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Abstrakt

Praca pokracuje v skiimani pojmu uzitocnosti informécie. Skiimame problémy for-
malizované reguldrnym jazykom L nad unarnou abecedou a za zlozitost problému
povazujeme stavovi zlozitost minimalneho automatu A akceptujticeho jazyk L. Jazyk
Lyg, ndm poskytuje uzitoénu informaciu o probléme L, ak ndm umozni riesif problém
lahsie. Teda nam umozni najst jednoduchsi problém L,.,, taky, ze Lagy N Lpew = L.
Navyse pozadujeme, aby overenie spravnosti dodatoc¢nej informéacie bolo jednoduchsie
ako povodny problém. Na tiuto situdciu sa pozerame ako na rozklad automatu A
na automaty Ag.q, a A,ew akceptujuce jazyky Lagy @ Lpew. Definujeme reldciu na
jazykoch poskytovat uZitocni informdaciu a triedu vSetkych problémov, pre ktoré dany
jazyk L4 poskytuje uzitocnu informéaciu. Ukazeme, ze pre lubovolny nekoneény jazyk
L4 # a* je tato trieda nekone¢na. Dalej sa zaoberdme vztahmi medzi inkliziou tychto
tried, inkltziou prislusnych jazykov a relaciou poskytovat uzitocni informdciu. Dalej
dokazeme intuiciou neocakavany fakt, ze relacia poskytovat uZitocni informdciu nie je
tranzitivna. Okrem toho skiimame kvalitu rozkladov, ktori meriame ako maximum

a sucin stavovych zlozitosti automatov rozkladu.

KTacové slova: uzitocnost informécie, rada, unarny deterministicky konecny auto-
mat, rozlozitelnost, rozklad, kvalita rozkladu, sila dodatoc¢nej informaécie, stavova

zloZitost



Abstract

In this thesis we continue the research of the notion of usefulness of information. We
formalize a problem by a unary regular language L and we measure its complexity
using the state complexity of the minimal automaton A accepting the language L.
A language L4, provides a useful supplementary information about the problem, if
it allows us to solve the problem easier, i.e., if it allows us to find an easier problem
Lyew such that L = Lyg, N Lyew. Moreover, we require to check the correctness
of supplementary information to be easier than to solve the original problem. We
formalize this concept using the decomposition of the automaton A formed by
automata A.q, and A,., accepting the languages Ly, and L., respectively. We
define a relation on languages provide useful information and the family of all
problems for which a given language L4 provides useful information. We prove that
this family is infinite for every infinite language L4 # a*. We investigate relations
between inclusion of these families, inclusion of the respective languages and the
relation provide useful information. Next, we prove a counterintuitive fact that
the relation provide useful information is not transitive. Furthermore, we measure
the quality of decompositions using the maximum and the product of the state

complexities of automata forming a decomposition.

Keywords: usefulness of information, advice, unary deterministic finite automaton,
decomposability, decomposition, quality of decomposition, power of supplementary

information, state complexity
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Introduction

In this thesis we shall continue the research of the notion of information. When
we consider the notion of information, we may be interested in its various aspects.
Questions concerning transmitting information were addressed first. Now several
other aspects such as amount, timeliness or usefulness are considered. We shall
focus on the notion of usefulness of information. Research of this aspect of the
notion of information was initiated at the Department of Computer Science of the
Comenius University more that fifteen years ago. Given a problem, we shall consider
a supplementary information about an input, also called an advice, useful, if it allows
us to solve the problem easier. We further require advice to be reasonable, i.e., to
check that the advice is correct should be easier than to solve the original problem.
Otherwise the advice could render the problem trivial. However, checking correctness
of the advice would be as difficult as solving the original problem. Thus we would
only transfer the complexity of the problem to another agent and not make the

problem easier.

In this thesis we formalize a problem by a regular language L, i.e., the problem
is to decide whether an input word w belongs to the language L. We formalize its
solution by an automaton A accepting the language L. We measure the complexity
of the solution using the state complexity of the automaton A. A language L4,
accepted by an automaton A,g4, provides a supplementary information (advice) about
the input word w, i.e., w € L,q,, which enables us to solve a new problem L,
instead of the original problem L. Thus we have L = L,g, N Lyew. We consider the
advice useful if the solution of the new problem, an automaton A,., accepting the
language L., is simpler than the best solution of the original problem. Verifying
the correctness of the advice L4, should also be simpler than the best solution of
the original problem. We consider the minimal automaton accepting the language
L to be the best solution of the original problem. We formalize this concept using
the notion of decomposability of finite automata in Section 1.3. In this thesis we
deal with deterministic finite automata working over a unary alphabet presented in
Section 1.2.

Given a language L, we shall explore the relation provide useful information and



2 Introduction

the family of all problems such that L provides useful information for them. In
Section 2.2 we prove that this family is infinite if the information provided by the
language L is nontrivial, i.e., if L is an infinite language other than a*. Otherwise
this family is empty. In Section 2.3 we explore relations between inclusion of these
families, inclusion of the given languages and the relation provide useful information.
We conclude Chapter 2 with a proof of an counterintuitive fact that the relation
provide useful information is not transitive in Section 2.4. In Chapter 3 we shall
measure quality of decompositions using the maximum and the product of the state
complexities of automata forming a decomposition. In both these cases we provide
exact bounds for quality of one type of decomposition of the subfamily of unary

regular languages.



Chapter 1
Definitions and preliminaries

For the formalization of the notion of usefulness of information we use the theory of
formal languages and automata. We shall use the standard notation, see, e.g. [1].
We shall denote the length of an input word w by |w| and the cardinality of a set S
by |S]. We shall denote the empty word by £ and the empty set by (). We denote
the language of all words over an unary alphabet {a} by a*. We consider natural
numbers N including zero. By Z,, we denote the set of remainders modulo n and by
@ we denote operation in the commutative group (Z,, ®), i.e., addition modulo n.
By S C T we denote that S is a not necessarily proper subset of 7"and by S C T
we denote that S is a proper subset of T'. If we need to stress that we unite disjoint
sets S and T, we write S U T.

We define a deterministic finite automaton DFA A as a 5-tuple (@, %, 6, qo, F),
where () is a finite set of states, ' C @ is a set of accepting states, 3 is an input
alphabet, i.e., finite set of input symbols, gy € @ is a start state and § : ) x X — @
is a transition function. We require function § to be total. The configuration is a
2-tuple (q,u) € Q x X*. The step of computation b is a relation on configurations
defined in the standard way, i.e., (¢,au) = (p,u) if d(¢,a) = p. The computation
of the automaton A on a word w is a sequence of configurations, where the first
one is (qo, w) and the last one is (p,¢) for some p € Q). Moreover two consecutive
configurations in the sequence are in the relation . An accepting computation is a
computation which ends in an accepting state p € F'. The language accepted by the
automaton A consists of all words w such that there exists an accepting computation
of A on the word w, i.e., L(A) ={w; w e ¥*, Ipe F: (q,w)* (p,e)}.

We denote the state complexity of an automaton A, i.e., the number of its states,
by sc(A). We shall use labeled oriented graphs to depict a DFA, where vertices
represent states of the DFA and oriented edges labeled by sets of symbols from 32
represent the transition function 6. A DFA A,,;, is minimal if there does not exist a
DFA A such that L(A) = L(Anin) and sc(A) < sc(Apin). We denote the family of

3
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regular languages by R, i.e., all languages accepted by deterministic finite automata.

1.1 Number Theory

First, we recall two well known theorems in the number theory, which we shall

implicitly use in this thesis without making reference to them.

Theorem 1 (Fundamental Theorem of Arithmetic, [2]). Each integer n > 1 has a
prime-power factorisation

n=p... p*
where py, ... ,pr are distinct primes and oo, ... ,qr are positive integers. This

factorisation is unique, apart from permutations of the factors. We refer to this

unique factorisation as to canonical representation of n.
Theorem 2 (Euclid’s Theorem, [2]|). There are infinitely many primes.

Now we recall a generalized version of the Chinese Remainder Theorem, which is
one of the key theorems used when dealing with the notion of decomposability of a

subfamily of unary regular languages.

Theorem 3 (Generalized Chinese Remainder Theorem, [2]). Let ny, ... ,ng be posi-
tive integers, and let aq, ... ,a; be any integers. Then the simultaneous congruences
r=a; (mod ny), ..., x=ag (modng)

have a solution x if and only if ged(n;, n;) divides a; — a; whenever i # j.* When this
condition is satisfied, the general solution forms a single congruence class (mod n),

where n s the least common multiple of ny, ... , ng.

Remark 1. Note that if nq, ... ,n are pairwise coprime, then ged(n;, n;) = 1 whenever
i # j. Thus the condition ged(n;,n;) | a; — a; always holds. Moreover, the least
common multiple of nq, ... ,ng is their product. Therefore we obtain a standard

version of the Chinese Remainder Theorem.

Proposition 1. Let a,c € N. Moreover, let a | ¢ and ¢ # 0. Then for alln € N it

holds that n mod a = (n mod ¢) mod a.

It is easily seen that Proposition 1 holds. For the proof we refer to [3].

This is equivalent with the condition a; = a; (mod gcd(n;, nj)) whenever i # j.



1.2. UNARY DETERMINISTIC FINITE AUTOMATA )

1.2 Unary deterministic finite automata

We shall consider regular languages over a unary alphabet ¥ = {a}. We refer to
deterministic finite automata accepting such languages as unary deterministic finite
automata, in short UDFA. In the graph representation of a UDFA there is exactly one
arrow leaving every state, since there exists only one letter in the working alphabet
and a UDFA can not halt without reading the whole input word. Thus the graph
of a UDFA consists of a chain of states. Since the set of states of a UDFA is finite,
there exists a state such that an arrow leaving this state ends in one of the previous
states on the chain. Thus a UDFA consists of an initial chain of states of possibly
zero length, we refer to this part as the tail, which is followed by the cycle of nonzero
length. Naturally we refer to the size of a UDFA by the size of the cycle and the size
of the tail. We measure the size of the tail as the number of states in the tail and

the size of the cycle as the number of states in the cycle.

Definition 1. The size of a UDFA A is the pair (A, i), where A is the number of
the states in the cycle of A and p is the number of the states in the tail of A.

Notation 1. When we say that we consider UDFA A of size (A, p1), then we implicitly
mean that A = (Qa, {a},d4,qo, Fa), where Q = {¢;;i € Zy4,} and the function d4
is defined as follows. For all i € Z,, it holds that d4(¢;, @) = ¢i+1 and for all i € Z, it
holds that d4(gi+u, @) = qi@1)+u, Where + is the standard addition on the natural
numbers and & is an operation in the additive group (Zy, ®).? If we need to further
emphasize that the state ¢; is a state of the automaton A, we use an upper index 4,
i.e., we write ¢/*. If we consider automata A;, Ay, ..., we write the sets of states
and the transition function with the lower indices 1,5, ... instead of the names of

the automata, e.g., @)1, ds, etc.

1.2.1 Minimal unary deterministic finite automata

When dealing with the notion of decomposabily of unary regular languages, we are
interested in the best solution of the given problem, i.e., the minimal UDFA accepting
a given unary regular language L. Now the characterization of the minimal UDFA

follows.

Theorem 4 (Minimal UDFA characterization, [4]). A UDFA A of size (A, u) is
minimal if and only if both of the following conditions hold:

(1) For any proper divisor d € N of X there exists h € Zy such that q,+ner, if and
only if quihaay € Fa, where @ is an operation in the additive group (Zx,®).

2The operation @ is the standard addition, however, computed modulo \.
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(71) If ;1 > 0 then q,—1 € Fa if and only if guir—1 ¢ Fa.

Let A be the minimal UDFA. The condition (%) says that the cycle of A can not
be replaced by a shorter cycle. The condition (%) says that the tail of A can not
be replaced by a shorter tail. Since the last state of the cycle and the last state
of the tail are neither both accepting nor both rejecting, they can not be merged.
Thus the tail of A can not be shortened. Hence it is easily seen that the minimal
UDFA has a minimal size of both the cycle and the tail. Next, we shall present a
result concerning a relation between the sizes of the minimal and an arbitrary UDFA

accepting the same language.

Theorem 5 ([3]). Let a UDFA A of size (Aa, a) be minimal. Let B be a UDFA of
size (A, pp) such that L(B) = L(A). Then As | A and pa < pp.

Let A and B be UDFAs such that they satisfy the assumptions of Theorem 5. It
is easily seen that pu4 < pp. For a proof that A4 | Ap we refer to [3].

1.2.2 Unary regular languages

We shall define two subfamilies of the unary regular languages according to the sizes

of the minimal UDFAs accepting these languages.

Definition 2. Let L be an infinite unary regular language and let A € N. We say
that L is A-cyclic if there exists a UDFA A of size (A, 0) such that L(A) = L. We say
that L is properly A-cyclic if it is A-cyclic, however, not A\g-cyclic for any A\g < A\. We
say that L is ultimately A-cyclic if for some positive integer p there exists a UDFA
A of size (A, ) such that L(A) = L. We say that L is properly ultimately A-cyclic if

it is ultimately A-cyclic, however, not ultimately A\p-cyclic for any Ag < A.

Let L be a properly A-cyclic language for some A € N. It is easily seen that
the minimal UDFA accepting the language L is a UDFA of size (A, 0). Let L be
a properly ultimately A-cyclic language for some A € N. It is easily seen that the
minimal UDFA accepting the language L is a UDFA of size (A, ), where p € N
is minimal. Thus there does not exist a UDFA with a shorter tail accepting the

language L.

Proposition 2. Let A be a UDFA of size (A, ). Let us have w € a* such that
lw| =z €N, d.e., w=a". The computation of the automaton A on the word w ends
in the state

(i) Qu, if v < pu

(it) qr, f=((x —p) mod A) +p, if v = p
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Proof. Let us have a UDFA A of size (A, ) and a word w = a” for x € N. Let 2 < p.
Since for all ¢ € Z,, it holds that 64(g;, @) = ¢;4+1, the computation of A on w is
(qo, a*) F* (¢s, €) and ends in the state g,.

Let > p. Since for all i € Z,, it holds that d4(¢;, @) = ¢;+1, the computation
of A on w is (qo,a”) H" (gu,a” ") F* (¢r,€). By & we denote the operation in the
additive group (Zy,®), i.e., addition modulo A. Since for all i € Z,, it holds that
04(Gitp> @) = Q@1)+u, it holds that f = (0@ (z — p)) + p. Thus the computation
ends in the state ¢y, where f = ((z — p) mod \) + p. O

Let us have a UDFA A of size (A, ). Let ¢; be an accepting state in the tail of A.
Only the computation on the word a' ends in the state ¢;, thus a' € L(A). Let ¢, be

Akte and in the state

accepting state in the cycle of A. Computations on the words a
qe, thus the words a***¢ belong to L(A) for all k& € N. Therefore a properly A-cyclic
language L is formed by words of the form a**** where k,z € Nand 0 < z < \.
Likewise a properly ultimately A-cyclic language L is formed by words of the form
a**+e where k,x € N and pu < 2 < A+ p. Moreover, there exist finitely many words
shorter than g which belong to L. Therefore a unary regular language consists of

words of the form o+

, where A\, k,z € N and p < x < A+ p, and finitely many
other short words. If all states in the cycle of A are accepting, A rejects only finitely
many words shorter than p. Thus L(A) has a finite complement. If all states in the
cycle of A are rejecting, A accepts only finitely many words shorter than u. Thus
L(A) is a finite language. Now we shall present one concrete form properly A-cyclic

languages can have.

Proposition 3. Let L = {a**2;k € N} for some integer X > 1 and x € Zy. Then
L is properly A-cyclic language and the minimal automaton accepting L is the UDFA
A of size (A, 0), where Fa = {q.}.

It is easily seen that Proposition 3 holds. For a proof of the special case, where

x = 0, we refer to [3].

Let a language L be given. Let us have a UDFA A of size (A, 1) accepting the
language L. We can construct a UDFA B by sequentially connecting several copies
of the cycle of A in one cycle and then adding the same tail as A has. Thus after the
last state of the first copy of the cycle of A follows the first state of the second copy
of the cycle of A, etc. After the last state of the last copy of the cycle of A follows
the first state of the first copy of the cycle of A. Thus this sequence of copies of the
cycle of A forms the cycle of the new automaton B. The UDFA B constructed in
this way accepts the same language as A, i.e., the language L. Therefore we can
construct a UDFA accepting the same language as A which length of the cycle is a
multiple of the length of the cycle of the original UDFA A.
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Theorem 6. Let A be a UDFA of size (\, ). Let « € N, o« > 1. Then we can
construct a UDFA of size (a\, p) which accepts the language L(A).

Proof. Let us have a UDFA A of size (A, 1) and positive integer a. We shall construct
a UDFA B = (Qg,{a},d5, qo, Fi) the following way. Let Qp = {¢P;i € Zariu}-
For all i € Zp let 05(qP,a) = q5, and let ¢° € Fp iff ¢ € Fy. For all i € Za
let 05(qf},, @) = qfle1)y,, where @ is an operation in the additive group (Zax, ®).
Moreover, let ¢/, € Fg iff qé mod N+p € Fa. Thus B is a UDFA of size (@A, p) with
the tail identical to the tail of A. We shall prove that L(B) = L(A).

Let us consider w € a* such that n = |w| < u. By Proposition 2, it follows that
the computation of A on the word w ends in the state ¢7' and the computation of B
on the word w ends in the state ¢”. Since n < y, it holds that ¢ € F, iff ¢ € Fp.
Thus w € L(A) iff w € L(B).

Let us consider w € a* such that n = |w| > u. By Proposition 2, it follows
that the computation of A on the word w ends in the state ¢’', where a = ((n —
@) mod \) + p. The computation of B on the word w ends in the state ¢, where
b = ((n —p) mod aX) + p. Since A | @), using Proposition 1, we obtain that
(n—p) mod A = ((n— u) mod a)) mod \. Thus ¢f € Fgiff ¢/ € F4.3 Therefore we
obtain that w € L(B) iff w € L(A). This holds for all w € a*, hence L(B) = L(A).
We constructed a UDFA of desired size accepting the language L(A), thus the
theorem holds. O

Let a language L be given. Let us have a UDFA A of size (A, 1) accepting the
language L. We can construct a UDFA B by rolling-out the cycle of A, i.e., splitting
the first state of the cycle of A in to the last state of the tail and the last state of
the cycle of B several times. The UDFA B constructed in this way accepts the same
language as A, i.e., the language L. Therefore we can construct a UDFA accepting
the same language as A which has the tail arbitrary longer than the tail of the
original UDFA A.

Lemma 1 (Roll-out Lemma, [5]). Let us consider a UDFA A of size (A, p). Then
for any g > w and for the UDFA Aq of size (A, o) where the set of accepting states
is defined by

Fy = {CI}40 € Qo; (Fw € L(A))(%%aw) Fao (Q?Oﬁ)}
it holds that L(Ay) = L(A).

Now we shall present several results concerning the intersection of unary regular

languages.

3In definition of Fg we have i = (n — u) mod a\.
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Theorem 7 ([4]). Let Ly and Lo be two unary languages accepted by UDFAs Ay and
Ay of size (Ay, p1) and (Mg, o), respectively. Then we can construct a UDFA of size
(lem( A1, A2), maz{p, u2}) which accepts the intersection of Ly and Ls.

Proposition 4. Let L = {a**; k € N} for some integer A\ > 1. For alli in a finite
index set 1, let L; = {a**; k € N}. Moreover, let the least common multiple of all \;,
1€ 1, be \. Then

L=L

icl

It is easily seen that Proposition 4 holds. For a proof we refer to [3].

1.3 Decomposability

For a problem given by a regular language L, we consider a supplementary information
provided by a language L4, useful, if it allows us to solve a simpler problem L.,
instead. As a solution of the original problem, we consider a deterministic finite
automaton A accepting the language L and as its complexity the state complexity of
A. As a solution of the new problem, we consider a deterministic finite automaton
A,ew accepting the language L., and as its complexity the state complexity of the
automaton A,.,. Since we are interested in the best solution of the given problem,
we shall consider only minimal automaton for the given language. Thus let A be
minimal. Since the new problem is simpler than the original one, it holds that
$C¢(Apew) < sc(A). Since the advice allows us solve a new problem instead of the
original one, it holds that L = L,4, N L,ew. Moreover, verifying correctness of the
advice should be simpler than the original problem, i.e., sc¢(Aua) < sc(A), where
Aqav 18 a deterministic finite automaton accepting the language L,q4,. Since the advice
and the new problem are symmetric, we can consider advice as another new simpler
problem. Thus we can look at this as a decomposition of the original problem into
two new simpler problems, i.e., a decomposition of the language L into the languages
Lagy and L., Alternatively we can look at this as a decomposition of the automaton
A into the automata Aug, and Ay, since L(A) = L(Aua) N L(Anew). And we can

look at a decomposition of L as a decomposition of its minimal automaton.

The notion of usefulness of information formalized by decomposability of au-
tomata and decomposability of languages was first defined for the deterministic
finite automata setting in [6]. Then it was further expanded for other settings, e.g.,
nondeterministic finite automata, deterministic pushdown automata, deterministic
finite automata with finite state transducers, etc. The overview can be found in
[7]. Decompositions of DFAs were further examined in [8] using the notion of prime

and composite DFA. In this paper, a DFA A is called ¢-composite, if there exist
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DFAs A;, ..., A; such that L(A) = N'_, L(A;) and for all i € N, 1 < i < ¢, it holds
that sc(A;) < sc(A), i.e., there exists a decomposition of A into ¢ smaller automata.
Otherwise a DFA A is called prime, i.e., A is undecomposable. In this thesis we shall
consider decompositions into two smaller automata only. Now we provide definitions

of decomposability of deterministic finite automata and unary regular languages.

Definition 3. Let A be a DFA. We say that two DFAs A; and As form a decompo-
sition of A if L(A) = L(A;) N L(Ay), sc(A1) < sc(A), and sc(Ay) < sc(A). In case

such decomposition of A exists we say that A is decomposable.

Definition 4. Let L € R. We say that L is deterministically decomposable if the

minimal DFA accepting L is decomposable.

For a given problem L € R, we call the information that w € L(A;) an advice.
This allows as to find a simpler solution A, instead of an original solution A, i.e., we

solve a simpler problem L(A;) instead of the original problem L.

Remark 2. Let A be the minimal DFA accepting a given language L. Note that
automata A; and Ay do not have to be minimal for their languages in order to form
a decomposition of A. It suffices that sc(A4;) < sc(A) and sc(Az2) < sc¢(A). Thus in
order for L to be decomposable, it suffices that there exist DFAs A; and A, with
lower state complexities than A such that L = L(A;) N L(A3).

1.3.1 Decomposability of ultimately A-cyclic languages

We shall consider properly ultimately A-cyclic languages. Let the language L be
given and let A be the minimal UDFA accepting the language L. Thus A is a UDFA
of size (A, ), where p > 1. It is easily seen that A is 2-undecomposable if A = 1.
Hence unary regular language L is deterministically 2-undecomposable if L is a finite
language or an infinite language having a finite complement. Before we proceed to

the case A > 1, we need to introduce some new notation.

Notation 2. For a UDFA A of size (A, u) we denote the states forming the tail
by QUi = {¢* € Q4 | 0 < i < pu} and the states forming the cycle by Q¥ =
{g € Qa | p <i< p+ A} Similarly we denote the accepting states in the tail by
Flail — Fy 0 Q' and the accepting states in the cycle by FE9 = Fy N QY.

Remark 3. Tt is easily seen that Q4 = Qi 1y Q¥ and Fy = F'eil \J F¥“° 4 Note
that Q%" and Q¥ are disjoint sets. Likewise F" and F{™ are also disjoint sets.

Furthermore it is easily seen that Q7| = A and |Q%"| = 4.

Let A\ > 1. We shall provide two examples of deterministically decomposable

properly ultimately A-cyclic languages whose minimal UDFAs differ in the last states

4By U we denote disjoint union.
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in the tail in terms of acceptance. The last state in the tail of A and the last state in
the cycle of A are neither both accepting nor both rejecting, since A is the minimal
UDFA. First we provide an example, where the last state in the tail of A is rejecting.
Thus the last state in the cycle of A is accepting.

Example 1. Let us take L = {a**** a**5; k € N}. Let A be the minimal UDFA
accepting the language L. It holds that L is a properly ultimately 4-cyclic language
and A is the UDFA of size (4,2), where Fy = {q, ¢¢'}.

A.L

Figure 1.1: UDFA A of size (4,2), L(A) = {a** ™ o' k € N}

Note that the last state in the cycle of A, i.e., the state ¢!, is accepting and the last
state in the tail of A, i.e., the state ¢, is rejecting. We construct a UDFA A; by
merging these states. Thus A, is the UDFA of size (4, 1), where Fy = {gi", ¢i" }.

a»q\t

Figure 1.2: UDFA A; of size (4, ) Ay) = L(A) U {a}

By Proposition 2, it follows that only the computation on the word a ends in the
rejecting state ¢{* in the UDFA A and in the accepting state ¢ in the UDFA A,.
Thus it holds that L(A;) = LW {a}. In order for A; to be part of a decomposition of
A, we need to find a UDFA A, such that sc(Ay) < sc(A), L(Ay) O L, and a ¢ L(As).
We shall construct such UDFA A, using the same tail as A has and the cycle of length
one with an accepting state.” Let Ay be the UDFA of size (1,2), where Fy = {g3}.

@0

Figure 1.3: UDFA A, of size (1,2), L(A2) = a* — {¢,a}

5Tt suffices to take all states in As except the state qf‘2 as accepting. Then A, is the minimal
UDFA accepting the language a* — {a}.
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It holds that L(As) = a* — {¢,a}. Since € ¢ L, it holds that L(Ay) O L. Thus
L(A;) N L(Ay) = L. Moreover, it holds that 5 = sc(A;) < sc¢(A) = 6 and 3 =
sc(As) < sc(A) = 6. Therefore the automata A; and A, form a decomposition of A
which is the minimal UDFA accepting the language L. Thus L is deterministically

decomposable.

Now we provide the second example, where the last state in the tail of A is

accepting. Thus the last state in the cycle of A is rejecting.

Example 2. Let us take L = {a%"3 a%%5;k € N} U {¢,a}. Let A be the minimal
UDFA accepting the language L. It holds that L is a properly ultimately 6-cyclic
language and A is the UDFA of size (6,2), where Fy = {q5', ¢, ¢\, ¢2'}.

a
_.
a

Figure 1.4: UDFA A of size (6,2), L(A) = {a®*3 a5, k € N} U {¢, a}

Note that the last state in the cycle of A, i.e., the state ¢!, is rejecting and the last
state in the tail of A, i.e., the state ¢{!, is accepting. We construct a UDFA A; by
merging these states. Thus A; is the UDFA of size (6, 1), where F} = {¢¢', ¢i*, ¢4, ¢i'}.

a

2@,
-0 @
o¥ct

a

Figure 1.5: UDFA A; of size (6,1), L(A4;) = LU {a®**7; k € N}

By Proposition 2, it follows that the computations on the words of the form a%+7,

k € N, end in the rejecting state ¢7' in the UDFA A and in the accepting state qfl in
the UDFA A;. Thus it holds that L(A;) = L W {a®**7; k € N}. In order for A; to be
part of a decomposition of A, we need to find a UDFA A, such that sc(A4s) < sc(A),
L(A) D L, and for all k € N it holds that a%**7 ¢ L(A,). We shall construct such
UDFA A,. We need to find Ay < A such that As | A and for all ¢ € Z, it holds that
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if i = —1 (mod Ap), then ¢, ¢ Fa. This allows us to shorten the cycle of A. We
choose \y = 3, since it is the only integer that meets our requirements, i.e., 3 | 6 and
the states g3\, and ¢z, are rejecting. Numbers 2 and 5 are all numbers = € Zg such
that © = —1 (mod 3). We construct a UDFA A, of size (g, ), i.e., of size (3,2),
where Fy = {¢', ¢*, ¢3!, ¢5'}. Thus all states in the cycle of A, except the last one

are accepting and the tail of A, is the same as the tail of A.

Figure 1.6: UDFA A, of size (3,2), L(A) = a* — {a®**; k € N}

Using Proposition 2, we obtain that the computations of As on the words of the
form a***4 k € N, end in the rejecting state ¢;'2. For the odd k, these words are the
words of the form a%*7 k € N. Thus for all k € N it holds that a®**7 ¢ L(A,). All
other words that do not belong to the language L(A3) are of the form a®**4 k € N.
Using Proposition 2, we obtain that the computations of A on these words end in
the rejecting state g;t. Thus it holds that L(Ay) 2 L. Therefore L(A;) N L(As) = L.
Moreover, it holds that 6 = sc(A4;) < sc(A) = 8 and 5 = sc(As) < sc(A) = 8.
Therefore the automata A; and Ay form a decomposition of A which is the minimal

UDFA accepting the language L. Thus L is deterministically decomposable.

Techniques presented in Example 1 and Example 2 were used for a characterization
of properly ultimately A-cyclic languages upon deterministic decomposability in [5].
We can find an alternative characterization approached from an existential viewpoint
in [8].

1.3.2 Decomposability of A-cyclic languages

We shall consider properly A-cyclic languages. Let the language L be given and
let A be the minimal UDFA accepting the language L. Thus A is a UDFA of size
(A, 0). First we shall provide an example of deterministically decomposable properly

A-cyclic language.

Example 3. Let us take L = {a'%*2 q!%*11: k € N}. Let A be the minimal UDFA
accepting the language L. It holds that L is a properly 12-cyclic language and A is
the UDFA of size (12,0), where Fy = {¢3', ¢ }. We construct UDFAs A, of size (4,0)
and A, of size (6,0), where F| = {¢3",¢5"} and Fy = {32, ¢5}. By Proposition 2,
it follows that the computations on the words a'2**2, k € N end in the state ¢5* in
the UDFA A; and in the state q§42 in the UDFA A,. Similarly using Proposition 2,
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we obtain that the computations on the words a'?**! k € N end in the state g5 in
the UDFA A; and in the state ¢i in the UDFA A,. Thus L C L(A;) N L(Ay).

€ 0 €

Figure 1.7: UDFAs A, of size (4,0) and A, of size (6,0), L(A;) N L(As) = L

However, there are two other pairs of accepting states in the newly constructed
automata, i.e., (g3, ¢52) and (g3, ¢52). If there exists a word w € a* such that the
computations of the automata A; and A, end in the states that form one of these
pairs, then w € L(A;) N L(Ay) and w ¢ L. Let us consider the following systems of
congruences.

r =2 (mod 4) y =3 (mod 4)

r =5 (mod 6) y =2 (mod 6)
Using Proposition 2, we obtain that the computation on the word a® ends in the
state g5 in the UDFA A; and in the state ¢52 in the UDFA A, if and only if = is a
solution of the first given system of congruences. However by Chinese Remainder
Theorem (Theorem 3), it follows that there does not exists a solution x of this system,
since ged(4,6) = 243 =5 — 2. Similarly using Proposition 2, we obtain that the

computation on the word a? ends in the state q§41 in the UDFA A; and in the state

¢ in the UDFA A, if and only if y is a solution of the second given system of
congruences. However, by Chinese Remainder Theorem (Theorem 3), it follows that
there does not exists a solution y of this system, since gcd(4,6) =241 =3 —2. Thus
there does not exist a word w such that the computations of the automata A; and
Ay end in the states (g5 and ¢5'2) or in the states (g3, ¢32). Therefore there does
not exists w € a* such that w € L(A;)NL(Ay) and w ¢ L. Thus L(A;)NL(Ay) = L.
Moreover, it holds that 4 = sc(A;) < sc(A) = 12 and 6 = sc(Ay) < sc(A) = 12.
Therefore the automata A; and A, form a decomposition of A which is the minimal
UDFA accepting the language L. Thus L is deterministically decomposable. Note

that A, is not the minimal UDFA accepting the language L(As3).

Properly A-cyclic languages were characterized upon deterministic decomposabil-
ity in [5] using Chinese Remainder Theorem (Theorem 3) and bipartite graph that

decomposes the language. Vertices in the partitions of this graph represent states of
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the newly constructed automata which form a decomposition.

Note that in the canonical representation of the size of the UDFA A from Example
3 there are two distinct primes, i.e., sc(A) = 12 = 22.3. This is necessary in order for
A to be decomposable. Moreover for one concrete form of properly A-cyclic languages

it is also a sufficient condition for their decomposability.

Theorem 8 ([7]). Let n € N such that n > 1. Let L, = {a*";k € N}. The language

L,, is deterministically decomposable if and only if n is not a power of prime.

1.3.3 Normal forms of decompositions

Let a unary regular language L be given. Let A be the minimal UDFA accepting L.
We shall provide several normal forms of decompositions of A. First, we consider
L to be a properly ultimately A-cyclic language. If L is decomposable, then there
exists a decomposition of A such that both UDFAs forming the decomposition have
tails shorter than or as long as the tail of A. Moreover, if a UDFA A; which is a
part of the decomposition of A has tail of the same length as the tail of A, then the
length of the cycle of A; divides the length of the cycle of A.

Theorem 9 ([5]). Let L be a deterministically decomposable properly ultimately
A-cyclic language. Let A of size (A, ) be the minimal UDFA such that L(A) = L.
Let UDFAs Ay of size (A, 1) and A of size (Ao, u2) form a decomposition of A.
Moreover, let Ay and Ay be the minimal UDFAs accepting their respective languages.
If 1 > p, then there exists a decomposition of A formed by the UDFA Ay and a
UDFA A) of size (A1, ). Similarly if pua > p, then there exists a decomposition of A
formed by the UDFA Ay and a UDFA A, of size (Aa, ).

Theorem 10 ([5]). Let L be a deterministically decomposable properly ultimately
A-cyclic language. Let A of size (A, ) be the minimal UDFA such that L(A) = L.
Let UDFAs Ay of size (A, 1) and Ag of size (Ao, u2) form a decomposition of A.
Moreover, let Ay and As be the minimal UDFAs accepting their respective languages.
If iy > p, then Ay | X, Similarly if po > p, then Ay | A.

Second, we consider L to be a properly A-cyclic language. If L is decomposable,
then there exists a decomposition of A such that both UDFAs forming the decompo-
sition have tails of zero length and the least common multiple of the lengths of the
cycles of the automata forming the decomposition is the same as the length of the
cycle of A. Moreover for every decomposition of the UDFA A formed by UDFAs A,
and A,, there exists a decomposition of A in this normal form formed by UDFAs E;
and E, such that sc(F) < sc(A;) and sc(FEs) < sc(Ay). This normal form is crucial
when dealing with the quality of decomposition of properly A-cyclic languages in
Chapter 3.
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Theorem 11 ([3]). Let L be a deterministically decomposable properly \-cyclic
language for some A € N. Let A be the minimal UDFA accepting the language L. Let
UDFAs Ay of size (A, ust) and Ay of size (N, ug}) form a decomposition of A. Then
there exists a decomposition of A formed by a UDFA E; of size (\F,0) and a UDFA
By of size (A\F,0). Moreover, it holds that lem(AE,\E) = X\, AE | A2, and \E | A

If a decomposition is in the normal form given by Theorem 11, we say that it is

an effective decomposition.

Definition 5. Let A be a UDFA of size (A, 0) for some A € N. Let UDFAs A; of size
(A1,0) and A of size (Ag,0) form a decomposition of A. We say that the UDFAs A;

and A, form an effective decomposition of A if lem(A1, A2) = A.



Chapter 2

Power of supplementary

information

We consider a supplementary information or an advice about an input useful if it
allows us to solve a problem easier. The previous research of the notion of usefulness
of information dealt with the question, whether there exists useful advice for a given
problem. In this chapter, we shall deal with the question, how powerful is a given
advice. Moreover, we compare the power of different advices and explore how a
relation between these powers depends on a relation between the respective advices.
By this question, we understand for how many problems is the given advice useful
and how the number of these problems depends on the complexity of the advice.
Using the notion of automata decomposability, we can formulate this question as
follows: for how many languages is a given DFA A a part of a decomposition of their

minimal automaton. And how the number of these languages depends on the size of

A.

We define a relation on languages provide useful information. The language L4
provides useful information for Lp if the information about an input w € Ly, i.e.,
the advice L4, is useful for the problem Lg. We further define the family of all
problems for which L, provides useful information. To address our question, we
shall deal with a cardinality of this family for different languages L4 in Section 2.2.
Next, we shall deal with relations between inclusion of these families, inclusion of
the given languages and the relation provide useful information in Section 2.3 and
Section 2.4.

Definition 6. Let L4, Ly € R. Let A and B be the minimal DFAs accepting these
languages. Let us define a relation provide useful information J;,;C R x R such that
(La, L) €ing (we write L Ty L) if and only if there exists a decomposition of
B which includes the DFA A.

17
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Notation 3. Given a language Ly, let us have a DFA A such that L(A) = La. We
denote by £, the family of languages such that a language L € L4 ift Ly Ty L.

In other words, for a given language L, and an arbitrary automaton A accepting
this language, the family £, is a family of all problems, for which the language L 4
provides useful information. Thus L € L4 iff there exists a decomposition of the
minimal automaton accepting the language L which includes the minimal automaton

A,nin accepting the language L 4.

Let us note that A does not have to be a part of a decomposition of the minimal
automaton accepting the language L. It suffices to have some automaton accepting
the language L 4 which is a part of a decomposition.! This definition corresponds with
our perception of L4 as a family of all problems, for which the language L 4 provides
useful information. Since A may be an automaton of an arbitrary size, even much
larger than the minimal automaton accepting the language L 4, there may exist some
languages, whose minimal automata are smaller than A. However L4 still provides
useful information for them. This occurs if the minimal automaton accepting L 4
has lower state complexity than the minimal automata accepting these languages. If
we require A to be a part of a decomposition, we exclude these languages from the
family £, just because we have chosen an automaton A with large state complexity

for the language L4. We shall demonstrate this by the following example.

Example 4. Let us have L(A) = {a®*;k € N}. Let us choose A to be the UDFA
of size (8,0) such that Fy = {¢';2 | i}. Let us have L = {a®;k € N}. Thus L is
6-cyclic language and the minimal automaton accepting L is the UDFA M of size
(6,0) such that Fyy = {¢}'}.

Figure 2.1: UDFAs A of size (8,0) and M of size (6,0), L(A) = {a**; k € N}

It holds that L = L(A) N {a**;k € N}. Since L(A) is 2-cyclic language, the minimal
automaton accepting the language L(A) is the UDFA A,,;, of size (2,0), where

If there exists a UDFA A’ accepting L4 which is a part of a decomposition, there exixts also a
decomposition which includes the minimal UDFA A,,,;, accepting the language L 4.
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EFLin = {qé‘"”’"}. It is easily seen that there exists a decomposition of M which
includes an automaton accepting the language L(A), e.g., Apin. Thus L(A) provides
useful information for L, i.e., L(A) J;,¢ L. Hence it holds that L € L4, even though
sc(A) > sc(M).

2.1 Decomposition lemma

Let a unary regular language L be given. Let A be an arbitrary UDFA accepting the
language L, not necessarily minimal. We shall construct a second UDFA B such that
the UDFAs A and B form a decomposition of the minimal automaton accepting the
language L N L(B). We require the construction of B to be as general as possible,
i.e., to allow us to construct many automata B, such that they have the required
property. We also require the construction of B to be simple in order to use it in
many situations. We shall consider A with the tail of zero length in Section 2.1.1

and A with the tail of nonzero length in Section 2.1.2.

2.1.1 Decomposition lemma for automata without tail

First, we shall consider an arbitrary UDFA A with a tail of zero length. The
automaton A does not have to be the minimal UDFA accepting the language L(A).
We propose a construction of a UDFA B such that they form a decomposition of the
minimal automaton accepting the intersection of the languages L(A) and L(B). We
shall demonstrate our approach by the following example and then we proceed to

the formulation of the lemma.

Example 5. Let us have the UDFA A of size (4,0) such that Fy = {¢i, ¢i'}. Clearly
A is not the minimal UDFA, since A accepts all words of the odd length. Thus
L(A) = {a®***';k € N}. We shall consider the UDFA B of size (5,0) such that
Fg = {¢%}. Therefore L(B) = {a®**?;k € N}. Note that the size of B is greater

than the size of A and there is exactly one accepting state in B. Moreover, the cycle

_> —(a) a

Figure 2.2: UDFA A of size (4,0), L(A) = {a**1;k € N} and constructed UDFA B

of B has a prime length.
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It holds that L(A) N L(B) = {a'%*";k € N}. Let us consider the UDFA M of
size (10,0) such that Fy; = {¢¥}. Thus L(M) = L(A) N L(B). According to the
characterization of the minimal UDFA (Theorem 4), it holds that M is the minimal
automaton accepting the language L(A) N L(B). Since sc(A) = 4 < 10 = sc¢(M)
and sc(B) =5 < 10 = s¢(M), the automata A and B form a decomposition of M.
Note that A is a part of this decomposition even though it is not the minimal UDFA
accepting the language L(A).

Lemma 2. Let A be a UDFA of size (\,0), such that L(A) # a* and L(A) # (). Let
us consider a UDFA B of size (p,0), where p is a prime larger then A. Moreover,
let B have exactly one accepting state. Let M be the minimal UDFA accepting the
language L(A) N L(B). Then the automata A and B form a decomposition of M.

From the assumptions of Lemma 2 we have L(M) = L(A) N L(B). In order for
A and B to form a decomposition of M, it must hold that sc(M) > sc(A) = A and
sc(M) > sc(B) = p. Without providing a detailed construction of M, we prove
that these inequalities hold. In the proof we use the fact that we can construct
an automaton of size \p accepting the language L(A) N L(B) given by Theorem 7.
Next we use the existing relation between the sizes of an arbitrary and the minimal

automaton accepting the same unary regular language given by Theorem 5.

Proof. Let us have a UDFA A of size (A, 0) such that F4 is a nonempty proper subset
of @4 and X > 2 is an arbitrary natural number. Clearly L(A) # a* and L(A) # 0.
Let pi*p3? ... po™ be the canonical representation of A\. Furthermore let us have a
UDFA B of size (p,0), where p is a prime larger than A. Thus p is larger than p; for
all 7, 1 < i < n. Moreover, it holds that B has a longer cycle than A. Let the set of

the accepting states F'p contain exactly one state. Let us denote it qf .

First, we prove that L(A) N L(B) # 0. The set of accepting states of the
automaton A is nonempty, thus there exists an accepting state in A, let it be ¢/*. We
shall consider the following system of congruences.

x = f (mod p)

x =1 (mod \)
Numbers p and A are coprime. Thus by Chinese Remainder Theorem (Theorem
3), it follows that there exists a solution x of the given system of congruences. By
Proposition 2, it follows that the computation of A on the word a” ends in the state
¢, thus it holds that a® € L(A). Similarly the computation of B on the same word
ends in the state ¢7, thus it also holds that a” € L(B). Therefore a” € L(A) N L(B),
hence L(A) N L(B) # 0.

There exists an automaton accepting the language L(A) N L(B). Using Theorem
7, we can construct an automaton T' of size (Ap,0). Let M be the minimal UDFA
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accepting the language L(A) N L(B). Thus by Theorem 5, it holds that sc(T) =
sc¢(M)p, ¢ € N and the automaton M does not have a tail. Hence sc(M)p =
Pyt ... prp. Since L(A) N L(B) is a nonempty language, there exists an accepting
state in M. Since L(A) # a* and L(M) C L(A), we obtain that L(M) # a*. Thus
there also exists a rejecting state in M. Hence sc(M) > 2 and ¢ # pA. We shall

consider several possibilities for the value of .

i) Let ¢ = p’fl... pPr where 3; < q; for all i, 1 < i < n, and there exists j,
1 < j < nsuch that ; < ;. Since sc(M)p = p" ... p"p, sc(M) can be written
as pp;j7y, where 1 < v = poh pen=Pn Tt holds that sc(B) = p, sc(A) = A
and p > A. Since p and p; are primes, they are greater or equal to two. Thus
we have sc(M) > 2p > sc(B) > sc(A). Therefore the automata A and B form a

decomposition of the automaton M.

it) Let ¢ = pi* ... p&, thus sc(M) = p, i.e., s¢(M) = sc(B). Therefore these
automata differ only in the sets of the accepting states. Moreover, it holds that
L(M) C L(B), thus F); C Fp. Since Fp contains exactly one state, qj? and F)y is a

nonempty set, the sets Fy; and Fz must be equal. Hence q}w is the only accepting
state in M. Therefore we have L(M) = L(B).

It holds that F)4 is a proper subset of ()4, thus there exists a non-accepting
state in the automaton A, let it be ¢”. We shall consider the following system of
congruences.

x =r (mod \)

r = f (mod p)
By Chinese Remainder Theorem (Theorem 3), it follows that there exists a solution z
of the given system of congruences. By Proposition 2, it follows that the computation
of A on the word a® ends in the state ¢!, thus it holds that a® ¢ L(A). Similarly the
computation of M on the word a” ends in the accepting state q}” , thus a® € L(M).
Since a® is not in L(A), it is also not in the intersection of L(A) and L(B). Since M
is the minimal automaton accepting the language L(A) N L(B), we have a* ¢ L(M),
which contradicts a® € L(M) from above. Hence the situation, such that sc(M) = p,

cannot occur.

i) Let ¢ = pp’f1 ... pP where 3; < o for all i, 1 < i < n, and there exists j,
1 < j <mn, such that §; < a;. Thus sc(M) = poh pen=Fn Using Theorem 6,
we can construct an automaton N of the size (pi* ... p%~,0) such that L(N) = L(M).
Thus s¢(N) = pi* ... pi» = X = sc(A), hence these automata differ only in the sets
of accepting states. Moreover, it holds that L(N) C L(A), thus Fy C Fja.

Let Fy be a proper subset of F4. More precisely let there exist ¢ such that
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qN ¢ Fy and ¢ € F4. We can assume this, since F is a nonempty set. We shall

consider the following system of congruences

x =1 (mod \)
x = f (mod p)

By Chinese Remainder Theorem (Theorem 3), it follows that there exists a solution z
of the given system of congruences. By Proposition 2, it follows that the computation
of the automaton A on the word a® ends in the state ¢, thus a® € L(A). Using the
same argumentation, we obtain that the computation of the automaton B on the
word a” ends in the accepting state qf, thus a® € L(B). Therefore a* € L(A)N L(B).
However, by Proposition 2, it follows that the computation of the automaton N on the
word a® ends in the state ¢V, thus a® ¢ L(N). This contradicts a® € L(A) N L(B) =
L(N) from above. Hence the situation, such that Fjy is a proper subset of F4, cannot

occur.

Let Fy = Fy, ie., for every i, 1 < i < n, it holds that ¢! € F, if and only
if ¢V € Fy. Since Fj4 is a nonempty set, there exists an accepting state in the
automaton A, let it be ¢/*. Thus the state ¢/ is also accepting. Since p > A > 2 and
Fp contains exactly one accepting state, there exists h, such that ¢ ¢ Fz. We shall

consider the following system of congruences,

r =1 (mod \),
x = h (mod p).

By Chinese Remainder Theorem (Theorem 3), it follows that there exists a solution z
of the given system of congruences. By Proposition 2, it follows that the computation
of the automaton N on the word a® ends in the state ¢V, thus a® € L(N). Similarly,
the computation of the automaton B on the word a® ends in the state ¢, thus
a® ¢ L(B). Therefore a* ¢ L(A) N L(B), thus a® ¢ L(N). This contradicts
a® € L(N) from above. Hence the situation, such that F4 = Fy, cannot occur.

Therefore the situation, such that sc(M) = pf '... pPn cannot occur as well.

We have discussed all possibilities for the values of . In each case we either have
that A and B form a decomposition of M or the case leads to a contradiction. Thus
the lemma holds. O

Remark 4. An important observation from the proof of Lemma 2 is that the state
complexity of M, which is the minimal automaton accepting the language L(A)NL(B),
is a product of p and at least one p;. Thus sc(M) is a product of sc(B) and at least

one prime from the canonical representation of sc(A), at least in the first power.
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2.1.2 Decomposition lemma for automata with tail

Now we shall consider an arbitrary UDFA A with a tail of nonzero length. The
automaton A does not have to be the minimal UDFA accepting the language L(A).
Similarly as in Section 2.1.1, we propose a construction of a UDFA B such that the
automata A and B form a decomposition of the minimal automaton accepting the
intersection of the languages L(A) and L(B). We shall consider two cases. The first
case such that there is at least one accepting and one rejecting state in the cycle of
the automaton A. This restricts L(A) more then just to be a nonempty language
other then *. It has to be an infinite language having an infinite complement. The
second case such that all states in the cycle of A are accepting and there is at least
one rejecting state in the tail of A. This restricts L(A) to an infinite language having
a finite complement. We prove that in both cases it suffices to take large enough
prime p as the length of the cycle of the automaton B and to use the same tail for
B as the initial part of the tail of A. We shall demonstrate our approach in the first
mentioned case by the following example and then we proceed to the formulation of

a generalized version of Lemma 2.

Example 6. Let us have the UDFA A of size (3, 3) such that F{% = {g!, ¢!} and
FUe — {qf, ¢2}. Therefore L(A) = {a®+4 a3+5; k € N} U {e,a}. Note that by
the characterization of the minimal UDFA (Theorem 4), A is the minimal UDFA

accepting the language L(A).
a a a
-~ D@ J :
A

Figure 2.3: UDFA A of size (3,3), L(A) = {a® a3 k € N} U {¢,a}
a
:
4o
a a a
D DD a
.
B
a
a

Figure 2.4: Constructed UDFA B of size (7,3), L(B) = {a™*8;k € N} U {¢,a}
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We shall consider the UDFA B of size (7,3) such that Figil = {¢B ¢P} and F =
{gP}. Therefore L(B) = {a™"%;k € N} U {¢,a}. Note that the size of the cycle of
B is greater than sc(A) and there is exactly one accepting state in the cycle of B.
Moreover, the cycle of B has a prime length and the tail of B is the same as the tail
of A. It holds that L(A) N L(B) = {a®**! ¢*"*8; k € N} U {e}. Let us consider the
UDFA M of size (21, 1) such that Fi% = {¢M} and F¥ = {¢M, ¢}}. Therefore
L(M) = L(A) N L(B). Since the last state of the cycle of M is rejecting and the last
state of the tail of M is accepting, by the characterization of the minimal UDFA
(Theorem 4), it holds that M is the minimal automaton accepting the language
L(A) N L(B). Since sc(A) =6 < 22 = sc(M) and sc¢(B) = 10 < 22 = sc¢(M), the
automata A and B form a decomposition of M. Note that M has a shorter tail
than A. Therefore M is a smaller UDFA than a UDFA accepting the language
L(A) N L(B) given by Theorem 7 which is the one constructed using the standard

construction for the intersection of regular languages.

Lemma 3. Let A be a UDFA of size (A, j1) such that FY“ is a nonempty proper
subset of QV°. Let us consider a UDFA B of size (p, 1), where p is a prime larger
than A + p. Moreover, let B have exactly one accepting state in the cycle and
Floit = Fiait - Let M be the minimal UDFA accepting the language L(A) N L(B).
Then the automata A and B form a decomposition of M.

We shall construct automata A’ and B’ by removing the tails from A and B.
Then we apply Lemma 2 to these new automata. From Lemma 2 we obtain the
minimal automaton N’ accepting the language L(A’) N L(B’). We construct an
automaton N by connecting the tail from the automaton A before the start state of
the automaton N’ and we prove that L(N) = L(A) N L(B). Then we prove that the
minimal automaton M accepting this language is larger than both automata A and
B. We shall use only the known relations between the sizes of the different automata
constructed in the proof and the lower bound on the size of N’ obtained from the

proof of Lemma 2.

Proof. Let us have a UDFA A of size (\, u) such that F“® is a nonempty proper
subset of ij’de and A > 2, > 1 are arbitrary natural numbers. Thus L(A) is an
infinite language having an infinite complement. Furthermore let us have a UDFA B
of size (p, i), where p is a prime larger than A + . Thus the cycle of B is longer
than sc(A). Moreover, let B have exactly one accepting state in the cycle and the

tail same as the tail of A.

We shall construct an automaton A’ by removing the tail from the automaton
A. Formally A" = (Qar, {a}, 04/, qu, Far), where Qa = e Py = FP and 64 =
oA

Qe {a}- Thus A" is a UDFA of size (A, 0) and F4 is a nonempty proper subset of
A
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Qa. Hence L(A’) # x and L(A’) # 0. Similarly we shall construct an automaton B’

by removing the tail from the automaton B. Formally B’ = (Qp/,{a},0p, qu, Fp),
eyete ¢ . Thus B’ is a UDFA of size

QE " x{a}

(p,0), where p > A + p, hence p > X. Moreover, B’ has exactly one accepting state,

[ [
where QB’ = %yce, FB/ = Eyce and (53/ = 53

since there is exactly one accepting state in the cycle of B. Therefore automata A’
and B’ meet the assumptions of Lemma 2, thus they form a decomposition of the
minimal automaton accepting the language L(A") N L(B’). We denote it by N’. For
technical purposes, let the state q/iv " be the start state of the automaton N’. Likewise
the state q/f/ is the start state of the automaton A’ and qf/ is the start state of the

automaton B’.

We shall construct an automaton N by connecting the tail of the automaton
A before the start state of the automaton N'. Formally N = (Qy, {a},dn, o, Fn),
where Qn = Qn U QW Fy = Fy U F{ and dy = Sy U 5A|Qi§u~zx{a}. We shall
prove that automaton N accepts the language L(A) N L(B). We constructed the
automaton A’ by removing the tail from automaton A, thus the words accepted by
the automaton A’ are suffixes of the words accepted by the automaton A. Hence
for all words w € a* it holds that w € L(A’) iff a*w € L(A). We constructed the
automaton B’ from the automaton B the same way, thus for all words w € a* it holds
that w € L(B') iff a*w € L(B). Furthermore it holds that L(N') = L(A") N L(B’),
thus for all words w € a* it holds that w € L(N') iff a*w € L(A) and a*w € L(B).
We constructed the automaton N by connecting the same tail as the automata A
and B have to the automaton N’ . Therefore the words accepted by the automaton
N’ are suffixes of the words accepted by the automaton N. Hence for all words
w € a* it holds that w € L(N') iff a*w € L(N). Moreover, the computations of the
automata N, A, B on the words shorter than p end in the same state in the terms of
acceptance in all three automata. Thus it is easily seen that L(N) = L(A) N L(B).

Let M be the minimal automaton accepting the language L(N) = L(A) N L(B).
Since the language L(N’) is formed by the suffixes of the words from L(N) = L(M),
for all words w € a* it holds that w € L(N') iff a*w € L(M). We shall construct an
automaton M’ by removing the tail of the automaton M. Since M is the minimal
automaton accepting the language L(N), by Theorem 5, it holds that |Q%¥| < u.
Thus by Proposition 2, it follows that the computation of the automaton M on
the word a” ends in the state ¢, where s = (( — |Q'%|) mod |Q%|) + |Q'al).
Moreover, the state ¢M is in the cycle of M. We make the state qéw the start
state of the automaton M’. Thus the computation of the automaton M’ on a
word w € % is the same as the computation of the automaton M on a word a*w.
Formally M’ = (Qur,{a}, 0, qs, Far), where Qup = QU%, Fap = FI° and

Oy = O {a}" The automaton M’ accepts the suffixes of the words accepted

Q?\ZCZE %
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by the automaton M. In particular for all w € a* it holds that w € L(M’)
iff a*w € L(M). Thus L(M') = L(N’). Since N’ is the minimal automaton
accepting the language L(M’), it holds that sc(M’) > sc(N'). Since we constructed
the automaton M’ from the automaton M by removing the tail, it holds that
sc(M") < sc(M).

From the proof of Lemma 2 we know that the cycle of the automaton N’ has the
size pp;y, where p; is a prime from the canonical representation of A\, p is a prime
larger then A + p and ~ is any natural number except zero. Since p; is a prime, it
holds that p; > 2, thus the size of the cycle of N’ is at least 2p. We obtain that
2p < s¢(N') < se(M') < se(M). Tt holds that sc(A) = A+ u < p < 2p and also
sc(B) = p+pu < p+p = 2p. Hence both automata A and B are smaller then
the automaton M. Furthermore, it holds that L(M) = L(A) N L(B) and M is the
minimal automaton accepting this language. Thus the automata A and B form a

decomposition of M. Hence the lemma holds. [

Now we shall consider the second case mentioned above, i.e., we consider an arbi-
trary UDFA A such that L(A) is an infinite language having an infinite complement.
Thus all states in the cycle of A are accepting. We shall demonstrate our approach
to the construction of a UDFA B by the following example and then we proceed to

the formulation of the lemma.

Example 7. Let us have the UDFA A of size (3,4) such that F{ = {¢', ¢4'} and
ijde = Qi,yde. Therefore the language L(A) is a complement of the finite language

{a,aa}. The state ¢3' is the last rejecting state in the automaton A.

=0
ﬂ a

Figure 2.5: UDFA A of size (3,4), L(A) = {a, aa}®

We shall consider the UDFA B of size (7,2) such that F§? = {¢P} and F@" =
{g%,qP}. Therefore L(B) = {a™"2,a™ %5,k € N} U {e}. Note that the size of the
cycle of B is greater than or equal to sc(A) and the first state of the cycle of B is
accepting. Furthermore the cycle of B has prime length and there exists a rejecting
state in the cycle of B. Moreover, the tail of B is the same as the initial part
of the tail of A up to the last rejecting state ¢3'. It holds that L(A) N L(B) =
{a™*9 a™+6; | € N} U {e}, since aa is the only word in L(B) such that it is not
in L(A). Let us consider the UDFA M of size (7,3) such that Fi%! = {¢}} and

Fip® = {a" 4"}
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4
agaké' a
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a

Figure 2.6: UDFA B of size (7,2), L(B) = {a™"2,a™*6, k € N} U {¢}

/.4
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Figure 2.7: UDFA M of size (7,3), L(M) = L(A) N L(B)

Therefore L(M) = L(A) N L(B). Note that the last state of the cycle of M is
accepting and the last state of the tail of M is rejecting. Moreover, there exist
both rejecting and accepting states in the cycle of M and M has the cycle of a
prime length. Thus by the characterization of the minimal UDFA (Theorem 4), it
holds that M is the minimal automaton accepting the language L(A) N L(B). Since
sc(A) =7 < 10 = s¢(M) and sc¢(B) = 9 < 10 = sc(M), the automata A and B
form a decomposition of M. However, note that both A and B are not the minimal

automata accepting their respective languages.

Lemma 4. Let A be a UDFA of size (A, j1) such that FY™ = Q¥ and L(A) # a*.
Let ¢ € Q%Y be the last rejecting state of A, i.e., qj € Fy forallj, v<j<A+u,
and ¢ ¢ Fa. Let us consider a UDFA B of size (p,v), where p is a prime greater
than or equal to A+ p. Let ¢% € Fg and for all j, 0 < j < v, let qf € Pl iff
q] e F'o . Moreover, let F® be a proper subset of QY. Let M be the minimal
UDFA accepting the language L(A) N L(B). Then the automata A and B form a

decomposition of M.

Unlike in the proof of Lemma 3, we shall construct a UDFA M and prove that it
is the minimal automaton accepting the language L(A) N L(B).
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Proof. Let us have a UDFA A of size (A, p) such that F¥ = Q9 i.c., all states
in the cycle of A are accepting. Moreover, let F{ C Q%" and p > 1, i.e., there
exists a rejecting state in tail of A. Thus L(A) # a*. Let ¢/ € Q%" be the last
rejecting state of A, i.e., ¢;' ¢ Fi*" and for all j, v < j < p, it holds that ¢;' € Fi,
Furthermore, let us have a UDFA B of size (p,v), where p is a prime greater than or
equal to A + p. Thus the cycle of B is as long or longer than sc(A). Let ¢Z € F
and for all 7, 0 < 7 < v, let it hold that qJB € Fpiff qj‘ € Fy. Therefore the tail of
B is the same as the initial part of the tail of A up to the state ¢2. Moreover, let

Fde C QW9 je., there exists a rejecting state in the cycle of B.

We shall construct a UDFA M = (Qar, {a}, 0ar, qo, Far), where Qur = {q;;7 €
Zyp+v+1} and the function dy is defined as follows. For all ¢ in Z,; it holds that
On(qi,a) = giv1, where + is the standard addition on the natural numbers. For all
in Z, it holds that dr/(¢itv+1, @) = qu@1)+ut+1, Where + is the standard addition on
the natural numbers and & is the operation in the additive group (Z,, ®). The set of
accepting states Fy; is defined as follows. For all 4 in Z,; it holds that ¢™ € Fy iff
¢ € F4. For all i in Z, it holds that ¢/, € Fu iff A1)y € F, where @ is the
operation in the additive group (Z,, ®). In other words, the automaton M is a UDFA
of size (p, v + 1) with the same tail as the initial part of the tail of A and the same
cycle as the cycle of B, except the different first state in the cycle. Since ¢Z € Fi,
it holds that qﬁy € F);. Thus the last state in the cycle of M is accepting. Since
g} ¢ Fy, it holds that ¢ ¢ Fj;. Thus the last state in the tail of M is rejecting.
Moreover, M has the cycle of the prime size p and there exists a rejecting state in
the cycle of M, since there exists a rejecting state in the cycle of B. Therefore by the
characterization of the minimal UDFA (Theorem 4), M is the minimal automaton
accepting the language L(M). We shall prove that L(M) = L(A) N L(B).

First, we shall consider w € a* such that |w| < v. By Proposition 2, it follows
that the computations of the automata A, B, and M on the word w all end in the
state g, in the respective automata. For these states it holds that qﬁ‘vl € Fy iff
qhy € Fp iff ¢l € Fy. Thus w € L(M) iff w € L(A) iff w € L(B). Therefore
we L(M) iff we L(A) N L(B).

Second, we shall consider w € a* such that |w| > v. Since ¢ is the last rejecting
state in A, it holds that w € L(A). Thus it holds that w € L(A)NL(B) iff w € L(B).
By Proposition 2, it follows that the computation of B on the word w ends in

the state q(Ez Similarly the computation of M on the word w ends

|lw|—v) mod p)+v-

in the state q(]‘{'w|_y_1) mod p)4v+1- BY definition of Fjy from above, it holds that
Gl —v-1) mod pyrve1 € FM I G0y mod pyv € F-> Thus w € L(M) iff w € L(B).

Therefore w € L(M) iff w € L(A) N L(B).

2As i € Z, from the definition of F; we have i = (jw| — v — 1) mod p.
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Last, we shall consider w = a”. By Proposition 2, it follows that the computation
of the automaton A on the word w ends in the state ¢7'. Since g2 is the last rejecting
state in A, it holds that w ¢ L(A). Thus w ¢ L(A) N L(B). By Proposition 2, it
follows that the computation of M on the word w ends in the rejecting state ¢.

Thus w ¢ L(M).

We obtain that for all w € a* it holds that w € L(M) if and only if w €
L(A) N L(B). Thus L(M) = L(A) N L(B). For the state complexities of these
automata it holds that sc(A) = A+p <p<p+v+1=sc(M)and s¢(B) =p+v <
p+v+1=sc(M). Thus it holds that the UDFAs A and B form a decomposition of

M, which is the minimal automaton accepting the language L(A) N L(B). Hence
the lemma holds. O

2.2 Cardinality of L 4

Let a unary regular language L be given. In this section we shall explore the family
of problems for which the language L provides useful information. We prove that
there exist infinitely many such problems for a nontrivial language L. By nontrivial
we understand an infinite language other than a*. Even though we may understand
infinite language having an finite complement as trivial, since it is a complement of
trivial language, we prove that it still provides useful information for infinitely many
problems. Therefore an automaton accepting nontrivial language has an accepting

state in its cycle.

First, we shall consider an infinite language L having an infinite complement. Let
A be a UDFA such that L(A) = L. Thus there exist an accepting and a rejecting
state in the cycle of A. To prove that £, is infinite we shall construct a sequence
of UDFAs B such that L(A) ;s L(A) N L(B). We use the same construction of
B as in Lemma 3 which depends on a chosen prime p, and a fact that there exist
infinitely many primes. First, we prove that for UDFAs B; and B; constructed using
different primes, it holds that L(A) N L(B;) # L(A) N L(Bs). Then we proceed to

the formulation and the proof of the theorem.

Lemma 5. Let A be a UDFA of size (\, ) such that FY™ is a nonempty proper
subset of QY. Let us consider UDFAs By and By of sizes (pi, ) and (pa, )
respectively, where p; and ps are primes larger than A + p and it holds that py # ps.

Let Fi/?e = {¢]'} and Fézde = {q*}. Moreover, let Fi*"' = Fi*' = Fg'. Then

L(A) N L(By) # L(A) N L(B,).

Proof. Let us have UDFAs A, By, and B, such that they satisfy the assumptions

of the lemma. Since F{'“ is a nonempty set, there exists an accepting state in the
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cycle of A. Let it be the state ¢4, € F¥. Since FP“® is a also a proper subset
of Q¥ it holds that sc(A) > 2. Since there exists exactly one accepting state in
the cycle of B,, i.e., the state qf% there exists also a rejecting state in the cycle of
By. Let it be the state quj € Q%’;le - F g;de. Let us consider the following system of
congruences.

z=acc—pu (mod \)

2= y—p (modp)

z=rej —p  (mod py)
Since p; and py are primes larger than A\, by Chinese Remainder Theorem (Theorem
3), it follows that there exists a solution z of the given system of congruences. Let us
take a word w = a**#*. By Proposition 2, it follows that the computation of A on the
word w ends in the accepting state ¢2... Thus w € L(A). Similarly by Proposition 2,
it follows that the computation of By on the word w ends in the accepting state qfl
and the computation of By on the word w ends in the rejecting state qf?j. Thus it
holds that w € L(B;) and w ¢ L(Bs). Therefore we obtain that w € L(A) N L(By),
however, w ¢ L(A) N L(Bs). Hence L(A) N L(By) # L(A) N L(By) and the lemma
holds. [

Theorem 12. Let A be a UDFA of size (A, 1) such that F¥“ is a nonempty proper
subset of ij’de. There exist infinitely many languages such that A is a part of a

decomposition of their minimal automaton.

Proof. Let us have a UDFA A that satisfies the assumptions of the theorem. Let us
denote the i-th prime by p;. Let k be the smallest natural number such that pr, > A+pu.
Such k exists, since there exist infinitely many primes. Let P, = {p; | ¢ > k}. The
set P, contains all primes larger than or equal to pj, thus larger then A + p. It is

easily seen that the set P, is infinite.

For every p; € P, we shall construct an automaton B;. Since the construction is
the same for every [, we omit [ from the indices at p and B in the construction to
improve readability of the proof. The automaton B = (Qp,{a}, s, q, F's), where
Qs ={4¢; | i € Zy;,} and the function ¢p is defined as follows. For all i in Z,, it
holds that d5(q;,a) = gi+1, where + is the standard addition on the natural numbers.
For all ¢ in Z, it holds that dp(gi+y, @) = que1)+u, Where 4 is the standard addition
on the natural numbers and & is the operation in the additive group (Z,,®). The
set of accepting states Fp is defined as follows. For all i in Z,, it holds that ¢” € Fi
if and only if ¢* € F4. In addition, it also holds that qf € Fg. In other words, the
automaton B is a UDFA of size (p, ) with exactly one accepting state in the cycle

and the tail identical to the tail of the automaton A.

For every p; € P, the automata A and B satisfy the assumptions of Lemma 3,
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thus they form a decomposition of the minimal automaton accepting the language
L(A) N L(By). Using Lemma 5, we obtain that L(A) N L(B;) # L(A) N L(B,,) for
[ # m. Therefore we obtain infinitely many languages such that the automaton A is

a part of a decomposition of their minimal automaton. O

Now we shall consider an infinite language L having a finite nonempty complement.
Let A be a UDFA accepting the language L. Thus all states in the cycle of A are
accepting and there exists a rejecting state in the tail of A. Note that if A is minimal,
it has the cycle of length one. Again we shall construct a sequence of UDFAs B such
that L(A) Jiny L(A) N L(B). This time we use the same construction of B as in
Lemma 4, which also depends on a chosen prime p. First, we prove that for UDFAs B;
and Bj constructed using different primes, it holds that L(A)NL(B;) # L(A)NL(B>)

and then we proceed to the formulation of the theorem.

Lemma 6. Let A be a UDFA of size (A, j1) such that FY™ = Q¥ and L(A) # a*.
Let ¢ be the last rejecting state of A, i.e., ¢4 ¢ Fy and for all j, v < j < X+ p it
holds that qf € Fa. Let us consider UDFAs By and By of sizes (p1,v) and (pa,v)
respectively, where p1 and ps are primes greater than or equal to A+ and it holds that
p1 # pa. Let FP¥° = {¢]'} and Fgde = {a?}. Moreover, let Fg* = Fio 0 Q'g!
and Fi = Fiet 0 Q5. Then L(A) N L(By) # L(A) N L(Bs,).

Proof. Let us have UDFAs A, By, and B; such that they satisfy the assumptions of
the lemma. Since the following holds for both automata By and B, we shall omit
the index from B. First, let us consider w € a* such that |w| < v. By Proposition 2,
it follows that the computations of the automata A and B on the word w both end
in the state g, in the respective automata. Since |w| < v, the state gy, is in the
tail in both automata. Since the tail of B is the same as an initial part of the tail of
A, it holds that qﬁw € Fyiff qﬁw € Fp. Thus w € L(A) iff w € L(B). Therefore it
holds that w € L(A) N L(By) iff w € L(B).

Now let us consider w € a* such that |w| > v. By Proposition 2, it follows that
the computation of the automaton A on the word w ends in the state ¢*, where
e =|w| if lw| < pand e = ((Jw| — p) mod X) + p if |w| > p. In both cases it holds
that e > v. Since ¢, is the last rejecting state of A, it holds that the state ¢’ is
accepting. Thus w € L(A). Therefore it holds that w € L(A) N L(B) iff w € L(B).

Finally, let us consider w = a”. By Proposition 2, it follows that the computations
of the automata A and B on the word w both end in the state ¢, in the respective
automata. Since ¢ ¢ F,, it holds that w ¢ L(A). The state ¢ is the first
state in the cycle of B and the state qf is the only accepting state in the cycle
of B. If y = v, i.e., the state ¢? is accepting, it holds that w € L(B). Hence
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L(AYNL(B) = L(B) — {a"}. If y # v, i.e., the state ¢ is rejecting, it holds that
w ¢ L(B). Hence L(A) N L(B) = L(B).

Therefore we obtain that L(A) N L(B;) # L(A) N L(By) if and only if L(B;) #
L(Bs). We shall prove that L(By) # L(B2). Since L(A) # a* and all states in
the cycle of A are accepting, there exist an accepting and a rejecting state in
A. Thus sc(A) > 2 and there are at least two states in the cycle of By, since
\Qcéfle\ > sc(A). Since there exists exactly one accepting state in the cycle of By,
i.e., the state qf% there exists also a rejecting state in the cycle of By. Let it be the

state g2 € Q%"jle - F g;de. Let us consider the following system of congruences.

z= y—v (modp)

z=rej—v (mod ps)

Since p; and p are primes, by Chinese Remainder Theorem (Theorem 3), it follows
that there exists a solution z of the given system of congruences. Let us take a word
w = a*T". By Proposition 2, it follows that the computation of B; on the word w
ends in the accepting state qfl and the computation of By on the word w ends in
the rejecting state qffj. Thus it holds that w € L(B;), however, w ¢ L(Bs). Hence
L(B;) # L(B5) and the lemma holds. O]

Remark 5. Note that in order for A and B to form a decomposition of the minimal
UDFA accepting the language L(A)N L(B), it must hold that y = v, i.e., the state ¢
must be the only accepting state in the cycle of B. Otherwise L(A) N L(B) = L(B).

Theorem 13. Let A be a UDFA of size (\ ) such that F$Y = Q7" and
Fiel C QWi There exist infinitely many languages such that A is a part of a

decomposition of their minimal automaton.

Proof. Let us have a UDFA A that satisfies the assumptions of the theorem. Let us
denote the i-th prime by p;. Let k be the smallest natural number such that pp > A+pu.
Such k exists, since there exist infinitely many primes. Let P, = {p; | ¢ > k}. The
set P, contains all primes larger than or equal to pj, thus larger then or equal to

A+ p. It is easily seen that the set Py is infinite.

For every p; € P, we shall construct an automaton B;. Since the construction is
the same for every [, we omit [ from the indices at p and B in the construction to
improve readability of the proof. Let g2 € Q4 be the last rejecting state in A, i.e.,
g2 ¢ Fy and for all j, v < j < XA+ p, it holds that qJA € F4. Since all states in the
cycle of A are accepting, the state g2 is in the tail of A. Let B = (Qp, {a}, 05, q, Fi),
where Qp = {¢; | i € Zy+, } and the function ¢ is defined as follows. For all i in Z,, it
holds that dp(q;,a) = gi+1, where + is the standard addition on the natural numbers.

For all i in Z,, it holds that d5(¢itv, @) = qu@1)+v, Where + is the standard addition
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on the natural numbers and & is the operation in the additive group (Z,,®). The
set of accepting states Fj is defined as follows. For all i in Z, it holds that ¢ € F
if and only if ¢! € F4. Moreover, let ¢ € Fp. In other words, the automaton B
is a UDFA of size (p,v), where the first state in the cycle, ¢Z, is accepting and all
other states in the cycle are rejecting. Since p > 2, there exists a rejecting state in
the cycle of B. Moreover, the tail of B is identical to the initial part of the tail of A
up to the state ¢7'.

For every p; € P, the automata A and B satisfy the assumptions of Lemma 4,
thus they form a decomposition of the minimal automaton accepting the language
L(A) N L(B;). Using Lemma 6, we obtain that L(A) N L(B;) # L(A) N L(B,,) for
[ # m. Therefore we obtain infinitely many languages such that the automaton A is

a part of a decomposition of their minimal automaton. [

Corollary 1. Let L be an infinite unary regular language such that L # a*. Let A
be arbitrary UDFA accepting the language L. Then the family L4 is infinite.

In other words, every infinite unary regular language L # a* provides useful

information for infinitely many problems.

Remark 6. Note that regardless of the choice of A for the given language L, there
still exist infinitely many languages such that exactly A is part of a decomposition
of their minimal automaton. This holds for an arbitrarily large A compared to the

minimal UDFA accepting the language L.

Let a unary regular language L be given. Let us choose an arbitrary UDFA A
accepting the language L. Let A,,;, be the minimal UDFA accepting the language
L. Let M be the minimal UDFA such that there exists a decomposition of M,
which includes the automaton A. Then there exists a decomposition of M, which
includes the automaton A,,;,. It suffices to take the same second automaton as a
part of the decomposition. In the Example 4 we saw this does not necessarily hold
the other way. Conversely, let M be the minimal UDFA such that there exists a
decomposition of M, which includes the automaton A,,;,. Except for finitely many
cases where sc(M) < sc(A), there exists a decomposition of M, which includes the
chosen automaton A. Again it suffices to take the same second automaton as a
part of the decomposition. Therefore the cardinality of £4 would not change, if we
defined it as the family of languages such that A is a part of a decomposition of
their minimal automaton. In fact the cardinality of £, is the same as the cardinality
of natural numbers, since this family is infinite and the family of all unary regular

languages is countably infinite.

Finally, we shall consider a finite unary regular language L. Let A be an arbitrary
UDFA accepting the language L. Note that if A is minimal, it has the cycle of length

one. We prove that A is not a part of a decomposition of any minimal automaton.
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Theorem 14. Let A be a UDFA of size (A, ji) such that F™ = and F'ei £ ().
There does not exist any language such that A is a part of a decomposition of its

minimal automaton.

Proof. Let us have a UDFA A that satisfies the assumptions of the theorem. Thus
all states in the cycle of A are rejecting and there exists an accepting state in the
tail of A. Therefore L(A) is a finite language. For the contrary, let us assume
that there exists a language L such that A is a part of a decomposition of its
minimal automaton M. Thus there exists a UDFA B such that L = L(A) N L(B)
and for the state complexities of these automata it holds that sc(A) < sc(M) and
sc(B) < sc(M). Since L = L(A) N L(B) and L(A) is a finite language, it holds that
L is also a finite language. However, all finite unary languages are undecomposable,
thus M is undecomposable. This contradicts the assumption that A is a part of a
decomposition of M. Therefore there does not exist a language such that A is a part

of a decomposition of its minimal automaton. O

Corollary 2. Let L be a finite nonempty unary reqular language. Let A be an
arbitrary UDFA accepting the language L. Then the family L4 is empty.

In other words, no finite nonempty unary regular language L provides useful
information for some problem. Since a* and empty language also do not provide
useful information for any problem, we covered all unary regular languages. Therefore

we obtain the following.

Corollary 3. Let L be an arbitrary unary reqular language. Let A be an arbitrary

UDFA accepting the language L. Then the family L is either infinite or empty.

In other words, every unary language L either provides useful information for

infinitely many problems or does not provide useful information for any problem.

2.3 Relations

Let UDFAs A and B be given, both minimal for their respective languages. Let us

have the following statements.

(i) L(B) Jins L(A), i.e., L(B) provides useful information for L(A)
(i) L(A) € L(B).
(iii) L4 C Lp.

In this section we shall explore relations between these statements, i.e., whether one
of them implies another or whether some of them are equivalent. We shall discuss

the relation between (i) and (ii) in Section 2.3.1, the relation between (ii) and (iii) in
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Section 2.3.2 and the relation between (i) and (iii) in Section 2.4. First, we prepare
the framework for proving that some implications between the above statements
do not hold. We formulate and prove lemma that allows us to prove that for the
given UDFAs A and B there does not exist a decomposition of A, which includes

the automaton B.

Lemma 7. Let A be a UDFA of size (A4,0) and B be a UDFA of size (Ag,0).
Moreover, let both be the minimal automata accepting their respective languages. Let
Aa=pit .. pltoand A :pfl e pfl, where for all v € N, 1 < <, it holds that p;
is a prime and o; + B; > 1.3 If for alli € N, 1 < i <, it holds that B; < o, then

there does mot exist a decomposition of A, which includes the automaton B.

By Fundamental Theorem of Arithmetic (Theorem 1), it follows that A4 and
Ap have prime-power factorization which is unique, apart from permutations of the
factors. We can add to this factorization other primes in the zero power. Therefore
two different positive integers A4 and Ag can be written as a product of powers of

the same primes and the formulation of Lemma 7 is correct.

Proof. Let us have UDFAs A and B of sizes (A4,0) and (Ag,0), respectively. Let
them be the minimal UDFAs accepting the languages L(A) and L(B). Let Ay =
pSt. pMand Ag = pit ... p', where for all i € N, 1 < i < [, it holds that p; is
a prime, «;, 3; € N, and ; < ;. For a contrary, let us assume that there exists a
decomposition of A which includes the UDFA B. Thus there exists the minimal
UDFA (" of size (A¢, p1c) such that s¢(C’) < sc¢(A) and L(A) = L(B) N L(C"). Then
by Theorem 9, it follows that there exists a decomposition of A formed by B and a
UDFA C of size (A¢,0).

Using Theorem 7, we obtain that there exists a UDFA of size (lem(Ag, A¢),0)
accepting the language L(B) N L(C) = L(A). Since A is the minimal UDFA
accepting this language, using Theorem 5, we obtain that A4 | lem(Ag, A¢). Thus
lem(Ag,Ac) = pi" ... p/'e, where for all i € N, 1 <4 <[, it holds that v, > «;
and p; 1 . In the canonical representation of lem(Ag, A¢), the exponent of a prime
p is maximum of exponents of the prime p in canonical representations of Ag and
Ac. Since Ag 1 and for all i € N, 1 <4 <, it holds that §; < 7;, we obtain that
Ac =pit ... p)'e. Thus Ao = lem(Ag, Ac) > Aa. Therefore s¢(C') > sc(A), which is
in contrary with sc(C) < se(C’) < sc(A) from above. Hence there does not exists a
decomposition of A which includes the UDFA B. O

3Note that for some 4 either o; or 3; may possibly be zero, but not both at once. If we omit p;
such that «; = 0 from expansion of )4, we obtain its canonical representation. The same holds for
AB.
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2.3.1 Relations between L(A) C L(B) and L(B) Jins L(A)

Let us have UDFAs A and B such that L(B) provides useful information for L(A),
i.e., L(B) Jins L(A). Moreover, let them be the minimal automata accepting their
respective languages. Then there exists an automaton C such that the automata
C' and B form a decomposition of A. Thus L(A) = L(B) N L(C) and for the state
complexities of these automata it holds that sc(B) < sc(A) and sc(C) < sc(A). It
is easily seen that L(A) is a subset of L(B). Moreover, L(A) is a proper subset of
L(B), since sc¢(B) < sc(A). Thus the following implication holds.

L(B) Ty L(A) = L(A) S L(B) (2.1)

Remark 7. 1t is easily seen that this result does not depend on the minimality of A
and B, since neither side of the implication 2.1 depends on the sizes of the automata
A and B. The same holds for all results in the sections 2.3 and 2.4. Thus we shall

always consider the minimal automata for the respective languages.

We shall prove that the reverse implication does not necessarily hold. Let us
have UDFAs A and B such that L(A) C L(B). We require the proper subset, since
for L(A) = L(B), the language L(B) clearly does not provide useful information
for L(A). Moreover, let us exclude the trivial cases, i.e., L(B) = a* and L(A) is a
finite language. In these cases the reverse implication to the implication 2.1 does
not hold since a* does not provide useful information for any language and the
minimal UDFA accepting any finite language is not decomposable. Let A and B
be the minimal automata accepting the languages L(A) and L(B), respectively.
Certainly there exists a language L such that L(A) = L(B) N L, e.g., the language
L(A). However, in order for L(B) to provide useful information for L(A), it must
hold that sc¢(B) < sc(A). In general this does not necessarily hold. In fact, we can
easily construct an automaton B such that B is minimal for the language L(B),
sc(B) > sc(A) and L(A) C L(B). It suffices to take the same tail and the cycle of
double length of that of A. We choose accepting states in the cycle so that B would
accept all words from the language L(A) and then we add exactly one additional
accepting state to the cycle. If we add sc¢(B) < sc(A) to our assumptions, we still
need to find an automaton C such that L(A) = L(B) N L(C) and sc(C) < sc(A). It
does not suffice to take A as an automaton C, since the inequality sc(C) < sc(A)
must be strict. We shall prove that such automaton C' does not necessarily exist by
finding an infinite sequence of pairs of languages (L2, L?), i > 1 such that for all
i > 1 it holds that L C L? and L? does not provide useful information for L2, i.e.,
L Bing Li"

Theorem 15. There exists an infinite sequence of pairs of infinite unary reqular
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languages (L, LP), i > 1, such that the following holds
() LACLP Ca
(17) sc(B;) < sc(A;)
(iii) There does not exist a decomposition of A; which includes the automaton B;.

Where by A; and B; we denote the minimal automata accepting the languages L
and LP.

Proof. Let us denote the i-th prime by p;. Let x and y be arbitrary natural numbers
such that x > y > 0. For all ¢ > 1 we shall construct a pair of unary regular
languages (L, LZ). For the construction of the i-th pair of languages we use the
i-th prime p;. Since there exist infinitely many primes, we are able to construct such
pair of languages for all ¢ > 1. Since apart from the use of p;, the construction is the
same for all pairs of languages, we omit ¢ from the indices to improve readability of

the proof.

Let us take L = {a?"*;k € N} and L* = {a”"*; k € N}. Let B be the minimal
UDFA accepting the language LZ. Since L is a properly pY-cyclic language, B
is a UDFA of size (p¥,0). Let A be the minimal UDFA accepting the language
LA. Similarly A is a UDFA of size (p®,0), since L? is a properly p*-cyclic language.
Since pY | p* and y < x, it is easily seen that LA C LZ. Since y > 0 it holds that
L? # a* and clearly both languages L4 and L? are infinite. Since y < z, it holds
that sc(B) = p¥ < p* = sc(A). Using Lemma 7, we obtain that there does not
exist a decomposition of A, which includes UDFA B. Thus for the pair of languages
(LA, LP) all three statements (4), (ii), (4ii) hold. We constructed the desired infinite

sequence of pairs of unary regular languages, hence the theorem holds. [

Remark 8. Note that by Theorem 8, it follows that the languages L, for all i > 1,
from the proof of Theorem 15 are deterministically undecomposable. However, if we
use p;p;+1 instead of the prime p; in the construction of the i-th pair of languages we
obtain decomposable languages L. Thus for all i > 1 we have L# = {a?i?i+1*; k € N}
and LB = {a?'P/s1%; | € N}. Moreover, there still does not exist a decomposition of
A; which includes B; for all i > 1, even though A; is decomposable. By A; and B;

we denote the minimal automata accepting the languages L and LP respectively.

Remark 9. Note that x and y from the proof of Theorem 15 can be arbitrary natural
numbers such that « > y > 0. Therefore the sequence of pairs of unary regular
languages constructed in the proof is parametrized by x and y. Thus we are able to
construct an infinite number of such sequences, e.g., it suffices to choose x = y + 47

and construct the sequence as in the proof of Theorem 15 for all y € N.

We shall further demonstrate that the reverse implication to the implication

2.1 does not hold by the following concrete example. We use one of the pairs of
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languages from the proof of Theorem 15.

Example 8. Let us take L4 = {a**; k € N} and L? = {a®*; k € N}. Let A and B be
the minimal UDFAs accepting these languages, thus sc(A) = 4 and sc(B) = 2. It is
easily seen that L4 C LP and sc(B) < sc(A). Using Lemma 7, we obtain that there
does not exist a decomposition of A, which includes the UDFA B. Thus L” does
not provide useful information for L4, i.e., L? Z,,; L*. Since 2 is the first prime,
(LA, LP) is the first pair in the sequence of unary regular languages constructed in

the proof of Theorem 15 for z = 2 and y = 1.

Conclusion 1. There exist unary regular languages L(A) and L(B) such that L(A) C
L(B) and L(B) Ziny L(A), where A and B are the minimal UDFAs accepting the
languages L(A) and L(DB).

Moreover, such languages as in Conclusion 1 exist even if we require L(A) and
L(B) to be infinite languages other then a* and for the automata A and B to hold
that sc¢(B) < sc(A). Thus we obtain the following.

L(A) € L(B) %> L(B) Tins L(A) (2.2)

2.3.2 Relations between L(A) C L(B) and L4 C Lp

Let us have UDFAs A and B such that £, C Lp. We further require £, # 0 to
exclude the trivial cases. If £, = ), then £4 C Lz holds for an arbitrary language
L(B). Moreover, it holds that L(A) is a finite language or a*. In both cases, it is
easily seen that L(A) C L(B) does not necessarily hold. Clearly a* or an arbitrary
finite language are not subsets of an arbitrary unary regular language L(B). We
shall prove that L(A) C L(B) holds in case of L4 # (. Suppose this does not hold,
we shall derive a contradiction using the same construction of the automaton B as

in Lemma 3 and in Lemma 4.

Theorem 16. Let A and B be arbitrary UDFAs such that ) € L4, C Lg. Then
L(A) C L(B) holds.

Proof. Let us have a UDFA A of size (\, ) and a UFDA B such that ) C L4 C Lp.
Since families £4 and Lp are nonempty, L(A) and L(B) are infinite languages
other than a*. Thus there exists an accepting state in the cycle of A and there
exists an accepting state in the cycle of B. For a contradiction, let us assume that
L(A) C L(B) does not hold. Thus there exists w in L(A) such that w ¢ L(B). Let
p be a fixed prime such that p > max{|w|,sc(A)}. We shall consider two cases

according to the existence of a rejecting state in the cycle of A.
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i) Let there exist a rejecting state in the cycle of A. We shall construct an automaton
Ay = (Qu, {a}, 0w, q0, F), where Q, = {q; | i € Z,,} and the function J,, is defined
as follows. For all ¢ in Z, it holds that 6,,(¢;, @) = ¢i+1, where + is the standard
addition on the natural numbers. For all i in Z, it holds, that 0., (qitu, @) = que1)+u
where + is the standard addition on the natural numbers and & is the operation in
the additive group (Z,,®). We shall consider two definitions of the set of accepting

states [}, for two possible relations between the size of w and pu.

a) Let |w| < p. Then for all 4 in Z,, it holds that ¢/ € F, iff ¢/* € F4. Moreover, it
holds that qﬁ‘w e F,.

b) Let |w| > p. Then for all i in Z,, it holds that ¢/ € F,, iff ¢** € F,,. Moreover,
it holds that Q| € Fy.

In other words, the automaton A,, is a UDFA of size (p, 1) with the tail identical
to the tail of the automaton A and exactly one accepting state in the cycle. In
Ay
|wl

case the state ¢/ ¥ is in the tail, the accepting state in the cycle is the first state of
the cycle, i.e., the state qf“’. Since w € L(A), using Proposition 2, we obtain that
qﬁ‘ul € I'4. Since the tails of both automata A and A, are identical in the terms of
acceptance, it holds that q"?u’“‘” € F,. In case the state ql’?u"l” is in the cycle, the only
accepting state of the cycle is exactly the state ql‘?u“r. Thus the state q“?u“" is accepting
in both cases a) and b), whether it is in the tail or in the cycle of the automaton
Ay. The automata A and A, satisfy the assumptions of Lemma 3, thus they form a

decomposition of the minimal automaton accepting the language L(A) N L(Ay).

it) Let all states in the cycle of A be accepting. Since L(A) # a*, there exists a
rejecting state in tail of A. Let ¢7' be the last rejecting state of 4, i.e., ¢2 ¢ F; and
for all j, v < 7 < A+ pu, it holds that qf € F4. We shall construct an automaton
Ay = (Qu, {a}, 0w, qv, Fi), where Qy, = {q; | i € Z,4, } and the function J,, is defined
as follows. For all ¢ in Z, it holds that 6,,(g;, @) = ¢i+1, where + is the standard
addition on the natural numbers. For all i in Z,, it holds, that dy(Gi+u, @) = qi@1)+pus
where + is the standard addition on the natural numbers and @ is the operation in
the additive group (Z,, ®). The set of accepting states F,, is defined as follows. It
holds that ¢ € F,, and for all i in Z, it holds that qf‘w € F, iff ¢! € F4. Moreover,
if Jw| > v, it holds that g/, € F,.

In other words, the automaton A,, is a UDFA of size (p, v) with the tail identical
to the tail of the automaton A and the first state of the cycle of A, is accepting. If
the state q"?u“" is in the cycle of A,, it is accepting. Let us consider the case, where
of

the state ¢{ is in the tail of A, i.e., |w| < v. Since w € L(A), using Proposition 2,
we obtain that q‘f‘u‘ € F4. Since the tail of A, is identical with the initial part of the

tail of A in the terms of acceptance, it holds that ¢** € F,. Thus the state qm is

|wl
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accepting whether it is in the tail or in the cycle of the automaton A,,. The automata
A and A, satisfy the assumptions of Lemma 4, thus they form a decomposition of

the minimal automaton accepting the language L(A) N L(A,).

In both cases i) and i) we constructed the automaton A, such that the automata
A and A, form a decomposition of the minimal automaton accepting the language
L(A) N L(A,). Therefore L(A) provides useful information for the language L(A) N
L(A,), ie., L(A) Doy L(A)N L(A,). Thus it holds that L(A) N L(A,,) € L4. Since
L4 C Lp, it holds that L(A)NL(A,) € Lg. Therefore L(B) Ty L(A)NL(Ay), ie.,
L(B) provides useful information for L(A) N L(A,). Thus there exists an automaton
B, such that L(B) N L(By,) = L(A) N L(A,).

Since in both cases i) and i) the state qm is accepting, it holds that w € L(A,).
Moreover, w € L(A), thus it holds that w € L(A) N L(A,). Since L(B) N L(B,,) =
L(A)N L(A,), w € L(B) N L(By) also holds. Thus w € L(B) which contradicts the
assumption w ¢ L(B) from above. Therefore L(A) C L(B) must hold. O

Let L(A) = L(B), then L4 = Lp holds, since L4 is a family of languages L such
that L(A) Jins L. Let L4 = Lp. Using Theorem 16 on both inclusions, we obtain

that these inclusions also hold for the respective languages if L4, = Lz # (). Thus
L(A) = L(B).

Corollary 4. Let A and B be arbitrary UDFAs such that L(A) and L(B) are infinite
languages. Then L(A) = L(B) if and only if L4 = Lp.

From Theorem 16 we obtain that the following implication holds. Moreover, using
Corollary 4, we obtain that the version of this implication with proper inclusions
also holds.

0 C LsC L= L(A)C L(B)Ca* (2.3)

We shall prove that the reverse implication does not necessarily hold. Let us
have UDFAs A and B such that L(A) C L(B). Since L4 = Lp iff L(A) = L(B), it
suffices to consider the proper inclusion. Moreover, let us exclude the trivial cases
L(B) = a* and L(A) is a finite language. If L(A) is a finite language, it holds
that £, = (). Thus L4 C Lp trivially holds. If L(B) = a*, it holds that L = 0,
since a* does not provide useful information for any language. Thus if £4 # (), the
inclusion £4 C Lp does not hold. Let A and B be the minimal automata accepting
the languages L(A) and L(B). Let M be the minimal automaton accepting the
language L(M) such that L(A) T,y L(M). In order to L4 C Lp, it must hold
that L(B) Jiny L(M) for all such automata M. However, this does not hold if
sc(B) > sc(M). Moreover, we shall prove that L(B) J;,; L(M) does not necessarily
hold even if we require sc¢(B) < sc¢(M) to hold. We prove this by finding an infinite
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sequence of unary regular languages (L, LZ LM) i > 1 such that for all i > 1
it holds that L ¢ LZ, LA 2,y LM, and L? 7,y LY. Moreover, we find such

1 )

sequence that for the minimal automata B; and M; accepting the languages L? and
LM it holds that sc(B;) < sc(M;).

Theorem 17. There exists an infinite sequence of triples of unary reqular languages
(LA LB LM), i > 1, such that the following holds

() LiCLECa

(1i) There exists a decomposition of M; which includes the automaton A;

(1ii) There does not exist a decomposition of M; which includes the automaton B;.

Where by X;, X € {A, B, M}, we denote the minimal automaton accepting the

language LX.

Proof. Let us denote the i-th prime by p;. Let o = p;147.* Let o and y be arbitrary
natural numbers such that x > y > 0. For all © > 1 we shall construct a triple
of unary regular languages (L, LZ, LM). For the construction of the i-th triple of
languages we use the i-th prime p; and «a;. Since there exist infinitely many primes,
we are able to construct such triple of languages for all ¢ > 1. Since apart of the use
of p; and «;, the construction is the same for all triples of languages, we omit ¢ from
the indices to improve readability of the proof.

Let us take LB = {a?"*;k € N}, LA = {a?"*; k € N}, and LM = {aP"**; k € N}.
Let B be the minimal UDFA accepting the language L?. Since L? is a properly pY-
cyclic language, B is a UDFA of size (p¥,0). Let A be the minimal UDFA accepting
the language L“. Since L is a properly p®-cyclic language, A is a UDFA of size (p*, 0).
Let M be the minimal UDFA accepting the language L. Similarly M is a UDFA of
size (p®«, 0), since LM is a properly p®a-cyclic language. Since pY | p® and y < x, it
is easily seen that LA C LP. Since y > 0, it holds that L? # a*. Using Lemma 7, we
obtain that there does not exist a decomposition of M, which includes the UDFA B.
Let us take the language LX = {a®*; k € N}. Let X be the minimal UDFA accepting
LX. Since L* is a properly a-cyclic language, X is a UDFA of size («, 0). Moreover,
it holds that « and p are coprime numbers. Therefore LX N LA = L. Moreover, it
holds that sc(A) < se(M) and sc(X) < sc(M). Thus the automata A and X form
a decomposition of M. Hence there exists a decomposition of M which includes
the UDFA A. Thus for the triple of languages (L#, L?, L*) all three statements
(i), (ii), (7i1) hold. We constructed the desired infinite sequence of triples of unary

regular languages, hence the theorem holds. [

Remark 10. Note that x and y from the proof of Theorem 17 can be arbitrary natural

numbers such that z > y > 0. Moreover, «; can be any natural number coprime

4The result does not depend on this particular choice of a;. We only require a; to be coprime
with p;. Thus it suffices to choose any prime other than p;, e.g., p;yra7.
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to p;. Therefore the sequence of triples of unary regular languages constructed in
the proof is parametrized by x and y and the choice of a; for all « > 1. Thus we
are able to construct an infinite number of such sequences, e.g., it suffices to choose
x =y + 47 and construct the sequence as in the proof of Theorem 17 for all y € N.

Other option is to choose a; = p;y;, 7 € N and construct the sequence for all j > 1.

We shall further demonstrate that the reverse implication to the implication 2.3
does not hold by the following concrete example. We use a modified version of one

of the triples of languages from the proof of Theorem 17.

Example 9. Let us take L4 = {a**; k € N} and L? = {a®**; k € N}. Let A and B be
the minimal UDFAs accepting these languages, thus sc(A) = 4 and sc¢(B) = 2. Let us
take LM = {a'*;k € N}. Let M be the minimal UDFA accepting the language LM,
thus sc(M) = 12. Tt is easily seen that LA C LP. Using Lemma 7, we obtain that
there does not exist a decomposition of M, which includes the UDFA B, even though
it holds that sc(B) < sc(M). Let us take LX = {a%; k € N}. Let X be the minimal
UDFA accepting the language LY, thus sc(X) = 3. It holds that LA N LY = LM,
and sc(A) < sc(M), and sc(X) < sc(M). Therefore there exists a decomposition
of M, which includes the UDFA A. It suffices to take the UDFA X as the second
automaton in the decomposition. We obtain that L4 provides useful information for
LM ie., LA T, 7 LM. On the other hand L? does not provide useful information
for LM ie., L® Ay LM. Thus L4 ¢ Lp. Since 2 is the first prime, ie., p; = 2,
(LA, LP, LM) is the first triple in the sequence of unary regular languages constructed

in the proof of Theorem 17 for x =2, y = 1 and o = 3 = py4 instead of @ = pyy47.

Conclusion 2. There exist unary regular languages L(A) and L(B) such that L(A) C
L(B) and L4 ¢ Lp, where A and B are the minimal UDFAs accepting the languages
L(A) and L(B).

Moreover, such languages as in Conclusion 2 exist even if we require L(B) # a*
and for all UDFAs M such that L(M) € L4 to hold that sc¢(B) < sc(M). Thus we
obtain the following.

L(A) € L(B) = L C Ls (2.4)

2.4 Non-transitivity of the relation J;,;

Let us have UDFAs A and B, both minimal for their respective languages. We shall

consider the following implication.

L(B) —inf L(A) — ﬁA - £B (25)
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This implication is related to a transitivity of the relation provide useful information
Tins. Let us have a language L € L£4. Thus L(A) provides useful information for L,
i.e., L(A) Jiny L. Let M be the minimal automaton accepting the language L. Then
there exists a decomposition of the automaton M which includes the automaton
A. Let L(B) provide useful information for L(A), i.e., L(B) Ty L(A). Thus there
exists a decomposition of A which includes the automaton B. Then the implication
2.5 holds iff L € L. Thus L(B) provides useful information for L, i.e., L(B) ;s L.
Therefore the implication 2.5 holds iff there exists a decomposition of M which
includes the automaton B. Therefore the implication 2.5 holds iff the relation provide

useful information T,y is transitive.

Considering the informal meaning of the relation provide useful information Jipy,
we could expect that this relation is transitive. However, the entire information
provided is not necessarily useful. Let L(B) provide useful information for L(A).
This does not necessarily mean that the whole information provided by L(B) is
useful for L(A). Only part of this information may be useful. Let L(C') provide
useful information for L(B). If L(C) provides L(B) that part of the information that
is not useful for L(A), then naturally L(C') does not provide any useful information
for L(A). Hence according to this informal consideration, the relation provide useful
information Ty is not necessarily transitive. We shall prove this counterintuitive
fact by finding an infinite sequence of triples of unary regular languages (L, LB, LY),
@ > 1 such that they break the transitivity of the relation J;,;. Thus for all i > 1 it
holds that LZ 3,y L, LY Dy LP, however, LY Ay, L1

Theorem 18. There exists an infinite sequence of triples of unary reqular languages
(LA LB LYY, i > 1, such that the following holds:

(1) There exists a decomposition of A; which includes the automaton B;.

(ii) There exists a decomposition of B; which includes the automaton C;.

(iii) There does not exist a decomposition of A; which includes the automaton C;.

Where by X;, X € {A,B,C}, we denote the minimal automaton accepting the

language LX.

Proof. Let us denote the i-th prime by p;. For all 7+ > 1, let a; be en arbitrary natural
number such that p; t @; and let 3; be an arbitrary natural number such that 3; | a;
and 1 < f3; < a;.°> Let 2 and y be arbitrary natural numbers such that z > y > 0.
For all i > 1 we shall construct a triple of unary regular languages (L#, L?, LY).
For the construction of the i-th triple of languages we use the i-th prime p;, o; and
B;. Since there exist infinitely many primes, we are able to construct such triple of

languages for all 7 > 1. Since apart of the use of p;, a; and (;, the construction is the

=
°We can choose, e.g., a; = pir15pit10 and f3; = pit1s
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same for all triples of languages, we omit ¢ from the indices to improve readability of

the proof.

Let us take LA = {a?"**; k € N}, LB = {a”"P*; k € N}, and L¢ = {a?"*; k € N}.
Let A be the minimal UDFA accepting the language L?. Since L4 is a properly
p*a-cyclic language, A is a UDFA of size (p*a,0). Let B be the minimal UDFA
accepting the language L?. Since L is a properly p¥S-cyclic language, B is a UDFA
of size (p¥(3,0). Let C be the minimal UDFA accepting the language L¢. Similarly
C is a UDFA of size (p¥,0), since L® is a properly pY-cyclic language.

Let v < a be arbitrary natural number such that lem(5, ) = . Let us take the
language L~ = {a?""*; k € N}. Let X be the minimal UDFA accepting L*. Since L*
is a properly p*~-cyclic language, X is a UDFA of size (p*y,0). Moreover, the least
common multiple of p®y and p¥f3 is p«. Therefore it holds that LXNL?Z = LA. Since
v < «a, it holds that sc(X) < sc¢(A) and since y < z, it holds that sc(B) < sc(A).
Thus the automata B and X form a decomposition of A. Hence there exists a
decomposition of A which includes the UDFA B.

Let us take the language LY = {a’*;k € N}. Let Y be the minimal UDFA
accepting LY. Since LY is a properly S-cyclic language, Y is a UDFA of size (3,0).
Moreover, p¥ and 3 are coprime numbers, thus it holds that LY N LY = LB. Since
f > 1and y > 0, it holds that sc(Y) < sc(B) and sc(C) < sc¢(B). Thus the
automata C' and Y form a decomposition of B. Hence there exists a decomposition

of B which includes the UDFA C.

Since y < z, using Lemma 7, we obtain that there does not exist a decomposition
of A, which includes the UDFA C'. Thus for the triple of languages (L4, LZ, L¢) all
three statements (7), (i), (i) hold. We constructed the desired infinite sequence of

triples of unary regular languages, hence the theorem holds. O

Remark 11. Note that x and y from the proof of Theorem 18 can be arbitrary natural
numbers such that x > y > 0. Moreover, «; can be any natural number such that
pi 1 @; and (; any natural number such that 1 < f3; | ;. Therefore the sequence
of triples of unary regular languages constructed in the proof is parametrized by x
and y and the choice of «; and [; for all ¢ > 1. Thus we are able to construct an
infinite number of such sequences, e.g., it suffices to choose x = y + 47 and construct
the sequence as in the proof of Theorem 17 for all ¥ € N. Other option is to choose
a =", Pitjt+k and [ = piyjyar, 7 € N and construct the sequence for all 7 > 1.
Moreover, in this option we can construct different sequences depending on the choice
of B;.

We shall further demonstrate that the relation provide useful information 2,y

is not transitive by the following concrete example. We use one of the triples of
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languages from the proof of Theorem 18.

Example 10. Let us take L4 = {a'?*;k € N}, L? = {a%;k € N}, and LC =
{a**;k € N}. Let A, B, and C be the minimal UDFAs accepting these languages,
thus sc(A) = 12, sc(B) = 6, and sc(C) = 2. Let us take L* = {a**;k € N}. Let
X be the minimal UDFA accepting the language L~ thus sc(X) = 4. Since the
least common multiple of 6 and 4 si 12, it holds that L? N LX = LA. Moreover,
6 = sc(B) < sc(A) = 12, and 4 = sc(X) < sc(A) = 12. Therefore UDFAs
B and X form a decomposition of A. Let us take LY = {a**;k € N}. Let Y
be the minimal UDFA accepting the language LY, thus sc(Y) = 3. It is easily
seen that LY N LY = LB. Moreover, it holds that 2 = sc(C) < sc¢(B) = 6 and
3 =sc(Y) < se(B) = 6. Therefore UDFAs C' and Y form a decomposition of B.
Using Lemma 7, we obtain that there does not exist a decomposition of A, which
includes the UDFA C. We obtain that L? provides useful information for L4, i.e.,
LB 3;,p L and LY provides useful information for L?, i.e., LY 3,y LZ. On the
other hand L¢ does not provide useful information for L4, i.e., L¢ Dinf LA. Thus
the relation J;,; is not transitive, i.e., there exists a language L, e.g., LA, such that
L€ Lpand L ¢ Lo. Therefore L¢ Tiny LP and Lp g Lc. Since 2 is the first prime,
ie., p1 =2, (LA LP, L°) is the first triple in the sequence of unary regular languages

constructed in the proof of Theorem 18 for x =2, y =1, a =3 =p;4; and 5 = a.

Conclusion 3. There exist unary regular languages L(B) and L(C) such that
L(C) Ding L(B) and L € L, where B and C are the minimal UDFAs accepting
the languages L(B) and L(C).

Moreover, we can construct an infinite sequence of such languages as in Conclusion
3. And from the proof of Theorem 18 it is easily seen that for such languages L? and
L® chosen, there exist infinitely many languages in £z — L¢. It suffices to choose
different z € N, > y, for the given y, «;, and ; to construct infinite sequence of

languages in Lg — L. Thus we obtain that the implication 2.5 does not hold, i.e.,:

L(B) Ty L(A) 5 L4 C L5 (2.6)






Chapter 3
Quality of decompositions

For a given decomposable DFA A, there may be many pairs of DFAs A; and A,
such that they form a decomposition of A. It holds that sc(A4;) < sc(A) and
sc(Ay) < sc(A). However, we can naturally expect that different DFAs A; and A
forming different decompositions of A also have different state complexities. Thus
some decompositions may be better than other. In this chapter, we shall deal with
the question, how good the given decomposition is. We shall measure the quality of
the decomposition using a g-quality function depending on the state complexities of

the automata A; and A forming the decomposition.

Notation 4. We denote the set of all decompositions of all minimal DFAs by D =
{[A1, Ag]; A : A is the minimal DFA, A; and A form a decomposition of A}.

Definition 7. We call a function ¢ : D — N such that ¢([A1, As]) = q([A2, A1]) for
all [Ay, As] € D the g-quality of decomposition.

Remark 12. Let DFAs A; and A, form a decomposition of the minimal DFA A. We
naturally require from a ¢-quality function that ¢([A1, As]) = q([A2, A1]), since by
changing the order of the automata forming the decomposition, we do not alter the

decomposition.

A g-quality function can be any reasonable function which reasonably combines
any reasonable measure of complexity of automata forming a decomposition of the
minimal DFA. Although we do not require it, we may assume that the g-quality

function returns a lower value on a decomposition with a higher quality.

In this thesis we shall consider as a g-quality function the functions sum, mazx,
and mult. We measure the sum-quality of a decomposition using the sum of the
state complexities of the automata forming the decomposition. We consider the
function sum in Section 3.2. We measure the mazx-quality of a decomposition using
the maximum of the state complexities of the automata forming the decomposition.

We consider the function max in Section 3.3. We measure the mult-quality of a

47
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decomposition using the product of the state complexities of the automata forming
the decomposition. We consider the function mult in Section 3.4. All these functions
satisfy the requirements for a reasonable ¢-quality function from above. For estimates
of bounds of these ¢-quality functions, we further need to introduce some new

notation.

Notation 5. Let A € N and let us have ¢ € N such that ¢ > 1. By p;(\) we denote
the prime p such that p | A and it holds that [{q € P;q < p,q | A}| = ¢, where by P

we denote the set of all primes.

3.1 UDFAs forming decompositions

Let L be a properly A-cyclic language, thus the minimal UDFA accepting L is a
UDFA A of size (), 0). Moreover, let L be deterministically decomposable and let
UDFAs A; of size (Aq, p1) and Ay of size (Ag, p2) form a decomposition of A. Since
A > A1 + i1, it holds that A — Ay — 1 > py. By Roll-out Lemma (Lemma 1), it follows
that we can construct a UDFA By of size (A1, A — Ay — 1) such that L(B;) = L(A4;).
Using the same technique, we can construct a UDFA By of size (A, A — Ay — 1)
such that L(Bs) = L(As). Therefore we obtain UDFAs B; and B, which form
a decomposition of A and sc¢(By) = s¢(By) = A — 1 = sc(A) — 1. Clearly these
automata are not the minimal UDFAs accepting their respective languages. However,
by adding to or removing from the UDFAs B; and By unnecessary accepting states,
we may be able to construct UDFAs M; and M, which form a decomposition of A
and it holds that sc(M;) = sc(Msy) = sc(A) —1. Moreover, they are both the minimal
UDFAs accepting the languages L(M;) and L(M,), respectively. By unnecessary
accepting states in the UDFA B, we understand states ¢®' € Fp, such that for all
words w € a* it holds that if the computation of B; on the word w ends in the state
qP', then w ¢ L. Thus if the state ¢z, was accepting and we change it to be rejecting,
we do not change the intersection L(By) N L(By) = L. Hence the newly constructed
automata form a decomposition of A. If the state ¢p, was rejecting, we can change
it to be accepting only if this change does not alter the intersection L(B;) N L(B2),
ie., if w ¢ L(B). Otherwise, the newly constructed automata would not form a

decomposition of A. We demonstrate this technique by the following example.

Example 11. Let us take the properly 6-cyclic language L = {a%; k € N}. Thus
the minimal UDFA accepting L is the UDFA A of size (6,0), where Fiy = {q{'}.
Let us take the decomposition of A formed by UDFAs A; of size (3,0) and A, of
size (2,0), where Fy, = {¢{""} and Fu, = {¢i*}. We construct the UDFA B, of
size (3,2) by rolling-out the cycle of A;. Thus Fi! = {qf'} and ng;d@ = {¢').
Similarly we construct the UDFA By of size (2,3) by rolling-out the cycle of As.
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Thus F§' = {¢,¢5”} and F = {¢f*}. Tt holds that L(B;) = L(A;) and
L(Bs) = L(Ay). Thus the UDFAs By and B, form a decomposition of A, however,

they are not the minimal UDFAs accepting their respective languages.
:
NG ;

Figure 3.1: UDFAs A; of size (3,0) and A, of size (2,0), L(A;) N L(As) = L
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Figure 3.2: UDFAs B of size (3,2) and Bs of size (2,3), L(By) N L(By) = L
@@
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Figure 3.3: UDFAs M, of size (3,2) and M, of size (2,3), L(M;) N L(My) = L

The last state in the tail of By, i.e., the state qlBl, is rejecting. We construct the UDFA
M; from B; by making this state accepting. Thus M; is the UDFA of size (3,2),
where Fi#it = {g)"", g™} and Fﬁ’fle = {¢™}. We constructed the UDFA M; form B,
by adding an unnecessary accepting state, i.e., the state ¢”*. The last state in the tail

of By, i.e., the state qf 2. is accepting. We construct the UDFA M, from By by making
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this state rejecting. Thus M, is the UDFA of size (2,3), where Figil = {¢}"'} and
F ﬁ’zde = {¢/™}. We constructed the UDFA M, form B, by removing an unnecessary
accepting state, i.e., the state ¢°'. By Proposition 2, it follows that only the
computation on the word a ends in the state ¢; in the UDFAs By and M;. Similarly
only the computation on the word a? ends in the state ¢o in the UDFAs By and M.
Thus it holds that L(M;) = L(B;)W{a} and L(My) = L(By)—{a*}. Since a ¢ L(By)
and a® ¢ L(By), it holds that L(M;) N L(M,) = L. Thus the UDFAs M, and M,
form a decomposition of A. Moreover, they are both the minimal UDFAs accepting
their respective languages and it holds that 5 = sc(M;) = sc(Ms) = sc(A) — 1.

Let L be a properly A-cyclic language, thus the minimal UDFA accepting L is a
UDFA A of size (),0). Let A be decomposable and let UDFAs A; of size (A, u2')
and A, of size (N5, u3') form a decomposition of A. From Example 11, we obtain
that sc(A;) < sc(A) — 1 and sc(As) < sc(A) — 1. Thus we have only this trivial
upper bound on the sizes of the automata forming the decomposition. However,
by Theorem 11, it follows that there exist UDFAs F; of size (AF,0) and Ej of size
(AF.0) which form an effective decomposition (Definition 5) of A, i.e., they form
a decomposition of A and it holds that lem(AF, \Y) = X\. Moreover, it holds that
AP A4 and AP | A2, Thus it is easily seen that sc(E;) < sc(A;) and sc(Ey) < sc(As).
Therefore q([E1, Es]) < q([A1, As]) for any reasonable ¢g-quality function. Thus for
any decomposition of A and for a reasonable g-quality function, there exists an
effective decomposition of A with a smaller value of the ¢-quality function. Since we
are interested in the smallest possible value of the g-quality function when dealing
with the quality of decompositions, we obtain that it suffices to consider only effective
decompositions of the minimal UDFA A accepting the properly A-cyclic language L.
We shall estimate the lower and the upper bounds of several ¢-quality functions for
effective decompositions in Sections 3.2, 3.3, and 3.4. We obtain much better upper

bounds than the trivial ones.

Let L be a properly ultimately A-cyclic language. Thus the minimal UDFA
accepting L is a UDFA A of size (A, u), where p > 1. Moreover, let L be determinis-
tically decomposable and let UDFAs A; of size (A1, 1) and Ay of size (Ag, p2) form
a decomposition of A. Using the same technique as in Example 11, we may be able
to construct UDFAs M; and Mj; such that they are both minimal accepting the lan-
guages L(M;) and L(M,), respectively, and it holds that they form a decomposition
of A. Moreover, it holds that sc(M;) = sc(My) = sc(A) — 1. Thus we have only
this trivial upper bound on the sizes of automata forming a decomposition, even for

properly ultimately A-cyclic languages.

By Theorem 9 and Theorem 10, it follows that there exists UDFAs F; of size

(AE. uF) and Es of size (\Y, u¥) such that they form a decomposition of A. Moreover,
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for the lengths of the tails it holds that u¥ < pu and p¥ < p, and for the lengths of
the cycles it holds that if u¥ = p, then \F | X\ and if u& = u, then A | \. However,
it does not necessarily hold that AP < \. If u¥ < p, in order for E; to be a part of a
decomposition it suffices to hold that A¥ < XA+ pu — pf. Thus A\F may be larger than
A. Therefore unlike decompositions of properly A-cyclic languages, we do not have a
lower estimate of the upper bound of the sizes of automata forming a decomposition
in the normal form from above than sc(A) — 1. In fact, there exist many minimal
UDFAs A such that one of the UDFAs in all existing decompositions of A has size
exactly sc(A)— 1. Moreover, there exists an edge case such that both UDFAs forming
the only existing decomposition of the minimal UDFA A have size exactly sc(A) — 1.
We present this edge case by the following example.

Example 12. We consider the properly ultimately 2-cyclic language L = {a%; k €
N} — {e}. The minimal UDFA accepting L is the UDFA A of size (2,1), where

Fa={g'}.

@@ B

Figure 3.4: UDFA A of size (2,1), L = {a**;k € N} — {¢}
Let UDFAs A; and A, form a decomposition of A. Thus it holds that sc(A;), sc(As) <

sc(A) = 3. Since a* and empty language are not a part of any decomposition, it holds
that sc(Ay), sc(Az) > 1. Therefore we obtain that sc(A4;) = sc(Ay) =2 = sc(A) — 1.
Now we must prove that there actually exists a decomposition of A. Let A; be UDFA
of size (2,0), where Fa, = {¢5"'}. Thus L(A;) = {a**;k € N}. Let A; be UDFA of
size (1,1), where Fi, = {¢i*}. Thus L(Ay) = a™*.

o oo

Figure 3.5: UDFAs A; of size (2,0) and A, of size (1,1), L(A;) N L(As) = L
It follows that L(A;)NL(Ay) = L. Thus the UDFAs A; and A, form a decomposition

of A. Moreover, since these UDFAs are the only UDFAs A, such that sc(A4,) = 2
and a* # L(A,) O L, we obtain that this is the only existing decomposition of A.

As a rough estimate of the lower bound of the sizes of automata forming a
decomposition of A in normal form, we can use lower bound of the sizes of automata

forming an effective decomposition of A.ye. Where Agyqe is a UDFA constructed
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by removing the tail from the UDFA A. If we connect the tail of A before the
start states of the automata forming the effective decomposition of A.yqe, we obtain
UDFAs forming a decomposition of A with larger state complexities. However these
automata are not necessarily minimal and their tails may be further shortened. We

can make this estimate only if the UDFA A. .. is deterministically decomposable.

3.2 Sum-quality of decompositions

Let A be the minimal DFA accepting a regular language L. Let DFAs A; and Ay form
a decomposition of A. In this section we shall provide results concerning the quality
of the decomposition measured by the sum of the state complexities of the automata
forming the decomposition, i.e., sc(A;) + sc(As). We shall call this g-quality function
sum. This ¢-quality function was considered in [3] for decompositions of the minimal

UDFAs accepting properly A-cyclic languages into two and three new automata.

Definition 8. Let DFAs A; and A, form a decomposition of the minimal DFA A.
We call the function sum : D — N defined as follows

sum([Ay, As]) = sc(Ay1) + sc(Ay)

the sum-quality of decomposition.

We shall consider only properly A-cyclic languages. Let a language L be given
and let A be the minimal UDFA accepting L. In [3] it is proven that it suffices to
consider effective decompositions of A only. Thus for a decomposition of A formed
by UDFAs A; and As, there exists an effective decomposition of A formed by UDFAs
E, and E, with a smaller or equal value of the sum of the state complexities of
the automata forming the decomposition, i.e., with a smaller or equal value of the

sum-quality function. Now we present this result.

Proposition 5 ([3]). Let L be a properly A-cyclic language for some A\ € N. Let
A be the minimal UDFA accepting the language L and let UDFAs Ay and Ay form
a decomposition of A. Then there exist UDFAs Ey and Es such that they form an
effective decomposition of A and it holds that sum([Ey, Es]) < sum([A1, As]).

In [3] we can find bounds for the sum-quality of effective decompositions of
properly A-cyclic languages. Moreover, these bounds are exact. Thus there exist
decompositions of the minimal UDFAs which sum-qualities take on these bounds.

Now, we present these bounds.

Theorem 19. Let L be a properly A-cyclic language for some A € N. Let A be the
minimal UDFA accepting the language L and let UDFAs Ay and As form an effective
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decomposition of A. Then it holds that

[2VA] < sum([Ay, A5]) < =

| Ot

Remark 13. The upper bound for the sum-quality of effective decomposition of the
minimal UDFA accepting properly A-cyclic languages were obtained in the proof of

Theorem 19 in [3] as
5

1 1
6)\ = 5)\ + §>‘
Moreover, the numbers 2 and 3 were obtain as the smallest possible numbers o > 1
and 8 > 1 which both divide A and are mutually coprime. Thus they can be replaced
with the two smallest primes which divide A, i.e., p;(A) and pa(N). Thus we obtain an

improved more general upper bound for the sum-quality of effective decomposition.

Nt 1 )\:pl(/\)+p2()‘)

0 T ) T )

Let L be a properly A-cyclic language and let A be the minimal UDFA accepting
L. Let UDFAs A; and A, form a decomposition of A. By Proposition 5, it follows
that there exists an effective decomposition of A formed by UDFAs E; and E, such
that sum([Fy, Fs]) < sum([A;, A2]). Thus the lower bound for the sum-quality
of effective decompositions of A is also the lower bound for the sum-quality of all
decompositions of A. The upper bound for the sum-quality of all decompositions of
A is only the trivial one. Thus we obtain the following bounds for the sum-quality

of all decompositions of properly A-cyclic languages.

[2vA] < sum([Ay, As]) < 2(A —1)

3.3 Max-quality of decompositions

Let A be the minimal DFA accepting a regular language L. Let DFAs A; and A,
form a decomposition of A. In this section we shall measure the quality of the
decomposition by the maximum of the state complexities of the automata forming
the decomposition, i.e., maz{sc(A1), sc(Az)}. We shall call this ¢g-quality function

max.

Definition 9. Let DFAs A; and A, form a decomposition of the minimal DFA A.
We call the function maz : D — N defined as follows

maz([Ay, As]) = max{sc(A), sc(Az)}

the max-quality of decomposition.
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We shall consider only properly A-cyclic languages. Let a language L be given and
let A be the minimal UDFA accepting L. First, we prove that for a decomposition
of A formed by UDFAs A; and A, there exists an effective decomposition of A
formed by UDFAs E; and F, with a smaller or equal value of the maximum of the
state complexities of the automata forming the decomposition, i.e., with a smaller or
equal value of the max-quality function. Thus when dealing with the max-quality
of decompositions of the minimal UDFAs accepting properly A-cyclic languages, we

can consider effective decompositions only.

Proposition 6. Let L be a properly \-cyclic language for some N\ € N. Let A be
the minimal UDFA accepting the language L and let UDFAs Ay and Az form a
decomposition of A. Then there exist UDFAs Ey and Es such that they form an
effective decomposition of A and it holds that maz([E1, E3]) < maz([Ay, As]).

Proof. Let L be a properly A-cyclic language for some A\ € N. Let A be the minimal
UDFA accepting the language L, thus A is a UDFA of size (A,0). Let UDFAs A;
of size (M}, pé') and Ay of size (M4, p3') form a decomposition of A. By Theorem
11, it follows that there exist UDFAs E; of size (A\F,0) and E; of size (\Y,0) such
that they form an effective decomposition of A. Moreover, it holds that A\¥ | A2 and
M| AL Since pft, pg > 0, we obtain that AP = sc(E;) < sc(A;) = M + pft and
N = sc(Ey) < sc(Ay) = A\§ + pgt. Without loss of generality, let sc(A;) > sc(As).
Thus max([A;, As]) = sc(A;). It holds that sc(Ey) < sc(A1) and sc(Es) < sc(Az) <
sc(Ay). Therefore we obtain that maz([Ey, Es]) < sc(A;) = max([A;, As]). O

Now, we shall provide bounds for the maz-quality of effective decompositions of

properly A-cyclic languages.

Lemma 8. Let L be a properly A-cyclic language for some X € N. Let A be the
minimal UDFA accepting the language L and let UDFAs Ay and As form an effective
decomposition of A. Then the following inequality holds:

[VA] < maz([Ar, A2))

Proof. Let L be a properly A-cyclic language for some A\ € N. Let A be the
minimal UDFA accepting L, thus A is a UDFA of size (A,0). Let UDFAs A; of
size (A1,0) and Ay of size (Ag,0) form an effective decomposition of A. Without
loss of generality, let us assume that Ay > Xg. Thus maxz([A;, A2]) = A;. For the
contrary, let us assume that [v/A] > maxz([A;, As]). Therefore it also holds that
VA > max([A1, As]). Thus we obtain that VA > )\ > \y. Since A; and A, form
an effective decomposition of A, it holds that lem(A, A2) = A. It follows that
sc(A) = lem(A, Ag) < A x dg < N2 < VN =) = sc(A). Thus we obtain the
contradiction sc(A) < sc(A). Therefore [vA] < maz([A1, Ag)). O
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Lemma 9. Let L be a properly A-cyclic language for some A € N. Let A be the
manimal UDFA accepting the language L and let UDFAs Ay and Ay form an effective
decomposition of A. Then the following inequality holds:

max([A1, Ag]) < EY
Proof. Let L be a properly A-cyclic language for some A\ € N. Let A be the minimal
UDFA accepting L, thus A is a UDFA of size (A, 0). Let UDFAs A; of size (A\1,0) and
A, of size (A2, 0) form an effective decomposition of A. Without loss of generality,
let us assume that A\; > Ay. Thus maz([A;, As]) = A;. Since A; and Ay form an
effective decomposition of A, it holds that lem(A1, Ay) = A, i.e., Ay | A, and A < A.
Therefore we obtain that A = a);, where a > 1. Since p;(\) is the smallest prime
which divides A, it holds that o > p;(A). We obtain the following
(M)A <al =
It follows that

1
A < A
()
Thus we obtain the desired inequality.
A1 = maz([Ag, Ag]) < ! A O]
e oY

Since py()) is the smallest prime number which divides A, the smallest possible
value of p;(\) is 2. Thus we obtain the following concrete upper bound for the

maz-quality of effective decompositions.

Corollary 5. Let L be a properly \-cyclic language for some X € N. Let A be the
minimal UDFA accepting the language L and let UDFAs Ay and As form an effective
decomposition of A. Then the following inequality holds:

max([A1, Ag]) < =X

N —

Lemma 8 and Lemma 9 give lower and upper bound for the maz-quality of

effective decompositions for properly A-cyclic languages.

Theorem 20. Let L be a properly \-cyclic language for some X € N. Let A be the
minimal UDFA accepting the language L and let UDFAs Ay and As form an effective
decomposition of A. Then it holds that

[VA] < maz([4r, As]) < A

p1(A)

Remark 14. Tt is easily seen than bounds given by Theorem 20 are exact. Thus for
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both bounds there exist UDFAs A; and A, which form an effective decomposition of
the minimal UDFA A and the value maz([A;, As]) is equal to this bound.

Let L be a properly A-cyclic language and let A be the minimal UDFA accepting
L. Let UDFAs A; and A, form a decomposition of A. By Proposition 6, it follows
that there exists an effective decomposition of A formed by UDFAs F; and F5 such
that max([Ey, Es]) < max([A1, As]). Thus the lower bound for the maz-quality
of effective decompositions of A is also the lower bound for the max-quality of all
decompositions of A. The upper bound for the max-quality of all decompositions of
A is only the trivial one. Thus we obtain the following bounds for the maz-quality

of all decompositions of properly A-cyclic languages.

[VA] < maz([A;, A]) < A —1

3.4 Mult-quality of decompositions

Let A be the minimal DFA accepting a unary language L. Let DFAs A; and A,
form a decomposition of A. In this section we shall measure the quality of the
decomposition by the product of the state complexities of the automata forming the

decomposition, i.e., sc(A;) * sc(Ag). We shall call this g-quality function mult.

Definition 10. Let DFAs A; and A; form a decomposition of the minimal DFA A.
We call the function mult : D — N defined as follows

mult([Ay, Asg]) = sc(Ay) * sc(Ay)

the mult-quality of decomposition.

This approach measures how far is the given decomposition from the optimal
decomposition of the minimal DFA A. By optimal, we understand a decomposition
of A formed by DFAs A; and A, such that sc(Ap) * sc(As) = sc(A). Thus using the
standard construction for intersection of L(A;) and L(Ajy), we obtain the minimal
DFA accepting the language L, i.e., the DFA A. Therefore automata forming such

decomposition can not have lower state complexities.

We shall consider only properly A-cyclic languages. Let a language L be given and
let A be the minimal UDFA accepting L. First, we prove that for a decomposition
of A formed by UDFAs A; and A, there exists an effective decomposition of A
formed by UDFAs F; and E, with a smaller or equal value of the product of the
state complexities of the automata forming the decomposition, i.e., with a smaller or
equal value of the mult-quality function. Thus when dealing with the mult-quality
of decompositions of the minimal UDFAs accepting properly A-cyclic languages, we

can consider effective decompositions only.
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Proposition 7. Let L be a properly \-cyclic language for some X € N. Let A be
the minimal UDFA accepting the language L and let UDFAs Ay and Ay form a
decomposition of A. Then there exist UDFAs Ey and Es such that they form an
effective decomposition of A and it holds that mult([Ey, Es]) < mult([Ay, As)).

Proof. Let L be a properly A-cyclic language for some A\ € N. Let A be the minimal
UDFA accepting the language L, thus A is a UDFA of size (\,0). Let UDFAs A;
of size (A, pud') and A, of size (X3!, u3') form a decomposition of A. By Theorem
11, it follows that there exist UDFAs E) of size (\F,0) and E; of size (AF,0) such
that they form an effective decomposition of A. Moreover, it holds that A\¥ | A% and
AP | Al Since pf, pst > 0, we obtain that AP = sc(E)) < sc(A;) = M + uft and
N = sc(By) < sc(Ay) = N+ pd'. Thus sc(Ey) * sc(Ey) < sc(A;) *sc(Ay). Therefore
we obtain that mult([Ey, Fs]) < mult([A;, As]). O

Now, we shall provide bounds for the mult-quality of effective decompositions of

properly A-cyclic languages.

Lemma 10. Let L be a properly A-cyclic language for some A € N. Let A be the
minimal UDFA accepting the language L and let UDFAs Ay and Ay form an effective
decomposition of A. Then the following inequality holds:

A < mult([Aq, As])

Proof. Let L be a properly A-cyclic language for some A\ € N. Let A be the minimal
UDFA accepting L, thus A is a UDFA of size (A, 0). Let UDFAs A; of size (A1, 0)
and Aj of size (A2, 0) form an effective decomposition of A. For the contrary, let us
assume that A > mult([A1, A3]) = A\ * A\y. By Theorem 7, it follows that we can
construct a UDFA B of (lem(A1, A2),0) such that L(B) = L(A;) N L(As) = L. It
follows that sc(B) = lem(A, Ag) < A x Ag < A = sc¢(A). Thus sc(B) < sc(A) which
contradicts with the minimality of the UDFA A. Therefore A < mult([A;, As]). O

Lemma 11. Let L be a properly A-cyclic language for some A € N. Let A be the
minimal UDFA accepting the language L and let UDFAs Ay and As form an effective
decomposition of A. Then the following inequality holds:

mult([Ay, Ao]) < ——_ 2

~ p1(A) = pa(A)
Proof. Let L be a properly A-cyclic language for some A\ € N. Let A be the minimal
UDFA accepting L, thus A is a UDFA of size (), 0). Let UDFAs A; of size (A\1,0) and
A, of size (Ag,0) form an effective decomposition of A. Thus mult([A;, As]) = Ay * Ag.
Since A; and A, form an effective decomposition of A, it holds that lem(A, A2) = A
and A1, Ay < A. Thus it holds that A; | A and As | A. Hence A = a\; = SAq, where
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a, > 1. We shall denote the greatest common divisor of a and § by g. Let us
assume that g > 1. We obtain the following.

Oé)\lzﬁ/\gz)\

A A
Q:&:ZGN
9 g

Moreover, it holds that [ < A and both Ay and Ay divide {. Thus [ is a common
multiple of A\; and A, strictly smaller than A which contradicts that A is the least
common multiple of \; and \,. Therefore it must hold that g = 1. Thus a and
are mutually coprime numbers. Furthermore it holds that «, 8 > 1 and they both
divides A. Thus without loss of generality it holds that a > p;(\) and 8 > pa(N).
We obtain the following.

1
pr(A) A <ad o~ pr(A) A <A Alﬁm)\
Pa(A) % Ao < By~ Ppa(A) x A <A 0 A < ! A
pa(A)
It follows that
VIS VS S WL ! A
A IOV OV WOV NPy
Thus we obtain the desired inequality.
1 2

p1(A) * pa(N)

Since p;(A) is the smallest prime number which divides A, the smallest possible
value of p1(A) is 2. Similarly po(A) is the second smallest prime number which divides
A. Thus the smallest possible value of ps(A) is 3. Therefore we obtain the following

concrete upper bound for the mult-quality of effective decompositions.

Corollary 6. Let L be a properly \-cyclic language for some X € N. Let A be the
minimal UDFA accepting the language L and let UDFAs Ay and Ay form an effective
decomposition of A. Then the following inequality holds:

1
mult([Ar, Ag)) < 6)\2

Lemma 10 and Lemma 11 give lower and upper bound for the max-quality of

effective decompositions for properly A-cyclic languages.

Theorem 21. Let L be a properly \-cyclic language for some A € N. Let A be the
minimal UDFA accepting the language L and let UDFAs Ay and As form an effective
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decomposition of A. Then it holds that

1

B () % ()

Remark 15. It is easily seen than bounds given by Theorem 21 are exact. Thus for
both bounds there exist UDFAs A; and A, which form an effective decomposition of
the minimal UDFA A and the value mult([A;, A3]) is equal to this bound.

Let L be a properly A-cyclic language and let A be the minimal UDFA accepting
L. Let UDFAs A; and A, form a decomposition of A. By Proposition 7, it follows
that there exists an effective decomposition of A formed by UDFAs F; and F, such
that mult([Ey, Es]) < mult([Ay, As]). Thus the lower bound for the mult-quality
of effective decompositions of A is also the lower bound for the mult-quality of all
decompositions of A. The upper bound for the mult-quality of all decompositions of
A is only the trivial one. Thus we obtain the following bounds for the mult-quality

of all decompositions of properly A-cyclic languages.

A < mult([Ay, Ag]) < (A —1)?






Conclusion

In this thesis we continued the research of the notion of usefulness of information
in unary deterministic finite automata setting. Given a problem, we considered a
supplementary information about an input useful, if it allowed us to solve the problem
easier. We formalized this concept using decompositions of unary deterministic finite

automata.

We defined a relation on languages provide useful information T,y such that
L(A) Dy L(B) if there exists a decomposition of the minimal UDFA B which
includes the minimal UDFA A. Next we defined the family £4 as a family of all
problems for which the language L(A) provides useful information. We proved that
L 4 is infinite iff L(A) is an infinite language other that a*. Thus every nontrivial
information is useful for infinitely many problems. On the other hand, we proved
that £4 is empty iff L(A) is a finite language or a*. Thus no trivial information is
useful for some problem. From this it follows that for all unary regular languages

L(A) the family £, is either infinite or empty.

Next, we explored relations between inclusion of families £, C Lp, inclusion
of the given languages L(A) C L(B) and the relation provide useful information,
ie., L(B) Jiny L(A). We proved that inclusion of families £4 C Lp implies the
same inclusion of respective languages, i.e., L(A) C L(B). Thus we have L4 = Lp
if and only if L(A) = L(B). However, we proved that the reverse implication does
not holds. Moreover, we found an infinite sequence of counterexamples. Trivially,
it holds that if L(B) T,y L(A), then L(A) C L(B). We proved that the reverse
implication in this case also does not hold. Moreover, we found an infinite sequence

of counterexamples.

Furthermore, we proved an counterintuitive fact that the relation provide useful
information T, s is not transitive. Thus there exist languages L(A), L(B), and L(C)
defined by UDFAs A, B, and C such that L(B) provides useful information for L(A),
L(C) provides useful information for L(B), however L(C') does not provide useful

information for L(A). Moreover, we found an infinite sequence of such triples of

languages L(A), L(B), and L(C).

We concluded this thesis with results concerning the quality of decompositions.

61
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We built on [3], where the quality of decompositions was measured using the sum of
the state complexities of automata forming a decomposition. We measured the quality
of decompositions using the maximum and the product of the state complexities of
automata forming a decomposition. In both these cases we provided exact bounds
for quality of effective decompositions of properly A-cyclic languages. Moreover, we
proved that it suffices to consider effective decompositions only, when dealing with

quality of decomposition of properly A-cyclic languages.

To conclude, we mention several problems for further research. Quality of
decompositions of properly ultimately A-cyclic languages could be examined in
more depth. It should by possible to obtain at least slightly better estimate for
bounds than the trivial ones. Also quality of decompositions into more than two
new automata could be examined. Moreover, the problem whether the implication
L4 C L => L(B) Jiny L(A) holds remains open. Also other properties of the

relation provide useful information ;5 than transitivity could be examined.
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