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Abstrakt

Výkon súčasných kvantových počítačov ešte nie je dostačujúci pre riešenie praktických
problémov pomocou plne kvantových algoritmov. Hybridné algoritmy, ktoré rozdeľujú
výpočet medzi kvantový a klasický počítač, však môžu byť schopné využiť poten-
ciál súčasných kvantových výpočtových zariadení. Jedným z týchto algoritmov je
Variačný kvantový eigensolver (VQE), ktorý hľadá najnižší energetický stav danej
molekuly opakovaným pripravovaním a meraním jej kvantového stavu na kvantovom
procesore. Optimalizačný algoritmus bežiaci na klasickom počítači upravuje parametre
kvantového stavu tak, aby bola minimalizovaná celková energia molekuly. Voľba opti-
malizačnej metódy má veľký vplyv na kvalitu výsledkov a rýchlosť výpočtu. Táto práca
skúma možnosti použitia optimalizácie rojom častíc založenej na harmonických oscilá-
toroch (HOPSO). Správanie tejto novej metódy v závislosti od rôznych parametrov bolo
overené sériou experimentov, ktoré využívali štandardný testovací problém: 4-qubitový
elektrónový Hamiltonián molekuly vodíka. Výsledky experimentov ukázali, že HOPSO
dosahuje vynikajúcu presnosť a robustné správanie. V spojení s jeho laditeľnosťou má
HOPSO potenciál stať sa jednoducho použiteľnou, no efektívnou optimalizačnou metó-
dou.

Kľúčové slová: Kvantové počítače, Variačný kvantový eigensolver, Optimalizácia
rojom častíc založená na harmonických oscilátoroch
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Abstract

Current quantum computers are still not capable enough to solve practical problems
using fully quantum algorithm. However, hybrid algorithms that split the computation
between a quantum and a classical computer may be able to use the potential of
present quantum computing devices. One such algorithm is the Variational Quantum
Eigensolver (VQE), which is used to find the lowest energy state of a given molecule.
This is achieved by repeatedly preparing and measuring the quantum state of the
molecule on a quantum processor, while a classical optimization algorithm attempts to
change the parameters of the state in a way that minimizes the total energy. The choice
of optimization method can greatly influence both the quality of the results and the
speed of the computation. This work explores the possibilities of applying the Harmonic
Oscillator based Particle Swarm Optimization (HOPSO), a new guided random search
method. A series of experiments have been performed to evaluate its performance and
behavior on VQE based on different parameters. These experiments used a four-qubit
electronic Hamiltonian of a hydrogen molecule, a standard VQE benchmark problem.
The results have shown that HOPSO is capable of achieving excellent accuracy and
demonstrated robust behavior on this problem. Combined with its great tunability,
HOPSO has a potential to be a simple-to-use, but efficient optimization method.

Keywords: Quantum computing, Variational Quantum Eigensolver, Harmonic Os-
cillator based Particle Swarm Optimization
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Introduction

While the theory of quantum computing has been known for a long time, it is only in
recent years that quantum computers have started rapidly getting closer to being us-
able in practice. The current generation of Noisy-Intermediate Scale Quantum (NISQ)
computers has usually only a few hundreds of qubits and their computations are im-
pacted by noise and errors. This, unfortunately, makes them unsuitable for most of
the currently known quantum algorithms such as Shor’s [1] or Grover’s [2] algorithm.

On the other hand, they are capable of running a variety of hybrid, noise-tolerant,
algorithms. Such algorithms use quantum processors for the parts of problem that
are hard to solve by conventional means, while leaving the remaining tasks to a more
reliable classical computer.

This work focuses on one of these algorithms: the Variational Quantum Eigen-
solver (VQE). The VQE is designed to find the lowest energy state (ground state)
of a molecule. This is achieved by repeatedly preparing and measuring the quantum
state of the molecule on a quantum processor, while a classical optimization algorithm
attempts to change the parameters of the state in a way that minimizes the total
energy [3].

The choice of optimization algorithm is critical, as it affects both the accuracy
and speed of the computation. This work explores the potential of using VQE with
a new optimization method Harmonic Oscillator based Particle Swarm Optimization
(HOPSO), focusing on its ability to produce accurate results, and changes in behavior
depending on the optimizers parameters.

The chapter 1 starts with a brief introduction of fundamental concepts in quantum
computing, which are necessary for understanding the principle of VQE. The VQE
itself is then described in chapter 2. Chapter 3 focuses on optimization algorithms,
namely on the Particle Swarm Optimization (PSO) and HOPSO. In chapter 4, the
VQE benchmark problem and tools used for experiments performed in this work are
described. Results of these experiments are presented in chapter 5.
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Chapter 1

Fundamentals of Quantum
Computing

The computational models of quantum computer are quite different from the classical
ones. Even though they share a lot of similarities, the laws of quantum physics enable
many properties that do not have a direct parallel in any classical model. These
properties, however, give quantum computers the potential for exponentially greater
computational power.

The focus of this chapter is to explain the key concepts of quantum computing,
which will be used in further parts of this work. The chapter will start with an
introduction of qubit, a quantum version of the classical bit, and two of the most
important phenomena in quantum information processing—superposition, and entan-
glement. Then, the quantum circuit computation model will be described. Lastly, the
chapter will conclude with a brief overview of the current state of technology used in
quantum computers.

1.1 Qubit and its Representations

The minimal information unit in quantum systems is called qubit. Unlike classical bit,
the state of qubit does not have to be either 0 or 1, but it can be linear combination
of both of these states. Qubits in such states are in superposition. To determine the
state of qubit, it is necessary to measure it. However, after the qubit is observed, it
collapses irreversibly into 0 or 1.

The state of qubit can be described as a vector in Dirac notation. For example,
states 0 and 1 are represented by vectors [4]:

|0〉 =

[
1

0

]
, |1〉 =

[
0

1

]
. (1.1)

2



CHAPTER 1. FUNDAMENTALS OF QUANTUM COMPUTING 3

If these vectors are used as basis (also called computational basis), it is possible describe
any qubit as a linear combination of basis vectors:

|ψ〉 = α |0〉+ β |1〉 =

[
α

β

]
. (1.2)

Complex numbers α and β are called probability amplitudes, and the values |α|2 and
|β|2 are probabilities of measuring states |0〉 and |1〉, respectively. The sum of proba-
bilities |α|2 and |β|2 is always equal to 1 [4].

It is also possible to represent qubit visually using a Bloch sphere. This can be
achieved by expressing the vector |ψ〉 in the following form:

|ψ〉 = eiϕ0 cos
θ

2
|0〉+ eiϕ1 sin

θ

2
|1〉 , (1.3)

which can be further simplified by factoring out and removing the global phase of the
state to:

|ψ〉 = cos
θ

2
|0〉+ eiϕ sin

θ

2
|1〉 . (1.4)

As can be seen in fig. 1.1, the angles θ and ϕ now give the position of unit vector
on a sphere with the northern pole corresponding to state |0〉, and the southern pole
corresponding to state |1〉 [5].

x

y

z

φ

θ

1

0

ψ

Figure 1.1: The Bloch sphere. The state |ψ〉 is described by position on a unit sphere
given by angles θ and ϕ.

Another useful property of Bloch sphere is that operations with qubits (which
will be described in section 1.4) can be represented as rotations around the center of
the sphere. It is also worth noting that the angle ϕ does not affect the probability
of measured outcomes, as rotating the point around the z axis does not change its
distance to the poles [6].



CHAPTER 1. FUNDAMENTALS OF QUANTUM COMPUTING 4

1.2 Multiple Qubits

Usefulness of single-qubit system is quite limited. In practice, two or more qubit
systems are used. Increasing number of qubits not only makes it possible to express
more states, but also enables using quantum properties such as entanglement, which
will be described in section 1.3.

Given two isolated qubits, state of the entire system can be expressed by their
tensor product. For example, if one qubit is in state |1〉 and the other in |0〉:

|1〉 ⊗ |0〉 = |10〉 =


0

0

1

0

 . (1.5)

As both qubits can be either |0〉 or |1〉, this results in four possible products, which
form the computational basis of a two-qubit system [4]:

|00〉 , |01〉 , |10〉 , |11〉 . (1.6)

Both qubits can be in superposition, which can be then described similarly as
in eq. (1.2):

|ψ〉 = α00 |00〉+ α01 |01〉+ α10 |10〉+ α11 |11〉 . (1.7)

From the eq. (1.5), it can be seen that the number of computational bases of n-
qubit system is 2n. When describing a quantum state, each of the bases has its complex
probability amplitude. That means that representation of any quantum state requires
2n complex numbers, which is 2 · 2n real values. By factoring out the global phase of
the state (similarly as in eq. (1.4)) and by normalizing the sum of the squares of the
magnitudes so that the total probability is 1, the number of real values can be reduced
by two [7]:

2n+1 − 2. (1.8)

This shows the potential computational power of quantum computing—a linear growth
in the number of qubits exponentially increases the amount of represented information.

1.3 Quantum Entanglement

Not every state of a two-qubit system can be represented as tensor product of two
qubits [6]. An example of such state is

|00〉+ |11〉√
2

. (1.9)
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Qubits in such states are called entangled. State of one entangled qubit cannot be
described independently of the other. In other words, while the first qubit from eq. (1.9)
can be measured as either 0 or 1 with equal probability, the value of the second qubit
will be determined by the first measurement [6].

The state in the eq. (1.9) is one of the four Bell states:

|Φ+〉 = 1√
2
(|00〉+ |11〉) |Ψ+〉 = 1√

2
(|01〉+ |10〉)

|Φ−〉 = 1√
2
(|00〉 − |11〉) |Ψ−〉 = 1√

2
(|01〉 − |10〉).

(1.10)

The property of the Bell states is that they are maximally entangled, which means
the measurements of both qubits are completely correlated. In case of states |Φ+〉 and
|Φ−〉, the measured values will be either 00 or 11. Conversely, the measured values of
|Ψ+〉 and |Ψ−〉 will be 01 and 10.

There are also states that are non-maximally entangled. Measurement of one qubit
in these states may not always give a complete information about the other ones. For
example, if measuring a single qubit of the state 1√

3
(|100〉 + |010〉 + |001〉) results in

state |1〉, the other two qubits must be in state |0〉. However, measuring |0〉 does not
reveal any information about the remaining qubits. [6].

1.4 Operations on Qubits

Just like logic gates are used to manipulate values of classical bits, quantum gates
are used to manipulate values of qubits. The operations of quantum gates can be
represented by unitary matrices and the result of applying the operation on a qubit is
given by matrix multiplication [7].

A unitary matrix is any complex square matrix U , for which the following applies:

U †U = UU † = I, (1.11)

where I is identity matrix, and U † denotes the conjugate transpose of matrix U . The
conjugate transpose is obtained by first transposing the matrix and then taking the
complex conjugate of each entry, which is given by reversing the sign of the imaginary
part of a complex number [8].

As the state vector of a single qubit has dimension 2, the size of a unitary matrix
describing quantum operation on single qubit has to be 2 × 2. An example of such
operation is the NOT gate, which inverts the state of the qubit. The unitary matrix
of NOT is

NOT =

[
0 1

1 0

]
. (1.12)
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The NOT operation is also called X because when visualized on Bloch sphere, it
corresponds to rotation about x axis by π. There are also the Y and Z gates, which
rotate the qubit about the y and z axes by π:

Y =

[
0 −i
i 0

]
, Z =

[
1 0

0 −1

]
. (1.13)

One of the most important quantum gates is the Hadamard gate, given by:

H =

[
1√
2

1√
2

1√
2

− 1√
2

]
. (1.14)

When applied to |0〉, an equal superposition is obtained—a state that has the same
probability of being measured as |0〉 or |1〉:

H |0〉 = 1√
2
|0〉+ 1√

2
|1〉 . (1.15)

Some quantum operations can be parameterized, which makes it possible to alter the
behavior of such operations. An example of such operations are the Rx(θ), Ry(θ), and
Rz(θ) gates, which rotate the qubit about the corresponding axis by an arbitrary angle
θ. Such gates can be very useful, for example in Variational Quantum Eigensolver,
which will be the focus of chapter 2. The unitary matrices of these operations are
following [6]:

Rx(θ) =

[
cos θ

2
−i sin θ

2

−i sin θ
2

cos θ
2

]
, (1.16)

Ry(θ) =

[
cos θ

2
− sin θ

2

sin θ
2

cos θ
2

]
, (1.17)

Rz(θ) =

[
1 0

0 eiθ

]
. (1.18)

Similarly to classic logic gates which can be combined together to construct com-
plex operations and algorithms, quantum gates can be also combined by sequentially
applying the gates on the same qubit. Such constructions are called quantum circuits.
A visual representation of such circuit can be seen in fig. 1.2.

As all operations are represented by matrices, resulting operation of the whole
circuit is given by multiplication of matrices of individual operations contained in the
circuit. For instance, the circuit in fig. 1.2 can be expressed as:

HZH =

[
1√
2

1√
2

1√
2

− 1√
2

][
1 0

0 −1

][
1√
2

1√
2

1√
2

− 1√
2

]
=

[
0 1

1 0

]
, (1.19)

which is equal to X gate.
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q[0]

c1

H Z H

0

Figure 1.2: A quantum circuit consisting of Hadamard gate followed by Z gate, which is
followed by another Hadamard gate and qubit measurement operation. The horizontal
line with label q[0] represents one quantum register. The quantum gates are shown
as boxes on this line. The result of last operation—measurement—is a classical bit,
which is stored into classical register c1.

As was already mentioned, every quantum gate is represented by its unitary ma-
trix. As each unitary matrix is invertible and its inverse equals to its conjugate trans-
pose, any quantum gate can be inverted. This means that the entire computation is
reversible—the input can be always reconstructed from the output [7].

1.4.1 Circuits with Multiple Qubits

When working with two-qubit system, its state is given by column vector of size 4.
Therefore, a two-qubit gate is a 4 by 4 unitary matrix. The simplest way to create
two-qubit gate is to apply two one-qubit gates on both qubits [6]:

(U1 |ψ1〉)⊗ (U2 |ψ2〉) = (U1 ⊗ U2)(|ψ1〉 ⊗ |ψ2〉). (1.20)

As can be seen in eq. (1.20), the resulting matrix is given by tensor product of
matrices U1 and U2. In cases where no operation should be performed on one of the
qubits, the I (identity) gate can be used:

I =

[
1 0

0 1

]
. (1.21)

This method allows to construct only gates that operate on each qubit separately.
However, it is possible to create gates where both qubits determine the result. One such

q[0]

q[1]

Figure 1.3: CNOT gate.
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gate is the Controlled NOT (fig. 1.3), or CNOT gate, given by the unitary matrix:

CNOT =


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

 . (1.22)

As the name suggests, CNOT inverts value of the second (target) qubit, if first (con-
trol) qubit is |1〉. However, the most interesting use of CNOT gate is creating entan-
glement between pair of qubits. For example, circuit on fig. 1.4 creates the following
entangled state:

|00〉+ |11〉√
2

. (1.23)

q[0]

q[1]

c2

H

Figure 1.4: Quantum circuit which creates the first Bell state.

Another useful quantum gate is Toffoli gate or CCNOT gate, which has three
inputs and three outputs. Toffoli gate works similarly to the CNOT, but it has two
control qubits instead of one. Value of the target qubit is inverted only if values of both
control qubits are 1. With this gate it is possible to simulate classical logic circuit as
it can be used to create a NAND gate (as can be seen in fig. 1.5), which is a universal
classic logic gate [7].

q[1]  b b

q[0]  a a

q[2]  1 ¬(ab)

Figure 1.5: NAND gate implemented by Toffoli gate. The inputs of the NAND gate
are on the q[0] and q[1] qubits. Result of the operation is on qubit q[2], which has
to be initialized to |1〉.
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1.5 Measurement

To make a quantum algorithm useful, it is usually necessary to extract its results by
measuring the qubits of the quantum circuit. As was previously mentioned, measure-
ment of the qubit causes it to collapse irreversibly into one of two states, depending on
the computational basis in which was the qubit measured. This is typically the basis
formed by the |0〉 and |1〉 state vectors [7].

While the probability of collapsing into either |0〉 or |1〉 is given by the probability
amplitudes |α|2 and |β|2, the result of measuring is just one classical bit with no way of
directly obtaining these amplitudes back. However, it is possible to repeatedly prepare
and measure the same qubit to estimate the probabilities statistically. This applies
also to multiple-qubit systems, although the measurement of one qubit can influence
the state of others due to the possible entanglement [7].

However, most of the quantum computers only perform measurements in the com-
putational basis, which is usually the z basis. In some cases, it may be useful to
measure qubit in a different basis. This can be done applying an appropriate rotation
gate before measurement [7]. For example, to measure in the x basis, it is necessary
to rotate the x axis into the computational axis, which can be done using the Ry(−π

2
)

gate.

1.6 Current State of the Quantum Computing Hard-
ware

Until now, the focus of this chapter has been on the theoretical computational model
of quantum computers, but not on the technologies, which are used to implement it.
While the theory was in development for a long time, it took a multiple years to create
a working qubit and quantum gate [9].

Currently, a large number of technologies are being developed, but none of them
is sufficiently mature yet to be applicable in a truly useful quantum computer capable
of solving practical, but classically unsolvable problems. This generation of quantum
devices is commonly referred to as Noisy Intermediate-Scale Quantum (NISQ) tech-
nology. There are multiple problems characteristic to these devices:

• The operations of quantum gates are performed by physically manipulating the
state of qubits. While the error rate of these manipulations on two-qubit gates
has significantly improved in recent years, it still prevents using large number of
gates due to cumulation of errors [10].

• Preserving the state of the qubits is crucial and any outside interference or
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crosstalk from other qubits may disrupt the computation. This further limits
the number of qubits in a quantum system, due to the space constrains [9].

• Additional source of noise are measurement errors caused by imperfections in the
measurement mechanism or decoherence of qubits before completing the mea-
surement [9].

A full quantum error correction is not viable on this generation of quantum com-
puters due to these limitations. Nevertheless, NISQ devices still have potential to be
useful for running noise-tolerant algorithms such as the Variational Quantum Eigen-
solver (VQE) [10].

At the core of the current NISQ devices is a quantum processor, which contains
both the physical representation of qubits and the mechanisms necessary to manipulate
and measure them. However, the quantum processor cannot operate in isolation, as it
needs to be controlled by a classical hardware and software, which also serves as an
interface for users of the system [9].

1.6.1 Qubit Technologies

The basic difference between various quantum computer technologies is in the way
qubits are physically stored. Just like the classical bits are usually represented as
two distinct voltage levels, qubits are represented by quantum states of physical sys-
tems. The choice of the physical system affects many other aspects, including the way
quantum gates are implemented or the measurement is performed.

The first quantum gate was developed in 1995 using trapped ion qubits and this
technology is in active development to this date. As the name suggests, in this method
qubits are represented by ions trapped by an electromagnetic field. By trapping the
ions in a vacuum, interactions with the external environment are minimized [11].

The state of qubit is stored in the electronic state of ion. To apply a quantum gate
on a qubit, a laser or a microwave pulse is used to change the state of the corresponding
ion. To measure it, the ion is illuminated by a readout laser, which causes the ion to
collapse into one of two possible states: In one state, the ion emits photons, while in
the other, no photons are emitted [11].

The trapped ion qubit technology currently achieves one of the lowest error rates,
thanks to the long coherence times, precise state control, and reliable measurement
methods. On the other hand, compared to competing technologies, the speed of gate
operations is relatively slow, and scaling to a large number of qubits has proven chal-
lenging [9].

One of the currently most researched technologies are superconducting qubits. Un-
like the trapped ion qubits, where an actual ion is captured inside the quantum pro-
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cessor, superconducting qubits are synthetic—they are made as a circuits on a silicon
or sapphire substrate using similar equipment as microchips. In order to achieve su-
perconductivity, they are cooled to milli-Kelvin temperatures [12].

Similarly to trapped ion qubits, quantum gate operations are performed by short
microwave pulses. Measurement is performed by coupling the qubit to a microwave
signal and a superconducting resonator, which reads out its state. Both of these oper-
ations are significantly faster than on trapped ion computers [12].

Unfortunately, this increase in speed comes at a cost of higher error rates and
shorter decoherence times. However, thanks to active research in this area, the error
rates have notably decreased over the past few years. Furthermore, superconductive
qubits are considerably more scalable, with processors with hundreds of qubits already
being made today [9].

These two technologies are only a sample, with many others being in development.
The trapped ion qubits are an interesting example as it is the first successful technol-
ogy, while the superconductive qubits are currently seen as one of the most promising
technologies.



Chapter 2

Variational Quantum Eigensolver

The current generation of quantum computers, known as Noisy Intermediate-Scale
Quantum (NISQ) systems, is still not sufficiently advanced to allow execution of use-
ful, fully quantum algorithms. This is due to their sensitivity to noise and relatively
low number of qubits. While a large amount of effort goes into solving these techno-
logical limitations, research also focuses on development of hybrid algorithms. These
algorithms use the strengths of the quantum computer for computations too difficult
for classical system, while relying on classical computer for the remaining tasks.

One of the notable hybrid algorithms is the Variational Quantum Eigensolver
(VQE), which is used to find the lowest energy state of a given molecule (or any quan-
tum system), known as the ground state energy. This is useful for example in quantum
chemistry and material science, as it is an important value used while understanding
the properties of atoms and molecules. Unfortunately, there are no efficient ways to
compute the exact value on a classic computer, which means that large chemical prob-
lems have to be solved mostly with (still relatively slow) approximate methods [3].
While VQE is still just an approximate method, it has potential to enable solving of
even larger problems thanks to the speed-up provided by the quantum computers.

This chapter will provide a general overview of the VQE algorithm and details on
its most important parts. While a classical optimization algorithm is also a key part
of VQE, this topic will be covered in chapter 3, as it is one of the main focuses of this
work.

2.1 Overview

The state of any quantum system is mathematically described by its wave function Ψ,
which assigns a complex valued probability amplitude to each possible configuration of
the system. The square of its absolute value |Ψ|2 then represents the probability of such
configuration. Similarly, for any quantum system a Hamiltonian Ĥ can be constructed,

12
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Figure 2.1: Steps of the VQE. The quantum circuit of the ansatz and measurement is
simplified in this diagram and depends on the problem which is being solved.

which represents a sum of all kinetic and potential energies of that system [3].
The main idea of the Variational Quantum Eigensolver is based on the Rayleigh-

Ritz variational method, which shows that for any state described by wave function Ψ,
the following inequality holds [13]:

E0 ≤
〈Ψ| Ĥ |Ψ〉
〈Ψ|Ψ〉

, (2.1)

or in other words, the energy in this configuration will be greater than or equal to the
ground state energy of the system.

VQE uses this principle to estimate the upper bound of the ground state energy by
finding such parameters of Ψ, that result in the lowest energy possible. This is done
in several steps, which can be seen in fig. 2.1: First, the wave function needs to be
expressed as a parametrized quantum circuit, which prepares qubits to states, which
represents the desired wave function. Next, the Hamiltonian Ĥ also has to be expressed
in a form that makes it measurable (this will be described further in section 2.2). These
measurements are then processed by classical computer and an optimization algorithm
prepares a new set of parameters for the quantum circuit based on the results [13].

In other words, VQE runs essentially in a loop between the quantum processor
which computes the energy of the current state, and the classical CPU which attempts
to find optimal parameters of the quantum operations that create the state with lowest
energy. The Hamiltonian is a loss function which is being minimized using well-known
classical optimization algorithms, including both gradient descent based and gradient-
free methods such as Particle Swarm Optimization or Nelder-Mead [13].

2.2 Hamiltonian of a System

The first step of any VQE computation is to obtain the Hamiltonian of the problem that
is being solved. There are multiple forms in which the Hamiltonian can be expressed,
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such as electronic structure Hamiltonian, which represents the energy of the electrons
and nuclei of the molecule [13].

For example, the hydrogen molecule H2 consists of two atoms, each of which con-
tains one electron, proton and neutron. Each of the atoms contributes with one orbital,
which can be occupied with up to two electrons (one with spin-up, one with spin-down).
Thus, the configuration of this molecule is described by four spin-orbitals [14].

The electronic structure Hamiltonian is initially expressed in terms of spin-orbitals.
In order to be computable by a quantum computer, it is necessary to transform it to
a form where the spin-orbitals are represented by qubits. This involves expressing the
Hamiltonian as a sum of Pauli operators, which can be then calculated from measure-
ments of a quantum circuit [13]. Various methods for performing these transformations
exist, but their details are beyond the scope of this work.

In the case of H2, the Hamiltonian can be simplified to only two spin-orbitals. After
transforming by the parity transformation, the following form is obtained [15]:

Ĥ = c0II + c1ZI + c2IZ + c3ZZ + c4XX, (2.2)

which consists of real valued coefficients c0 to c4 and terms II, ZI, IZ and XX,
which represents the result of measurement of qubits after applying corresponding Pauli
operations, also called Pauli terms. The process of acquiring these measurements will
be described further in section 2.4.

2.3 Preparing the Quantum State

The first part of the VQE loop is the preparation of the quantum state (wave function),
energy of which will be calculated. This is achieved by constructing a parametrized
quantum circuit, known as ansatz. By changing the parameters of the ansatz, it is
possible to create various quantum states from the (usually) zero-initialized qubits of
the quantum computer.

There are many different ansätze with different properties. One of the most im-
portant properties is its expressibility—the set of states ansatz can reach. On the
other hand is its trainability—ability to find the optimal parameters in tractable time.
Trainability decreases with the number of optimized parameters (the higher number of
parameters makes the optimization more difficult) and complexity of quantum circuit
(the error caused by noise in NISQ grows with the number of gates used). For this
reason it is common to reduce the expressibility to most relevant states [13].

The ansätze can be split into two categories: heuristic and problem-specific. A
heuristic ansatz does not rely on any information specific to the problem solved, which
makes it a good starting point for various applications [16]. For instance, the two-local
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Figure 2.2: Example of four qubit two-local ansatz with Ry rotations. The angle of
every rotation is a parameter of the ansatz.

circuit is a simple ansatz created by repeating the rotation and CNOT gates [17]. An
example can be seen in fig. 2.2.

The problem-specific ansätze attempt to use knowledge of the problem to restrict
the search space without losing accuracy. One such ansatz is the Unitary Coupled
Cluster (UCC). Unlike the heuristic-based methods, UCC ansatz is constructed directly
from the electronic structure of the molecule. This makes it more difficult to implement,
but resulting quantum circuit is less complex. The example of UCC on H2 molecule
can be seen in fig. 2.3.

q[0]

q[1]

q[2]

q[3]

RX
(-pi/2)

H

RX
(-pi/2)

H

RZ
(θ₀)

RZ
(θ₁)

RX
(pi/2)

H

RX
(pi/2)

H

RX
(-pi/2)

H

H

H RZ
(θ₂)

RX
(pi/2)

H

H

H

Figure 2.3: Unitary Coupled Cluster ansatz for H2 molecule [18].

2.4 Measurement and Optimization

In the section 2.2 the calculation of Hamiltonian was decomposed into a sum of Pauli
terms:

Ĥ =
∑
i

ciPi, (2.3)

where ci are real coefficients, values of which are obtained during decomposition. On
the other hand, the expectation values of the Pauli terms Pi are calculated from the
probabilities of the resulting states, estimated by measurements of the ansatz.
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Some Pauli terms contain bases different than the computational base, which means
they cannot be directly measured. Instead, for each such term, the quantum circuit
has to be duplicated and appropriate rotations must be added to corresponding qubits
before performing the measurement.

To estimate the necessary probabilities, an identical quantum state ψ is repeatedly
prepared by ansatz and measured in the bases specified by Pi, with every measurement
resulting in a string of classical bits n. The probability pn of any such result n can be
then calculated by simply counting the occurrences of the result and dividing by the
total number of runs (also known as shots). The expectation value of Pi is then given
by [13]:

〈ψ|Pi |ψ〉 =
∑
n

pnλn, (2.4)

where λn is the eigenvalue of Pi for result n. Afterwards, the expectation value of the
Hamiltonian is obtained by modifying eq. (2.3) [13]:

〈ψ| Ĥ |ψ〉 =
∑
i

ci 〈ψ|Pi |ψ〉 . (2.5)

After obtaining the expectation value of the Hamiltonian for a given quantum state,
the VQE algorithm should select a new set of parameters θ for the ansatz with the
aim of achieving the lowest possible value. Thus, the Hamiltonian is essentially a cost
function, which can be minimized using a conventional optimization algorithm.



Chapter 3

Optimization Algorithms

An optimization problem is a problem focused on finding the best possible solution
from a set of many feasible solutions. It is usually defined by a set of parameters
and a cost function, which describes how good (or bad) the solution is [19]. In case
of VQE, the parameters are the variables of the ansatz, and the cost function is the
Hamiltonian, which calculates the energy of the quantum state created by the ansatz.

It is apparent that the optimization algorithm is an important part of VQE and
its choice can greatly influence both the quality of the results and the speed of the
computation. In general, most optimization algorithms can be categorized into one of
the following groups [19]:

• Gradient-based methods, which find the optimum by following the direction
of functions gradient. This however requires the function to de differentiable.
These methods are usually deterministic, though exceptions exist—for example,
Stochastic Gradient Descent.

• Direct search methods, which use the function values directly to determine the
direction of search. This means that the optimized function does not have to be
differentiable, nor continuous. An example of such approach is the Nelder-Mead
method.

• Guided random search methods, which utilize randomness while searching
the parameter space. These techniques are often inspired by biology or physics—
for example, the Particle Swarm Optimization (PSO) is based on the behavior
of flocks of birds searching for food [20]. Like direct search methods, there are
no requirements for the differentiability or continuity of the optimized function.

Due to the VQEs highly dimensional and noisy nature, not every method is equally
suitable. As the evaluation of the cost function is performed mostly on a quantum
processor, it is a rather expensive operation. This means that the method used for
VQE should be not only highly noise-tolerant and scalable, but also efficient [13].

17
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This chapter will focus on two guided random search methods. First, the PSO
will be introduced, as it will serve as a basis for the second algorithm—the Harmonic
Oscillator based Particle Swarm Optimization (HOPSO)—which shows a significant
potential for this application.

3.1 Particle Swarm Optimization

Particle swarm optimization (PSO) is meta-heuristic optimization algorithm that uses
a group of simulated particles to explore the D-dimensional search space of potential
optimal values for D parameters. The particle movement is inspired by a flock of
birds searching for food—while each bird searches independently, they can share their
discoveries with others [20].

Each of the N particles is represented by its position and velocity, which are initial-
ized randomly. The particle position in the d-dimensional space can be seen as a set of
parameter values for the function f(x1, x2, . . . , xd), which is being optimized. For each
particle its personal best known position is calculated and stored. This is the position
where the value of the function f was the lowest for that particle. Similarly, the global
best known position among all particles is calculated [21].

The movement of the particles is calculated in discrete steps and is influenced
by three factors: their personal best-known position, the global best-known position
among all particles and their previous velocity (inertia). The contribution of these
factors is illustrated in fig. 3.1.

More formally, the velocity of the particle j in the i+1-th iteration can be calculated
as [21]:

vj,d(i+ 1) = χ(vj,d(i) + c1r1(pj,d − xj,d(i)) + c2r2(gd − xj,d(i))), (3.1)

for each dimension D, where c1 and c2 are cognitive and social coefficients, which
control the influence of the personal and global best positions on the final velocity; r1
and r2 are random values between 0 and 1; p is the personal best known position; x is
the current position, and g is the global best known position.

The constriction factor χ determines the overall velocity of the particles. Improperly
chosen value of χ could cause particles to either stop moving or speed up rapidly and
spread them far away from the optima. For this reason, multiple methods for selecting
value of χ have been proposed [22]. For example, one such method is based on analysis
of PSO with removed randomness [21]:

χ =
2

|2− ϕ−
√
ϕ2 − 4ϕ|

, (3.2)

ϕ = c1 + c2. (3.3)
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Figure 3.1: The final velocity vector (black) of a particle in PSO is obtained by combin-
ing position vector to global best-known position (red), personal best known position
of a particle (blue) and inertia vector (green). The amount of contribution of these
vectors is given by coefficients c1, c2 and constriction factor χ.

After the new velocity of the particle j is computed using eq. (3.1), the new position
in each dimension d can be determined as:

xj,d(i+ 1) = xj,d(i) + vj,d(i+ 1). (3.4)

The pseudocode of the Particle Swarm Optimization can be seen in algorithm 3.1.

Algorithm 3.1: Pseudocode of the PSO algorithm
I n i t i a l i z e x , v randomly
p = f(x)

g = argmin f(x)

for i in range ( I t e r a t i o n s ) :
for j in range (N ) :

for d in range (D ) :
r1, r2 = random (0 , 1)
vj,d = χ(vj,d + c1r1(pj,d − xj,d) + c2r2(gd − xj,d))

xj,d = xj,d + vj,d

i f f(~xj) < f(~pj) :
~pj = ~xj

g = argmin f(x)
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Overall, the PSO is an easy to implement method, which can be modified and
parallelized. Furthermore, as it is not a gradient-based optimization method, PSO
does not require the function f to be differentiable. However, randomness and improper
choice of parameters can in some cases lead to instability.

3.2 Harmonic Oscillator based Particle Swarm Op-
timization

As was outlined in previous section, one of the problems of PSO is the way the random-
ness is applied. Thus, multiple attempts at solving these issues by modifying the PSO
were made. One of them is the Harmonic Oscillator based Particle Swarm Optimization
(HOPSO), which reformulates the regular PSO using damped harmonic oscillators.

In HOPSO, the movement of the particles is modeled by an ideal spring with the
center of oscillation at the attractor—a point located between global and personal best
known positions. The attractor of the particle j in dimension d is given by the following
equation [23]:

aj,d =
c1pj,d + c2gd
c1 + c2

. (3.5)

For simplicity, the particle oscillates in each dimension on a separate “virtual”
spring around an attractor. While the harmonic motion is continuous and has a simple
analytical solution, it is sufficient to only take snapshots of the motion at different time
steps. Additionally, these time steps are random and different in each dimension, which
brings stochasticity to the algorithm. Compared to the PSO, which uses randomness
directly in the velocity calculation, this approach prevents sudden velocity changes [23].

The initial velocities vj,d(0) and positions xj,d(0) are set randomly, same as in
the original PSO. Then, the personal and global best known positions are calculated
by evaluating the function f . For each particle, its attractor aj,d is calculated us-
ing eq. (3.5).

Now that the initial positions and velocities are known, the initial amplitudes of
each oscillator can be determined [23]:

Aj,d(0) =

√
(xj,d(0)− aj,d)2 +

(vj,d(0) + λ(xj,d(0)− aj,d))2

ω2
, (3.6)

from which can be calculated the initial phase of oscillation:

θj,d = arccos
xj,d − aj,d
Aj,d(0)

. (3.7)

Both of these equations were obtained by substituting the initial positions and velocities
into the equations of damped harmonic motion, which will be discussed later (eqs. (3.9)
and (3.13)).
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As was already mentioned, the position of each particle in every dimension is sam-
pled in different random time steps. This is done by running the optimization in
iterations and tracking the time for each particle and dimension. Therefore, the time
for the particle j and dimension d in iteration i+ 1 is:

tj,d(i+ 1) = tj,d(i) + rand[0, tmax]. (3.8)

The position of the particle in the i-th iteration can be calculated as [23]:

xj,d(i) = Aj,d(i) cos(ωtj,d(i) + θj,d) + aj,d, (3.9)

where ω is the angular frequency and Aj,d(i) is the current amplitude of the oscillator.
In regular harmonic motion, this amplitude would be given simply by:

Aj,d(i) = Aj,d(0)e
−λtj,d(i), (3.10)

or equivalently:
Aj,d(i) = Aj,d(i− 1)e−λ∆j,d(i), (3.11)

where ∆j,d(i) is the time step between the i-th and i− 1-st iteration.
This would result in a motion where the oscillator is gradually losing energy until it

stops, as can be seen in fig. 3.2a. The rate at which the energy decreases is controlled
by the damping factor λ. A damping factor of 0 would result in a simple harmonic
motion (in which the amplitude stays the same).

This behavior is not desirable in HOPSO, because any particle could eventually
stop moving and would not contribute to optimization. For this reason HOPSO limits
the minimal amplitude of a particle to force it to search the region between the personal
and the global best even in such cases. Therefore, a modified version of eq. (3.11) is
used [23]:

Aj,d(i) = max

(
Aj,d(i− 1)e−λ∆j,d(i),

|pj,d − gd|
2

·m
)
. (3.12)

The parameter m determines the size of the area between the personal and global best
to be searched. Typically, the value of m = 2.05 is used. Using this approach results
in a motion, which can be seen in fig. 3.2b.

The velocity of the particle (which is used in eq. (3.6)) can be calculated by differ-
entiating the equation for the position of the particle:

vj,d(i) = −Aj,d(i)(λ cos(ωtj,d(i) + θj,d) + ω sin(ωtj,d(i) + θj,d)). (3.13)

After the new positions and velocities are determined, the cost function f has to
be reevaluated and compared to the global and personal best values from the previous
iteration. If a new global best has been found, the attractors of all particles have to be
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Figure 3.2: Comparison of regular damped harmonic motion and threshold-limited
damped harmonic motion. The amplitude of the regular damped harmonic oscillator
gradually decreases until it reaches zero, which is a potentially unwanted state in
HOPSO. By limiting the damping only to a certain threshold amplitude, the particle
is prevented from reaching a complete stop.

recalculated using eq. (3.5). Otherwise, it is sufficient to only recalculate the attractors
of particles with new personal best.

If the attractor of the particle has changed, the time tj,d(i) of that particle will
be set to 0 and the initial amplitude has to be recalculated. However, using only
the eq. (3.6) can slow down or stop the particle entirely, if the new attractor is near
the current position of the particle and its velocity is low. This problem can be easily
solved by forcing the new amplitude to be at least as high as the previous one [23]:

Aj,d(i) = max

(
Aj,d(i− 1),

√
(xj,d(i)− aj,d)2 +

(vj,d(i) + λ(xj,d(i)− aj,d))2

ω2

)
. (3.14)

While choosing parameters of HOPSO is significantly simpler than PSO (where
improper choice of parameter χ, which heavily depends on coefficients c1 and c2, may
result in divergence of the particles), authors have also included guidance on selecting
the initial value of λ based on the particle count and maximum number of cost function
evaluations [23]:

λ ≡ s

(
B

N

)−1

, (3.15)

where N is the number of particles, B is the budget (total number of cost function
evaluations) and s is the scaling factor, which serves as a proportionality constant.
This guidance is based on the observation that a larger budget enables more gradual
damping [23].

The pseudocode of the Harmonic Oscillator based Particle Swarm Optimization
can be seen in algorithm 3.1.
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Algorithm 3.2: Pseudocode of the HOPSO algorithm
I n i t i a l i z e x , v randomly
p = f(x)

g = argmin f(x)

for j, d in N ×D :
tj,d(0) = 0

Ca l cu l a t e a t t r a c t o r aj,d

Ca l cu l a t e i n i t i a l ampl i tude Aj,d(0)

Ca l cu l a t e i n i t i a l phase θj,d

for i in range ( I t e r a t i o n s ) :
for j, d in N ×D :

tj,d(i) = tj,d(i− 1) + rand[0, tmax]

Ca l cu l a t e ampl i tude Aj,d(i)

Ca l cu l a t e p o s i t i o n xj,d(i) and v e l o c i t y vj,d(i)

i f f(~xj) < f(~pj) :
~pj = ~xj

g = argmin f(x)

for each j, d o f p a r t i c l e s with new p or g :
tj,d(i) = 0

Ca l cu l a t e a t t r a c t o r aj,d

Ca l cu l a t e ampl i tude Aj,d(i)

Ca l cu l a t e phase θj,d

Overall, HOPSO has shown superior results on standard benchmark optimization
functions, with HOPSO outperforming regular PSO in every case. When compared
to other optimization methods—Constrained Optimization By Linear Approximation
(COBYLA) and Differential Evolution (DE), HOPSO has performed better in most
cases. The authors of HOPSO also expect it to achieve promising results on high-
dimensional optimization problems, particularly VQE [23].



Chapter 4

Variational Quantum Eigensolver
using HOPSO

The Variational Quantum Eigensolver requires a robust optimization algorithm capa-
ble of scaling to high-dimensional parameter space. This is especially important, as
future quantum hardware will enable computation of large VQE problems with com-
plex ansätze. HOPSO, thanks to its simple tunability is a promising candidate for this
application [23].

While initial experiments with HOPSO and VQE have already been performed,
there is still a lot of research necessary to explore their behavior under different pa-
rameters and conditions. For example, the original research focused on the damping
factor λ, but other parameters, such as particle count or budget, may be equally im-
portant. Exploring these characteristics could enable the identification of reasonable
default HOPSO parameters and provide guidance for its fine-tuning.

This chapter will focus on further evaluation of using HOPSO in VQE. First, a brief
overview of the quantum computing platform used for this purpose will be provided.
Then, the problem used for this exploration will be described.

4.1 Quantum Computing Platform Overview

Nowadays, there is a large number of quantum computing software platforms, that
make it easier to research and develop algorithms for quantum computers. One of the
most popular platforms is Qiskit, which has been used in previous research of HOPSO.

Qiskit is a quantum computing platform developed by IBM, which consists of mul-
tiple tools. Most notably, the Qiskit SDK provides provides a Python and C library
for building, simulating, and executing quantum circuits [24]. This is especially useful
for the implementation of hybrid quantum algorithms such as VQE.

In Qiskit, circuits are a low-level abstraction for building quantum programs. They
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are represented by the QuantumCircuit class, which contains its qubits, classical bits
and sequence of operations performed by the circuit. These can be either pre-made
standard quantum gates, user defined gates or operations, such as measurement. Cir-
cuits can also be parametrized, which means that it is not necessary to create a new
circuit every time the parameters have changed, rather, the new parameters can be
supplied to an existing circuit [25].

There are two kinds of circuits in Qiskit: abstract circuits, defined using virtual
qubits and may contain any operations, and physical circuits, which are mapped di-
rectly to a particular quantum processor [25]. In other words, physical circuits can
only contain qubits and gates, that are supported by the hardware on which they will
be executed.

Qiskit also contains a library of blueprint circuits, which can be used to easily con-
struct commonly used circuits. For example, the TwoLocal class can be used to create
a two-local ansatz with specified rotation gates, number of qubits and repetitions [17].

It is often useful to simulate quantum circuits on a classical computer before running
them on a real quantum hardware. Qiskit supports multiple simulation backends,
some of which can simulate the shot noise of NISQ quantum computers. In order to
simplify work with these backends, Qiskit also provides two high-level interfaces called
primitives [24]:

• Sampler, which runs the circuit multiple times and measures the qubit registers
to calculate the probability distribution of the possible resulting states.

• Estimator, which simplifies the calculation of expectation values by automati-
cally creating and executing circuits, necessary for calculation of a given operator.
This is especially useful in VQE, as the SparsePauliOp class can represent the
Hamiltonian in Pauli form.

By implementing these primitives, each backend can provide a consistent interface
for use. This includes real quantum devices, such as the IBM cloud-based quantum pro-
cessors. However, while some simulators can run abstract circuits containing arbitrary
operations, real quantum computers cannot.

For that, the circuit needs to be converted into a physical circuit in a process called
transpilation. The default Qiskit transpilation pipeline consists of several steps: First,
user-defined gates are translated into standard gates. Any gates operating on more
than two qubits are also translated into single or two-qubit gates. Then, the transpiler
assigns virtual qubits to real qubits of the target device, while taking the connectivity
of qubits into account. Lastly, the standard gates are unrolled into sequences of gates
supported by the quantum device and optimized in order to reduce the complexity and
avoid noise [26].
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4.2 Description of the VQE Benchmark Problem

For evaluation of HOPSO on VQE it is necessary to select a problem which will be
used for testing. In this work a four-qubit electronic Hamiltonian of H2 was used for
this purpose, as it is simple enough to be calculated on the simulator of quantum
computer. At the same time, a precise analytical solution is available, which can be
used to evaluate the performance. For a result to be considered sufficiently accurate,
it has to achieve chemical accuracy, which is defined as an energy difference within
≈1.59× 10−3Hartree/particle [14].

One possible Hamiltonian of this problem in the Pauli form, which was used in this
work, is the following [27]:

Ĥ = c0IIII + c1ZIII + c2ZZII + c3IIZI + c4IZZZ

+ c5IZII + c6ZIZI + c7XZXI + c8XIXZ + c9XIXI

+ c10XZXZ + c11ZZZZ + c12ZZZI + c13ZIZZ + c14IZIZ, (4.1)

where the values of coefficients c0 to c14 are:

c0 = −0.80718 c5 = 0.12149 c10 = −0.04509

c1 = 0.17374 c6 = 0.1694 c11 = 0.16658

c2 = −0.23047 c7 = −0.04509 c12 = 0.16658

c3 = 0.17374 c8 = 0.04509 c13 = 0.17511

c4 = −0.23047 c9 = 0.04509 c14 = 0.12149. (4.2)

Ansatz used in this problem is a two-local heuristic ansatz with Ry gates and three
repetitions (layers), which was chosen for its simplicity and relatively high number of
parameters—in this case 16. A visual representation can be seen in fig. 4.1.
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Figure 4.1: Two-local ansatz used in this four-qubit H2 problem.
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Results

This chapter presents the results obtained with the VQE benchmark problem described
in previous chapter. The results are organized into separate experiments, each of which
was focused on the change of behavior of HOPSO depending on the selected parameters.
Due to stochasticity of HOPSO it was necessary to repeat the computation with the
same parameters multiple times to obtain relevant results. In the most cases, this
number was set to 100, because of the computational complexity of quantum circuit
simulation. For increased precision some experiments were subsequently recalculated
with higher number of runs. To compare the values calculated by VQE, a reference
value of ≈−1.867Hartree was used.

Even though the this work focuses on exploring the changes in behavior with differ-
ent HOPSO parameters, some of the parameters were constant in all of the experiments.
The values of these parameters were chosen to mirror the behavior of a regular PSO,
similarly as in the original paper on HOPSO [23]. The values of these parameters are
in table 5.1.

Table 5.1: Common parameters used among all experiments.

c1 1

c2 1

m 2.05

tmax 2π

5.1 Influence of the Damping Factor

One of the most important parameters of HOPSO is the damping factor λ. For this rea-
son, the first experiment was focused on exploring the changes in behavior of HOPSO
depending on chosen λ. Another parameter that was considered is the number of iter-
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ations per particle, which affects the precision of the results. The number of particles
was left at 15, as in the previous experiments with HOPSO.

Table 5.2: Parameters used in the first experiment.

N 15

iterations 50, 100, 200, 400

λ 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1

runs 100

The first plot (fig. 5.1) shows the influence of the damping factor λ and the number
of iterations on the results. In most cases, selected parameters were not sufficient to
reach the chemical accuracy (marked as red lines).

However, it can be observed that the value of λ at which was the best result reached
changes depending on the iteration count. In cases with higher iteration count the
particles have more “time” to explore the parameter space. Setting a high value of λ
causes the amplitude of the oscillation to dampen quickly and slows down the particle
too early. This is also the idea behind the scaling factor (s).

5.2 Impact of Using Scaling Factor

The previous experiment has shown the relationship between the damping factor λ
and the iteration count. Therefore, in order to obtain optimal results, it is necessary
to balance both values simultaneously, which can be simplified by using the scaling
factor s.

Given the advantages of the scaling factor, it might be more useful to use the eq. (3.15)
instead of determining the λ directly. This also means that the total number of the
cost function executions (budget) will be considered rather than the iteration count.
Furthermore, the results obtained with the same budget are directly comparable, as
the complexity of the computation is nearly identical.

As was previously mentioned, it is expected that the optimal value of parameter
s to be constant even with different particle counts and budgets. For this reason, the
next experiment was focused not only on comparing different values of s, but also on
the number of particles and budget. More specifically, the HOPSO was evaluated on
scaling factors from 10 to 60, with 20 to 60 particles and budgets ranging from 4000

to 10000. The full list of parameters can be found in table 5.3.
The original HOPSO paper [23] used significantly smaller scaling factors. However,

in this particular VQE problem, values of the scaling factor lower than 10 produced
results that were not sufficient and failed to reach the chemical accuracy, as can be seen
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Figure 5.1: Influence of the damping factor λ and number of iterations (for each par-
ticle). For each λ the results were obtained from 100 runs of HOPSO.
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Table 5.3: Parameters used for comparison of scaling factors.

N 20, 30, 40, 50, 60

B 4000, 5000, 6000, 8000, 10000

s 10, 15, 20, 25, 30, 35, 40, 45, 50, 55, 60

runs 100

in fig. 5.2. For this reason, scaling factors lower than 10 were not considered further.
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Figure 5.2: Low values of scaling factor led to insufficient results.

A subset of results can be seen in fig. 5.3 (a complete plot is available in appendix
A). The results suggest that the optimal value of the scaling factor is between 30 and
55 regardless of the other parameters used. This supports the theory that the optimal
value of s remains constant for different particle counts and budgets, but more data is
required to fully confirm this conclusion.

5.2.1 Choosing the Right Budget

As can be seen in fig. 5.3b, increasing the budget decreases the variability of the results,
which are more often exactly in the middle of the chemical range. However, as any
result that is inside the chemical accuracy is considered accurate enough, a budget of
5000-6000 function evaluations is sufficient.

On the other hand, fig. 5.3a suggests that the lower number of particles is more
efficient. With more particles sharing the same budget, each particle has a shorter
time to explore the parameter space. In the extreme case where N = B, each particle
evaluates the cost function once, in its initial random position. This effectively turns
HOPSO into a random search.
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Figure 5.3: Comparison of various particle counts with budget fixed to 6000 cost func-
tion evaluations (a) and various budgets with 20 particles (b).
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5.3 Evaluating Performance with High Scaling Fac-
tors

The next experiment is a continuation of the previous one, which only used scaling
factors up to 60, leaving the higher values unexplored. Therefore, the aim was to verify
the behavior with significantly higher scaling factors. Instead of running HOPSO with
various combinations budgets and particle counts, budget of 6000 evaluations and 20

particles was chosen based on previous results. Scaling factor 10 was omitted in this
experiment, as it results in increased variability (as was shown in fig. 5.3). The upper
limit of s is 300, which corresponds to λ = 1. In this configuration the amplitude of
the particle reduces to minimum almost immediately, which means that using higher
values of s would not have any visible effect. The full list of parameters is in table 5.4.

Table 5.4: Parameters used for evaluation of behavior with high scaling factors.

N 20

B 6000

s 20 - 300, in increments of 10
runs 300

The fig. 5.4 confirms that very high values of scaling factor lead to significant
decrease of accuracy, with notable drop at s = 100. This behavior is expected, as the
increase in the scaling factor proportionally affects λ, which causes the particles to slow
down early and reduces the explored parameter space.
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5.4 Effects of Increasing the Particle Counts

As was previously found out in fig. 5.3a, lower particle counts performed better. This
experiment attempts to further explore the influence of particle count on accuracy of
the results. In this case a budget of 6000 evaluations and scaling factor 35 was chosen
for exploring a range of particle counts from 2 to 100.

Table 5.5: Parameters used for exploring the effects of various particle counts.

N 2 - 100
B 6000

s 35

runs 100, 300

The results in fig. 5.5 show that high number of particles leads to increased vari-
ability of the results, which in turn negatively affects overall accuracy.

Conversely, even better results were achieved using lower amounts of particles, with
as few as three particles being sufficient to reach chemical accuracy, though better
results were obtained with 4 to 19 particles.

To verify these findings, the experiment was repeated with increased number of
runs for only 4 to 19 particles. Increasing the number of runs reduces the variability
of results caused by the stochastic nature of HOPSO, which can be seen in fig. 5.6.
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Figure 5.6: The area with the best results in fig. 5.5 recalculated with more samples.
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Conclusion

This work has explored the possibilities of using Harmonic Oscillator based Particle
Swarm Optimization (HOPSO)—a new modification of the Particle Swarm Optimiza-
tion (PSO)—as an optimization method in a hybrid quantum algorithm Variational
Quantum Eigensolver (VQE). For this purpose, a four-qubit electronic structure prob-
lem of a hydrogen molecule was used. After verifying the viability of this approach, the
work focused on studying the changes in HOPSO behavior based on its parameters.

Several experiments were performed to examine the characteristics of HOPSO. The
first experiment has proven that with suitable parameters, HOPSO is capable of reach-
ing the chemical accuracy. Furthermore, this experiment has shown the benefits of
using the scaling factor s instead of choosing the value of λ directly.

The behavior of the scaling factor was also the focus of the next experiment: it
was demonstrated that the optimal value of the scaling factor for the given problem
is approximately constant across different particle counts and cost function evaluation
budgets. This also suggests that the earlier theory of s being constant may be valid,
although this conclusion cannot be reached from this data alone and requires further
research.

Increasing the scaling factor beyond the already found optimal value has resulted
in a rise of results variability, likely caused by dampening the particles too early. On
the other hand, low values of scaling factors lead to slow dampening, which notably
affected the results as well.

The final experiment explored the influence of the number of particles searching
the parameter space on the algorithm performance. The results have shown that it is
possible to obtain satisfiable results with a relatively low number of particles, although
optimal results were achieved with 4 to 19 particles. However, increasing the particle
counts beyond this range has resulted in higher variability, as splitting the same budget
across more particles leaves each particle less time to explore its surroundings.

Overall, HOPSO has shown excellent performance and robust behavior on this
particular problem. These results have also indicated that it is likely that a set of
default parameters that work for most of the problems can be identified. Combined
with the great tunability, HOPSO has a potential to be a simple-to-use, but efficient
optimization method.
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There is still a lot of research necessary in order to understand how to effectively
use HOPSO and how it can be applied to large problems. For example, one of the
issues not considered in this work is the tolerance to the noise of a NISQ device, which
could be investigated by replicating these experiments with a noise model, or on a real
quantum computer. Other interesting areas of research are optimization of parameters
to achieve lowest possible number of cost function evaluations, identification of the
default parameters, or analysis of scalability to higher dimensions.
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Appendix A: Influence of scaling factor, number of particles and budget
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