinating the simulation across components.

Definition 5.3 (Information states). To collect and store the symbols read by the
simulated heads of A, we introduce a set of states that encode the current state of A,
the partial input read so far, and the “counter”. Define

Qinfo = {(q, z1, z2, . . . , zk, r) | q ∈ Q, 1 ≤ r ≤ |W |+ 1,

zs ∈ Σ ∪ {ε} for all s}.

Definition 5.4 (Waiting states). To ensure that only one component is active at
a time, all components not currently processing or querying information remain in
waiting states. Define

Qwaitj = {qwaitr | 1 ≤ r ≤ |W |+ 1}.

Definition 5.5 (Query states). To facilitate communication between components and
to ensure that A employs G, we define, for each j, 1 ≤ j ≤ k,

Qqueryj
= {qqueryr

| (Aj, Ar) ∈ E}.

We now define the automaton A itself.

Let A = (Σ, A1, . . . , Ak), where for each j, 1 ≤ j ≤ k, Aj = (Σ, Qj, δj, q0j , Fj) is
defined below.

The state sets are

Qj =

Qinfoj ∪Qwaitj ∪Qqueryj
∪Q, j = 1,

Qinfoj ∪Qwaitj ∪Qqueryj
, 2 ≤ j ≤ k.

The initial states are

q0j =

q0, j = 1,

qwait1 , 2 ≤ j ≤ k.
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The final states are

Fj =

F, j = 1,

Qj, 2 ≤ j ≤ k.

The transition mappings are defined as follows. We accompany each definition with
an explanation of the intended behavior of the system.

At the beginning of each simulation cycle, the first component reads an input
symbol—possibly the empty word—and “stores” it. To indicate that the state is ready
to be sent to the component at the second position of the walk, the counter is set to 2:

δ1(q, z1) = {(q, z1, ε, . . . , ε, 2)}, (5.1)

for each q ∈ Q and z1 ∈ Σ ∪ {ε}.

Simultaneously, the component at the second position of the walk enters a query
state qquery1

, requesting the updated information. At this moment, the first component
no longer holds the latest version of the information, as it is already being updated by
the next component in the walk. It therefore either moves into a query state requesting
the updated information back or into a waiting state.

More generally, during the traversal, another situation may occur. Since vertices in
a walk may be visited multiple times, the information can return to the first component
repeatedly before the traversal is complete. After the initial read at the beginning of
the walk, whenever the first component subsequently receives the information, it simply
increments the counter. Formally, we have:

δ1((q, z1, z2, . . . , zk, r), ε) =


{(q, z1, z2, . . . , zk, r + 1)}, g(r) = 1,

{qqueryg(r)
}, g(r + 1) = 1,

{qwaitr+1} otherwise,

(5.2)

for each q ∈ Q, z1, z2, . . . , zk ∈ Σ ∪ {ε} and r, 1 ≤ r ≤ |W |.

Suppose now that the first component has entered a waiting state. It is then
presented with two options: either move into a query state to request the updated
information, or increment the counter and continue waiting:

δ1(qwaitr , ε) =

{qqueryg(r)
}, g(r + 1) = 1,

{qwaitr+1} g(r + 1) ̸= 1,
(5.3)

for each r, 1 ≤ r ≤ |W |.

Once the walk has been fully traversed the first component has all the information
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necessary to simulate one move of A:

δ1((q, z1, z2, . . . , zk, |W |+ 1), ε) = δ(q, z1, z2, . . . , zk), (5.4)

for each z1, z2, . . . , zk ∈ Σ ∪ {ε}.

Finally, for each other (k + 1)-tuple (q, z1, z2, . . . , zk) ∈ {Q1} × {Σ ∪ ε}k, we define
δ1(q, z1, z2, . . . , zk) = ∅.

We now proceed to define the transition functions for the remaining components.
These are largely analogous to the transition function of the first component, though
a few subtle differences arise.

Since every component except the first starts in the waiting state qwait1 , we begin
by defining the transition functions for this initial configuration.

δj(qwaitr , ε) =

{qqueryg(r)
}, g(r + 1) = j,

{qwaitr+1} g(r + 1) ̸= j,
(5.5)

for each j, 2 ≤ j ≤ k and each r, 1 ≤ r ≤ |W |.

Suppose now that the information has reached the j-th component for the first
time during the traversal. It is now the responsibility of this component to update the
information for further processing.

δj((q, z1, . . . , zj−1, ε, zj+1, . . . , zk, r), zj) = {(q, z1, . . . , zj, . . . , zk, r + 1)}, (5.6)

for each q ∈ Q, z1, z2, . . . , zk ∈ Σ ∪ {ε}, j, 2 ≤ j ≤ k and r, 1 ≤ r ≤ |W | such that
f(j) = r.

After either updating or receiving the information, the j-th component is presented
with three options, determined by the structure of the walk: it may simply increment
the counter, enter a query state to request the updated information back, or move into
a waiting state:

δj((q, z1, z2, . . . , zk, r), ε) =


{(q, z1, z2, . . . , zk, r + 1)}, g(r) = j,

{qqueryg(r)
}, g(r + 1) = j,

{qwaitr+1} otherwise,

(5.7)

for each q ∈ Q, z1, z2, . . . , zk ∈ Σ ∪ {ε}, j, 2 ≤ j ≤ k and r, 1 ≤ r ≤ |W | such that
f(j) ̸= r.

Once the walk has been fully traversed—i.e., the first component is about to simu-
late one move of A. All components currently waiting in qwait|W |+1

return to their initial
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waiting state qwait1 , marking the beginning of a new simulation cycle.

δj(qwait|W |+1
, ε) = {qwait1}, (5.8)

for each j, 2 ≤ j ≤ k.

Similarly, the component that has held the information returns to its initial waiting
state qwait1 as well.

δj((q, z1, z2, . . . , zk, |W |+ 1), ε) = {qwait1}, (5.9)

for each q ∈ Q, z1, z2, . . . , zk ∈ Σ ∪ {ε} and j, 2 ≤ j ≤ k.

Finally, for each j, 2 ≤ j ≤ k, each other (k + 1)-tuple (q, z1, z2, . . . , zk) ∈ {Qj} ×
{Σ ∪ ε}k, we define δj(q, z1, z2, . . . , zk) = ∅.

5.3.3 Auxiliary Relation

Throughout this subsection, we work with k, A, G, W , f , and g as fixed in §5.3.1, and
with A as constructed in §5.3.2.

Definition 5.6 (Configuration Correspondence Relation). We define configuration cor-
respondence as binary relation ∼ on Cartesian product of the set of all configurations
of A and the set of all configurations of A as follows:

c ∼ c′

if and only if for some q ∈ Q and x1, x2, . . . , xk ∈ Σ∗ it holds that

c = (q, x1, x2, . . . , xk) and c′ = (q, x1, qwait1 , x2, . . . , qwait1 , xk).

5.3.4 Auxiliary Lemmas

Throughout this subsection, we work with k, A, G, W , f , and g as fixed in §5.3.1, and
with A as constructed in §5.3.2.

Lemma 1. Let n ∈ N, q ∈ Q, x1, x2, . . . , xk ∈ Σ∗,

c′0 = (q, x1, qwait1 , x2, . . . , qwait1 , xk),

and define

m = n mod (2|W |+ 1) and t =

m+1
2

, m is odd,
m
2
, m is even.
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Then for each computation ρ of A of length n such that ρ[0] = c′0, the final con-
figuration ρ[n] satisfies exactly one of the following mutually exclusive and exhaustive
cases:

(1) If m = 0, then:

• the first component is in a state from Q, and

• each other component is in qwait1 .

(2) If m ̸= 0 and m is odd, then:

• Ag(t) is in an information state with counter set to t+ 1,

• Ag(t+1) is in a query state qqueryt
, and

• each other component is in qwaitt+1 .

(3) If m ̸= 0 and m is even, then:

• Ag(t) and Ag(t+1) are both in the same information state with counter set to
t+ 1,

• each other component is in qwaitt+1 .

Proof. We prove the lemma by induction on the computation length n.

Base case: For n = 0, m = 0, and since c0 falls into case (1), the base case of the induction
holds.

Inductive step: We assume that the inductive hypothesis holds for n′ = n − 1 and show that it
also holds for n. Let

ρ = c′0 ⊢A · · · ⊢A c′n−1 ⊢A c′n

be a computation of A of length n such that ρ[0] = c′0.

Let n′ = n− 1 and define m′ = n′ mod (2|W |+ 1) and

t′ =

m′+1
2

, if m′ is odd,
m′

2
, if m′ is even.

By the inductive hypothesis, the configuration c′n′ falls into one of the three
cases:

Case (1): Equation (5.1) ensures that the first component moves into an information
state with “counter” set to 2, while (5.5) ensures that Ag(2) moves into qquery1

and each other component moves into qwait2 . Thus, c′n falls into case (2).

Case (2): By Definition 4.3, configuration c′n falls into case (3).
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Case (3): In this situation, two outcomes are possible, depending on the structure of
W :

(a) If m = 0, then m′ = 2|W | and t′ = |W |. By (5.4), the first component
simulates one step of A and moves into the new state. Equations (5.8)
and (5.9) ensure that each other component moves into qwait1 . Thus,
c′n falls into case (1).

(b) If m ̸= 0, then 1 ≤ t′ ≤ |W | − 1. Two subcases are distinguished based
on whether g(t′ + 2) equals g(t′):

(b1) If g(t′+2) = g(t′), then Equations (5.2) and (5.7) ensure that Ag(t′)

moves into qqueryg(t′+1)
. Equations (5.2), (5.6) and (5.7) ensure that

Ag(t′+1) moves into an information state with “counter” set to t′+1.
Finally, Equations (5.3) and (5.5) ensure that each other component
moves into qwaitt′+1

. Thus, c′n falls into case (2).

(b2) If g(t′+2) ̸= g(t′), then Equations (5.2) and (5.7) ensure that Ag(t′)

moves into qwaitt′+1
. Equations (5.2), (5.6) and (5.7) ensure that

Ag(t′+1) moves into an information state with “counter” set to t′+1.
Equations (5.3) and (5.5) ensure that Ag(t′+2) moves into qqueryg(t′+1)

.
Finally, Equations (5.3) and (5.5) ensure that each other component
moves into qwaitt′+1

. Thus, c′n falls into case (2).

Hence, in every possible situation the configuration c′n falls into exactly one of
cases (1)–(3). Therefore the claim holds for n, completing the inductive step.

Lemma 2. Let c and d be a two configurations of A, and let c′ and d′ be a two
configurations of A such that c ∼ c′ and d ∼ d′.

Then the following equivalence holds:

c ⊢A d ⇐⇒ c′ ⊢2|W |+1
A d′.

Proof. Let
c = (q, x1, x2, . . . , xk) and d = (q′, y1, y2, . . . , yk)

be two configurations of A, and let

c′ = (q, x1, qwait1 , x2, . . . , qwait1 , xk) and d′ = (q′, y1, qwait1 , y2, . . . , qwait1 , yk)

be two configuration of A.

We prove the equivalence by proving in both directions:
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⇒ If
c ⊢A d,

then from the Definition 3.3 there exist some z1, z2, . . . , zk ∈ Σ ∪ {ε} such that
for each j, 1 ≤ j ≤ k,

xj = zjyj,

and
q′ ∈ δ(q, z1, z2, . . . , zk).

By Lemma 1 and by Equation 5.4, we obtain

c′ ⊢2|W |
A ((q, z1, z2, . . . , zk, |W |+ 1), y1, qwait|W |+1

, y2, . . . ,

qwait|W |+1
, yg(t)−1, (q, z1, z2, . . . , zk, |W |+ 1), qwait|W |+1

, yg(t)+1,

. . . , qwait|W |+1
, yk) ⊢A d′.

⇐ If
c′ ⊢2|W |+1

A d′,

then, by Lemma 1, there exist some z1, z2, . . . , zk ∈ Σ ∪ {ε} such that

c′ ⊢2|W |
A ((q, z1, z2, . . . , zk, |W |+ 1), y1, qwait|W |+1

, y2, . . . ,

qwait|W |+1
, yg(t)−1, (q, z1, z2, . . . , zk, |W |+ 1), qwait|W |+1

, yg(t)+1,

. . . , qwait|W |+1
, yk) ⊢A d′,

and from Equation 5.4 we obtain

q′ ∈ δ(q, z1, z2, . . . , zk).

Since Lemma 1 together with Equations (5.1) and (5.6) guarantees that each
component of A reads at most one symbol from Σ during a simulation cycle, it
follows that for each j, 1 ≤ j ≤ k,

xj = zjyj.

Thus, we have
c ⊢A d
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5.3.5 Equivalence Theorem: General Case

Theorem 4. For each k ≥ 1, Hamiltonian closed walk communication structure of
degree k, and FA(k) A, there exists an equivalent G-PCFAK(k) A such that L(A) =

L(A).

Proof. Throughout this proof, we work with k, A, G, W , f , and g as fixed in §5.3.1,
and with A as constructed in §5.3.2.

We now argue that A and A accept the same language, i.e., we prove the equivalence

L(A) = L(A)

by establishing both inclusions.

⊆ To this end, we prove a stronger claim by induction on n ∈ N. Let w ∈ Σ∗ be an
input word, and let

π = (q0, w, w, . . . , w) ⊢n
A (q, x1, x2, . . . , xk)

be a computation of A on input w, where q ∈ Q, x1, x2, . . . , xk ∈ Σ∗.

We show that there exists a computation

ρ = (q0, w, qwait1 , w, . . . , qwait1 , w) ⊢
n(2|W |+1)
A (q, x1, qwait1 , x2, . . . , qwait1 , xk)

of A on input w, such that the following condition holds:

π[0] ∼ ρ[0], π[1] ∼ ρ[2|W |+ 1], . . . , π[n] ∼ ρ[n(2|W |+ 1)]. (∗)

Base case: For n = 0, the computation π of A on input w only contains the initial
configuration c0 = (q0, w, w, . . . , w), thus π = c0.

Since for the initial configuration c′0 = (q0, w, qwait1 , w, . . . , qwait1 , w) of A on
input w it holds that c0 ∼ c′0, the base case of the induction holds.

Inductive step: We shall assume that the inductive hypothesis holds for every m < n and
show that it also holds for n.

Let π be a computation of A on input w of the form

π = (q0, w, w, . . . , w) ⊢n−1
A

(q, z1x1, z2x2, . . . , zkxk) ⊢A

(q′, x1, x2, . . . , xk),

where q, q′ ∈ Q, and for each j, 1 ≤ j ≤ k, zj ∈ Σ ∪ {ε} and xj ∈ Σ∗.
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By the inductive hypothesis for m = n− 1, we obtain that for

π′ = (q0, w, w, . . . , w) ⊢n−1
A

(q, z1x1, z2x2, . . . , zkxk)

of A on input w, there exists a computation ρ′ of A on input w of the form

ρ′ = (q0, w, qwait1 , w, . . . , qwait1 , w) ⊢
(n−1)(2|W |+1)
A

(q, z1x1, qwait1 , z2x2, . . . , qwait1 , zkxk),

such that (∗) holds.

Since

(q, z1x1, z2x2, . . . , zkxk) ∼

(q, z1x1, qwait1 , z2x2, . . . , qwait1 , zkxk)

and

(q, z1x1, z2x2, . . . , zkxk) ⊢A

(q′, x1, x2, . . . , xk),

we may apply Lemma 2 to obtain

(q, z1x1, qwait1 , z2x2, . . . , qwait1 , zkxk) ⊢2|W |+1
A

(q′, x1, qwait1 , x2, . . . , qwait1 , xk).

Moreover, since

(q′, x1, x2, . . . , xk) ∼

(q′, x1, qwait1 , x2, . . . , qwait1 , xk),

Hence the claim holds for n, completing the inductive step.

If π is accepting, then ρ is as well, proving that

L(A) ⊆ L(A).

⊇ We again prove a stronger claim by induction on n ∈ N. Let w ∈ Σ∗ be an input



40 THE ROLE OF COMMUNICATION

word, and let

ρ = (q0, w, qwait1 , w, . . . , qwait1 , w) ⊢
n(2|W |+1)
A (q, x1, qwait1 , x2, . . . , qwait1 , xk)

be a computation of A on input w, where q ∈ Q and x1, . . . , xk ∈ Σ∗.

We show that there exists a computation

π = (q0, w, w, . . . , w) ⊢n
A (q, x1, x2, . . . , xk)

of A on input w, such that the following condition holds:

π[0] ∼ ρ[0], π[1] ∼ ρ[2|W |+ 1], . . . , π[n] ∼ ρ[n(2|W |+ 1)]. (∗∗)

Base case: For n = 0, the computation ρ of A on input w only contains the initial
configuration c′0 = (q0, w, qwait1 , w, . . . , qwait1 , w), so ρ = c′0.

Since for the initial configuration c0 = (q0, w, w, . . . , w) of A on input w it
holds that c0 ∼ c′0, the base case of the induction holds.

Inductive step: We shall assume that the inductive hypothesis holds for every m < n and
show that it also holds for n.

Let ρ be a computation of A on input w of the form

ρ = (q0, w, qwait1 , w, . . . , qwait1 , w) ⊢
(n−1)(2|W |+1)
A

(q0, z1x1, qwait1 , z2x2, . . . , qwait1 , zkxk) ⊢2|W |+1
A

(q0, x1, qwait1 , x2, . . . , qwait1 , xk),

where q, q′ ∈ Q, and for each j, 1 ≤ j ≤ k, zj ∈ Σ ∪ {ε} and xj ∈ Σ∗.

By the inductive hypothesis for m = n− 1, we obtain that for

ρ′ = (q0, w, qwait1 , w, . . . , qwait1 , w) ⊢
(n−1)(2|W |+1)
A

(q0, z1x1, qwait1 , z2x2, . . . , qwait1 , zkxk),

there exists a computation π′ of A on input w of the form

π′ = (q0, w, w, . . . , w) ⊢n−1
A

(q, z1x1, z2x2, . . . , zkxk),

such that (∗∗) holds.
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Since

(q, z1x1, z2x2, . . . , zkxk) ∼

(q, z1x1, qwait1 , z2x2, . . . , qwait1 , zkxk)

and

(q, z1x1, qwait1 , z2x2, . . . , qwait1 , zkxk) ⊢2|W |+1
A

(q′, x1, qwait1 , x2, . . . , qwait1 , xk),

we may apply Lemma 2 to obtain

(q, z1x1, z2x2, . . . , zkxk) ⊢A

(q′, x1, x2, . . . , xk).

Moreover, since

(q′, x1, x2, . . . , xk) ∼

(q′, x1, qwait1 , x2, . . . , qwait1 , xk),

Hence the claim holds for n, completing the inductive step.

If ρ is accepting, then π is as well, proving that

L(A) ⊇ L(A)

This completes the proof of Theorem 4.

5.3.6 Equivalence Theorem: Deterministic Case

Theorem 5. For each k ≥ 1, Hamiltonian closed walk communication structure of
degree k, and SDFA(k) A (see Definition 3.6), there exists an equivalent G-DPCFAK(k)

A such that L(A) = L(A).

Proof. We do not repeat the full construction of A from §5.3.2. Instead, we explain
the way it can be modified to ensure determinism.

Let us identify the two sources of nondeterminism in the constructed G-PCFAK(k)

A:

1. If A violates condition (i) of Definition 3.5, then A is inherently nondetermin-
istic as well, since it directly simulates A. In particular, Equation (5.4) would
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define multiple transitions from a single state, thereby violating condition (i) of
Definition 4.4.

2. Even if A satisfies Definition 3.5, the components of A may still face nondeter-
minism when reading input. At each point where a component is expected to
read, it must nondeterministically choose whether to consume an input symbol
or the empty word. This violates condition (ii) of Definition 4.4, which requires
that the component’s behavior be uniquely determined by the current state.

To resolve the second issue, it suffices to require that A satisfy our stronger definition
of determinism (see Definition 3.6). This guarantees that, from any given state, each
head (and hence the corresponding component in A) knows unambiguously whether it
must read a symbol or the empty word.

Under this assumption, the construction can be made deterministic (without com-
promising correctness) by replacing the nondeterministic reading transitions with the
following deterministic variants:

• Replace Equation (5.1) with one of the following, depending on the state q ∈ Q:

– If there exist z2, z3, . . . , zk ∈ Σ∪{ε} such that δ(q, ε, z2, z3, . . . , zk) ̸= ∅, then
define

δ1(q, ε) = {(q, ε, ε, . . . , ε, 2)}.

– Otherwise, define
δ1(q, a1) = {(q, a1, ε, . . . , ε, 2)},

for each a1 ∈ Σ.

• Replace Equation (5.6) with one of the following, depending on the state q ∈ Q:

– If there exist z′1, . . . , z′j−1, z
′
j+1 . . . , z

′
k ∈ Σ∪{ε} such that δ(q, z′1, . . . , z′j−1, ε, z

′
j+1 . . . , z

′
k) ̸=

∅, then define

δj((q, z1, . . . , zj−1, ε, zj+1, . . . , zk, r), ε) = {(q, z1, . . . , zj−1, ε, zj+1, . . . , zk, r+1)},

for each z1, . . . , zj−1, zj+1 . . . , zk ∈ Σ ∪ {ε}, and r, 1 ≤ r ≤ |W |, such that
f(j) = r.

– Otherwise, define

δj((q, z1, . . . , zj−1, ε, zj+1, . . . , zk, r), a1) = {(q, z1, . . . , zj−1, aj, zj+1, . . . , zk, r+1)},

for each z1, . . . , zj−1, zj+1 . . . , zk ∈ Σ∪{ε}, aj ∈ Σ, and r, 1 ≤ r ≤ |W |, such
that f(j) = r.
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Since the decision whether to read a symbol is now fully determined by the state of
A, and since the simulation step of A is deterministic under Definition 3.5, it follows
that A is a G-DPCFAK(k) (see Definition 4.4). This completes the proof of Theorem 5.

5.4 Beyond Hamiltonian Structures

The construction presented in the previous section establishes that a Hamiltonian com-
munication structure is a sufficient condition for simulating a k-head finite automaton
using a k-component parallel communicating finite automaton. However, this condition
is not necessary.

In this section, we demonstrate that an even more restricted communication struc-
ture, which is not Hamiltonian, may still provide sufficient computational power to
simulate multi-head finite automata. Specifically, we focus on the one-way centralized
communication structure of degree 2. Although it does not admit a Hamiltonian closed
walk, it still allows for coordinated state exchange that is sufficient for simulation.

Lemma 3. For each FA(2) A, there exists an equivalent 1centrPCFAK(k) A such that
LA = LA, i.e,

LFA(2) ⊆ L1centrPCFA(2)

Proof. Let A = (Q,Σ, δ, q0, F ) be a FA(2).
Construct a 1centrPCFA(2) A = (Σ, A1, A2), where for each 1 ≤ j ≤ 2, Aj =

(Σ, Qj, δj, q0, F ), is defined bellow.

The state sets are

Qj =

Q ∪ {(q, z) | for each q ∈ Q and z ∈ Σ ∪ {ε}} ∪ {qquery2
}, j = 1,

Q ∪ {(q, z) | for each q ∈ Q and z ∈ Σ ∪ {ε}}, j = 2.

The transition mappings are defined as follows. We accompany each definition with
an explanation of the intended behavior of the system.

First, the non-master component A2 reads “its” input symbol—possibly the empty
word—and simultaneously (nondeterministically) guesses the symbol read by A1 (mas-
ter). It then simulates one move of the automaton A, “storing” both the newly com-
puted state and the guessed symbol:

δ2(q, z2) = {(q′, z1)},

for each q, q′ ∈ Q and z1, z2 ∈ Σ ∪ {ε} such that q′ ∈ δ(q, z1, z2).
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Simultaneously, the master component enters a query state qquery2
to obtain the

information:
δ1(q, ε) = {qquery2

},

for each q ∈ Q and z ∈ Σ ∪ {ε}.

After obtaining the information from A2, the master component A1 must verify
whether it can indeed read the guessed symbol. If the verification succeeds, it moves
into the “stored state”; otherwise, the system halts without accepting:

δ1((q, z), z) = {q},

for each q ∈ Q and z ∈ Σ ∪ {ε}.

Meanwhile, the second component A2 moves into the “stored” state in the informa-
tion as well, allowing the simulation to continue:

δ2((q, z), ε) = {q},

for each q ∈ Q and z ∈ Σ ∪ {ε}.

Finally, for each j, 1 ≤ j ≤ 2, each other triple (q, z1, z2) ∈ {Qj} × {Σ ∪ ε}2, we
define δj(q, z1, z2, . . . , zk) = ∅.

This result illustrates that Hamiltonian closed walk structures do not capture the
full range of communication structures capable of supporting such simulations.

We believe that this idea can be extended further and may lead to a more refined
characterization of the minimal structural requirements necessary for simulating MHFA

by PCFA.

5.5 Summary and Open Directions

We conclude this chapter by consolidating the findings presented so far and highlight-
ing the current state of knowledge regarding the influence of communication on the
computational power of PCFA. In particular, we focus on low-degree systems, where
the effects of different communication structures are most clearly observable.

5.5.1 Systems of Degree 2

We begin with systems of degree 2, which represent the simplest non-trivial setting in
which communication between components can occur. At this level, the computational
landscape is surprisingly well understood. We compare their language recognition
power under three representative configurations, as depicted in Figure 5.2. Due to the
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symmetry of one-way centralized structures at this degree, these three capture all four
possibilities.

A1 A2

Trivial

A1 A2

One-Way Centralized

A1 A2

Complete

Figure 5.2: Three representative communication structures of degree 2.

From the results established earlier, it follows that

LREG = LtrivialPCFA(2) ⊂ L1centrPCFA(2) = LcompletePCFA(2) = LFA(2).

5.5.2 Systems of Degree 3

Increasing the degree by just one yields a drastically different landscape. For degree 3,
we again compare the trivial, one-way centralized, and complete structures, as depicted
in Figure 5.3.

A1

A2

A3

Trivial

A1

A2

A3

One-Way Centralized

A1

A2

A3

Complete

Figure 5.3: Three representative communication structures of degree 3.

The one-way centralized structure lies between the two extremes. It is strictly more
powerful than the trivial structure, as it can recognize a non-context-free language

L = {aibici | i ≥ 0},

demonstrating that
LREG ⊂ L1centrPCFA(3).

However, it remains an open problem whether one-way centralized structures of
degree 3 match the computational power of three-head finite automata. The bounds
are:

LREG = LtrivialPCFA(3) ⊂ L1centrPCFA(3) ⊆ LcompletePCFA(3) = LFA(3).

Furthermore, thanks to the construction developed in this thesis, we now know
that each of the four Hamiltonian communication structures depicted in Figure 5.4 is
capable of reaching the full computational power of a three-head finite automaton. In
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particular, all of them admit a Hamiltonian closed walk and therefore fall within the
scope of our main result.

A1

A2

A3 A1

A2

A3

A1

A2

A3 A1

A2

A3

Figure 5.4: Four other Hamiltonian communication structures of degree 3.



Conclusion

This thesis investigated the influence of communication structures on the computa-
tional power of Parallel Communicating Finite Automata (PCFA), particularly in re-
lation to Multi-Head Finite Automata (MHFA). The main result was establishing that
PCFA systems whose communication structure admits a Hamiltonian closed walk are
sufficient to simulate MHFAs, both in general (Theorem 4) and deterministic (Theo-
rem 5) settings. This refines prior understandings and was motivated by a re-evaluation
of the construction proposed by Martín-Vide et al. [5] (Section 5.2). Subsequently, we
showed that Hamiltonian structures alone do not characterize the complete range of
communication structures sufficient for such simulations (see Section 5.4).

This thesis positions these findings between the known bounds of trivial PCFA

(recognizing only regular languages, see Proposition 1) and complete PCFA (equivalent
to MHFA). For degree 2 systems, the computational landscape is now fully understood.

Despite this progress, the relationship between communication and power is not yet
fully understood. The exact power of one-way centralized PCFA(3) systems remains an
open question. This thesis suggests a difference from FA(3) power within the bounds

LREG ⊂ L1centrPCFA(3) ⊆ LFA(3).

This work offers new understanding of communication in multi-automata systems,
and the Hamiltonian condition is a strong theoretical tool. Future research should aim
for a complete characterization of minimal communication requirements for MHFA

simulation and study the way computational power varies in relation to underlying
communication structures.
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