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Abstrakt

Práca pokračuje v skúmaní pojmu užitočnosti informácie. Skúmame problémy for-
malizované regulárnym jazykom L nad unárnou abecedou a za zložitosť problému
považujeme stavovú zložitosť minimálneho automatu A akceptujúceho jazyk L. Jazyk
Ladv nám poskytuje užitočnú informáciu o probléme L, ak nám umožní riešiť problém
ľahšie. Teda nám umožní nájsť jednoduchší problém Lnew taký, že Ladv ∩ Lnew = L.
Navyše požadujeme, aby overenie správnosti dodatočnej informácie bolo jednoduchšie
ako pôvodný problém. Na túto situáciu sa pozeráme ako na rozklad automatu A

na automaty Aadv a Anew akceptujúce jazyky Ladv a Lnew. Definujeme reláciu na
jazykoch poskytovať užitočnú informáciu a triedu všetkých problémov, pre ktoré daný
jazyk LA poskytuje užitočnú informáciu. Ukážeme, že pre ľubovoľný nekonečný jazyk
LA 6= a∗ je táto trieda nekonečná. Ďalej sa zaoberáme vzťahmi medzi inklúziou týchto
tried, inklúziou príslušných jazykov a reláciou poskytovať užitočnú informáciu. Ďalej
dokážeme intuíciou neočakávaný fakt, že relácia poskytovať užitočnú informáciu nie je
tranzitívna. Okrem toho skúmame kvalitu rozkladov, ktorú meriame ako maximum
a súčin stavových zložitostí automatov rozkladu.

Kľúčové slová: užitočnosť informácie, rada, unárny deterministický konečný auto-
mat, rozložiteľnosť, rozklad, kvalita rozkladu, sila dodatočnej informácie, stavová
zložitosť
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Abstract

In this thesis we continue the research of the notion of usefulness of information. We
formalize a problem by a unary regular language L and we measure its complexity
using the state complexity of the minimal automaton A accepting the language L.
A language Ladv provides a useful supplementary information about the problem, if
it allows us to solve the problem easier, i.e., if it allows us to find an easier problem
Lnew such that L = Ladv ∩ Lnew. Moreover, we require to check the correctness
of supplementary information to be easier than to solve the original problem. We
formalize this concept using the decomposition of the automaton A formed by
automata Aadv and Anew accepting the languages Ladv and Lnew, respectively. We
define a relation on languages provide useful information and the family of all
problems for which a given language LA provides useful information. We prove that
this family is infinite for every infinite language LA 6= a∗. We investigate relations
between inclusion of these families, inclusion of the respective languages and the
relation provide useful information. Next, we prove a counterintuitive fact that
the relation provide useful information is not transitive. Furthermore, we measure
the quality of decompositions using the maximum and the product of the state
complexities of automata forming a decomposition.

Keywords: usefulness of information, advice, unary deterministic finite automaton,
decomposability, decomposition, quality of decomposition, power of supplementary
information, state complexity





Contents

Introduction 1

1 Definitions and preliminaries 3
1.1 Number Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.2 Unary deterministic finite automata . . . . . . . . . . . . . . . . . . . 5

1.2.1 Minimal unary deterministic finite automata . . . . . . . . . . 5
1.2.2 Unary regular languages . . . . . . . . . . . . . . . . . . . . . 6

1.3 Decomposability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.3.1 Decomposability of ultimately λ-cyclic languages . . . . . . . 10
1.3.2 Decomposability of λ-cyclic languages . . . . . . . . . . . . . 13
1.3.3 Normal forms of decompositions . . . . . . . . . . . . . . . . . 15

2 Power of supplementary information 17
2.1 Decomposition lemma . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.1.1 Decomposition lemma for automata without tail . . . . . . . . 19
2.1.2 Decomposition lemma for automata with tail . . . . . . . . . 23

2.2 Cardinality of LA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.3 Relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.3.1 Relations between L(A) ⊆ L(B) and L(B) Ainf L(A) . . . . . 36
2.3.2 Relations between L(A) ⊆ L(B) and LA ⊆ LB . . . . . . . . . 38

2.4 Non-transitivity of the relation Ainf . . . . . . . . . . . . . . . . . . . 42

3 Quality of decompositions 47
3.1 UDFAs forming decompositions . . . . . . . . . . . . . . . . . . . . . 48
3.2 Sum-quality of decompositions . . . . . . . . . . . . . . . . . . . . . . 52
3.3 Max-quality of decompositions . . . . . . . . . . . . . . . . . . . . . . 53
3.4 Mult-quality of decompositions . . . . . . . . . . . . . . . . . . . . . 56

Conclusion 61

ix





List of Figures

1.1 UDFA A of size (4, 2), L(A) = {a4k+4, a4k+5; k ∈ N} . . . . . . . . . . 11
1.2 UDFA A1 of size (4, 1), L(A1) = L(A) ·∪ {a} . . . . . . . . . . . . . . 11
1.3 UDFA A2 of size (1, 2), L(A2) = a∗ − {ε, a} . . . . . . . . . . . . . . 11
1.4 UDFA A of size (6, 2), L(A) = {a6k+3, a6k+5; k ∈ N} ∪ {ε, a} . . . . . 12
1.5 UDFA A1 of size (6, 1), L(A1) = L ·∪ {a6k+7; k ∈ N} . . . . . . . . . . 12
1.6 UDFA A2 of size (3, 2), L(A) = a∗ − {a3k+4; k ∈ N} . . . . . . . . . . 13
1.7 UDFAs A1 of size (4, 0) and A2 of size (6, 0), L(A1) ∩ L(A2) = L . . . 14

2.1 UDFAs A of size (8, 0) and M of size (6, 0), L(A) = {a2k; k ∈ N} . . . 18
2.2 UDFA A of size (4, 0), L(A) = {a2k+1; k ∈ N} and constructed UDFA B 19
2.3 UDFA A of size (3, 3), L(A) = {a3k+4, a3k+5; k ∈ N} ∪ {ε, a} . . . . . 23
2.4 Constructed UDFA B of size (7, 3), L(B) = {a7k+8; k ∈ N} ∪ {ε, a} . 23
2.5 UDFA A of size (3, 4), L(A) = {a, aa}C . . . . . . . . . . . . . . . . . 26
2.6 UDFA B of size (7, 2), L(B) = {a7k+2, a7k+6; k ∈ N} ∪ {ε} . . . . . . 27
2.7 UDFA M of size (7, 3), L(M) = L(A) ∩ L(B) . . . . . . . . . . . . . 27

3.1 UDFAs A1 of size (3, 0) and A2 of size (2, 0), L(A1) ∩ L(A2) = L . . . 49
3.2 UDFAs B1 of size (3, 2) and B2 of size (2, 3), L(B1) ∩ L(B2) = L . . . 49
3.3 UDFAs M1 of size (3, 2) and M2 of size (2, 3), L(M1) ∩ L(M2) = L . . 49
3.4 UDFA A of size (2, 1), L = {a2k; k ∈ N} − {ε} . . . . . . . . . . . . . 51
3.5 UDFAs A1 of size (2, 0) and A2 of size (1, 1), L(A1) ∩ L(A2) = L . . . 51

xi





Introduction

In this thesis we shall continue the research of the notion of information. When
we consider the notion of information, we may be interested in its various aspects.
Questions concerning transmitting information were addressed first. Now several
other aspects such as amount, timeliness or usefulness are considered. We shall
focus on the notion of usefulness of information. Research of this aspect of the
notion of information was initiated at the Department of Computer Science of the
Comenius University more that fifteen years ago. Given a problem, we shall consider
a supplementary information about an input, also called an advice, useful, if it allows
us to solve the problem easier. We further require advice to be reasonable, i.e., to
check that the advice is correct should be easier than to solve the original problem.
Otherwise the advice could render the problem trivial. However, checking correctness
of the advice would be as difficult as solving the original problem. Thus we would
only transfer the complexity of the problem to another agent and not make the
problem easier.

In this thesis we formalize a problem by a regular language L, i.e., the problem
is to decide whether an input word w belongs to the language L. We formalize its
solution by an automaton A accepting the language L. We measure the complexity
of the solution using the state complexity of the automaton A. A language Ladv

accepted by an automaton Aadv provides a supplementary information (advice) about
the input word w, i.e., w ∈ Ladv, which enables us to solve a new problem Lnew

instead of the original problem L. Thus we have L = Ladv ∩ Lnew. We consider the
advice useful if the solution of the new problem, an automaton Anew accepting the
language Lnew, is simpler than the best solution of the original problem. Verifying
the correctness of the advice Ladv should also be simpler than the best solution of
the original problem. We consider the minimal automaton accepting the language
L to be the best solution of the original problem. We formalize this concept using
the notion of decomposability of finite automata in Section 1.3. In this thesis we
deal with deterministic finite automata working over a unary alphabet presented in
Section 1.2.

Given a language L, we shall explore the relation provide useful information and
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2 Introduction

the family of all problems such that L provides useful information for them. In
Section 2.2 we prove that this family is infinite if the information provided by the
language L is nontrivial, i.e., if L is an infinite language other than a∗. Otherwise
this family is empty. In Section 2.3 we explore relations between inclusion of these
families, inclusion of the given languages and the relation provide useful information.
We conclude Chapter 2 with a proof of an counterintuitive fact that the relation
provide useful information is not transitive in Section 2.4. In Chapter 3 we shall
measure quality of decompositions using the maximum and the product of the state
complexities of automata forming a decomposition. In both these cases we provide
exact bounds for quality of one type of decomposition of the subfamily of unary
regular languages.



Chapter 1

Definitions and preliminaries

For the formalization of the notion of usefulness of information we use the theory of
formal languages and automata. We shall use the standard notation, see, e.g. [1].
We shall denote the length of an input word w by |w| and the cardinality of a set S

by |S|. We shall denote the empty word by ε and the empty set by ∅. We denote
the language of all words over an unary alphabet {a} by a∗. We consider natural
numbers N including zero. By Zn we denote the set of remainders modulo n and by
⊕ we denote operation in the commutative group (Zn, ⊕), i.e., addition modulo n.
By S ⊂ T we denote that S is a not necessarily proper subset of T and by S ( T

we denote that S is a proper subset of T . If we need to stress that we unite disjoint
sets S and T , we write S ·∪ T .

We define a deterministic finite automaton DFA A as a 5-tuple (Q, Σ, δ, q0, F ),
where Q is a finite set of states, F ⊆ Q is a set of accepting states, Σ is an input
alphabet, i.e., finite set of input symbols, q0 ∈ Q is a start state and δ : Q × Σ → Q

is a transition function. We require function δ to be total. The configuration is a
2-tuple (q, u) ∈ Q × Σ∗. The step of computation ` is a relation on configurations
defined in the standard way, i.e., (q, au) ` (p, u) if δ(q, a) = p. The computation
of the automaton A on a word w is a sequence of configurations, where the first
one is (q0, w) and the last one is (p, ε) for some p ∈ Q. Moreover two consecutive
configurations in the sequence are in the relation `. An accepting computation is a
computation which ends in an accepting state p ∈ F . The language accepted by the
automaton A consists of all words w such that there exists an accepting computation
of A on the word w, i.e., L(A) = {w; w ∈ Σ∗, ∃p ∈ F : (q0, w) `∗ (p, ε)}.

We denote the state complexity of an automaton A, i.e., the number of its states,
by sc(A). We shall use labeled oriented graphs to depict a DFA, where vertices
represent states of the DFA and oriented edges labeled by sets of symbols from Σ
represent the transition function δ. A DFA Amin is minimal if there does not exist a
DFA A such that L(A) = L(Amin) and sc(A) < sc(Amin). We denote the family of

3



4 CHAPTER 1. DEFINITIONS AND PRELIMINARIES

regular languages by R, i.e., all languages accepted by deterministic finite automata.

1.1 Number Theory

First, we recall two well known theorems in the number theory, which we shall
implicitly use in this thesis without making reference to them.

Theorem 1 (Fundamental Theorem of Arithmetic, [2]). Each integer n > 1 has a
prime-power factorisation

n = pα1
1 . . . pαk

k

where p1, . . . , pk are distinct primes and α1, . . . , αk are positive integers. This
factorisation is unique, apart from permutations of the factors. We refer to this
unique factorisation as to canonical representation of n.

Theorem 2 (Euclid’s Theorem, [2]). There are infinitely many primes.

Now we recall a generalized version of the Chinese Remainder Theorem, which is
one of the key theorems used when dealing with the notion of decomposability of a
subfamily of unary regular languages.

Theorem 3 (Generalized Chinese Remainder Theorem, [2]). Let n1, . . . , nk be posi-
tive integers, and let a1, . . . , ak be any integers. Then the simultaneous congruences

x ≡ a1 (mod n1), . . . , x ≡ ak (mod nk)

have a solution x if and only if gcd(ni, nj) divides ai −aj whenever i 6= j.1 When this
condition is satisfied, the general solution forms a single congruence class (mod n),
where n is the least common multiple of n1, . . . , nk.

Remark 1. Note that if n1, . . . , nk are pairwise coprime, then gcd(ni, nj) = 1 whenever
i 6= j. Thus the condition gcd(ni, nj) | ai − aj always holds. Moreover, the least
common multiple of n1, . . . , nk is their product. Therefore we obtain a standard
version of the Chinese Remainder Theorem.

Proposition 1. Let a, c ∈ N. Moreover, let a | c and c 6= 0. Then for all n ∈ N it
holds that n mod a = (n mod c) mod a.

It is easily seen that Proposition 1 holds. For the proof we refer to [3].

1This is equivalent with the condition ai ≡ aj (mod gcd(ni, nj)) whenever i 6= j.
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1.2 Unary deterministic finite automata

We shall consider regular languages over a unary alphabet Σ = {a}. We refer to
deterministic finite automata accepting such languages as unary deterministic finite
automata, in short UDFA. In the graph representation of a UDFA there is exactly one
arrow leaving every state, since there exists only one letter in the working alphabet
and a UDFA can not halt without reading the whole input word. Thus the graph
of a UDFA consists of a chain of states. Since the set of states of a UDFA is finite,
there exists a state such that an arrow leaving this state ends in one of the previous
states on the chain. Thus a UDFA consists of an initial chain of states of possibly
zero length, we refer to this part as the tail, which is followed by the cycle of nonzero
length. Naturally we refer to the size of a UDFA by the size of the cycle and the size
of the tail. We measure the size of the tail as the number of states in the tail and
the size of the cycle as the number of states in the cycle.

Definition 1. The size of a UDFA A is the pair (λ, µ), where λ is the number of
the states in the cycle of A and µ is the number of the states in the tail of A.

Notation 1. When we say that we consider UDFA A of size (λ, µ), then we implicitly
mean that A = (QA, {a}, δA, q0, FA), where Q = {qi; i ∈ Zλ+µ} and the function δA

is defined as follows. For all i ∈ Zµ it holds that δA(qi, a) = qi+1 and for all i ∈ Zλ it
holds that δA(qi+µ, a) = q(i⊕1)+µ, where + is the standard addition on the natural
numbers and ⊕ is an operation in the additive group (Zλ, ⊕).2 If we need to further
emphasize that the state qi is a state of the automaton A, we use an upper index A,
i.e., we write qA

i . If we consider automata A1, A2, . . . , we write the sets of states
and the transition function with the lower indices 1,2 , . . . instead of the names of
the automata, e.g., Q1, δ2, etc.

1.2.1 Minimal unary deterministic finite automata

When dealing with the notion of decomposabily of unary regular languages, we are
interested in the best solution of the given problem, i.e., the minimal UDFA accepting
a given unary regular language L. Now the characterization of the minimal UDFA
follows.

Theorem 4 (Minimal UDFA characterization, [4]). A UDFA A of size (λ, µ) is
minimal if and only if both of the following conditions hold:

(i) For any proper divisor d ∈ N of λ there exists h ∈ Zλ such that qµ+h∈FA
if and

only if qµ+(h⊕d) /∈ FA, where ⊕ is an operation in the additive group (Zλ, ⊕).
2The operation ⊕ is the standard addition, however, computed modulo λ.
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(ii) If µ > 0 then qµ−1 ∈ FA if and only if qµ+λ−1 /∈ FA.

Let A be the minimal UDFA. The condition (i) says that the cycle of A can not
be replaced by a shorter cycle. The condition (ii) says that the tail of A can not
be replaced by a shorter tail. Since the last state of the cycle and the last state
of the tail are neither both accepting nor both rejecting, they can not be merged.
Thus the tail of A can not be shortened. Hence it is easily seen that the minimal
UDFA has a minimal size of both the cycle and the tail. Next, we shall present a
result concerning a relation between the sizes of the minimal and an arbitrary UDFA
accepting the same language.

Theorem 5 ([3]). Let a UDFA A of size (λA, µA) be minimal. Let B be a UDFA of
size (λB, µB) such that L(B) = L(A). Then λA | λB and µA ≤ µB.

Let A and B be UDFAs such that they satisfy the assumptions of Theorem 5. It
is easily seen that µA ≤ µB. For a proof that λA | λB we refer to [3].

1.2.2 Unary regular languages

We shall define two subfamilies of the unary regular languages according to the sizes
of the minimal UDFAs accepting these languages.

Definition 2. Let L be an infinite unary regular language and let λ ∈ N. We say
that L is λ-cyclic if there exists a UDFA A of size (λ, 0) such that L(A) = L. We say
that L is properly λ-cyclic if it is λ-cyclic, however, not λ0-cyclic for any λ0 < λ. We
say that L is ultimately λ-cyclic if for some positive integer µ there exists a UDFA
A of size (λ, µ) such that L(A) = L. We say that L is properly ultimately λ-cyclic if
it is ultimately λ-cyclic, however, not ultimately λ0-cyclic for any λ0 < λ.

Let L be a properly λ-cyclic language for some λ ∈ N. It is easily seen that
the minimal UDFA accepting the language L is a UDFA of size (λ, 0). Let L be
a properly ultimately λ-cyclic language for some λ ∈ N. It is easily seen that the
minimal UDFA accepting the language L is a UDFA of size (λ, µ), where µ ∈ N
is minimal. Thus there does not exist a UDFA with a shorter tail accepting the
language L.

Proposition 2. Let A be a UDFA of size (λ, µ). Let us have w ∈ a∗ such that
|w| = x ∈ N, i.e., w = ax. The computation of the automaton A on the word w ends
in the state

(i) qx, if x < µ

(ii) qf , f = ((x − µ) mod λ) + µ, if x ≥ µ
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Proof. Let us have a UDFA A of size (λ, µ) and a word w = ax for x ∈ N. Let x < µ.
Since for all i ∈ Zµ, it holds that δA(qi, a) = qi+1, the computation of A on w is
(q0, ax) `x (qx, ε) and ends in the state qx.

Let x ≥ µ. Since for all i ∈ Zµ, it holds that δA(qi, a) = qi+1, the computation
of A on w is (q0, ax) `µ (qµ, ax−µ) `∗ (qf , ε). By ⊕ we denote the operation in the
additive group (Zλ, ⊕), i.e., addition modulo λ. Since for all i ∈ Zλ, it holds that
δA(qi+µ, a) = q(i⊕1)+µ, it holds that f = (0 ⊕ (x − µ)) + µ. Thus the computation
ends in the state qf , where f = ((x − µ) mod λ) + µ.

Let us have a UDFA A of size (λ, µ). Let qt be an accepting state in the tail of A.
Only the computation on the word at ends in the state qt, thus at ∈ L(A). Let qc be
accepting state in the cycle of A. Computations on the words aλk+c end in the state
qc, thus the words aλk+c belong to L(A) for all k ∈ N. Therefore a properly λ-cyclic
language L is formed by words of the form aλk+x, where k, x ∈ N and 0 ≤ x < λ.
Likewise a properly ultimately λ-cyclic language L is formed by words of the form
aλk+x, where k, x ∈ N and µ ≤ x < λ + µ. Moreover, there exist finitely many words
shorter than µ which belong to L. Therefore a unary regular language consists of
words of the form aλk+x, where λ, k, x ∈ N and µ ≤ x < λ + µ, and finitely many
other short words. If all states in the cycle of A are accepting, A rejects only finitely
many words shorter than µ. Thus L(A) has a finite complement. If all states in the
cycle of A are rejecting, A accepts only finitely many words shorter than µ. Thus
L(A) is a finite language. Now we shall present one concrete form properly λ-cyclic
languages can have.

Proposition 3. Let L = {aλk+x; k ∈ N} for some integer λ ≥ 1 and x ∈ Zλ. Then
L is properly λ-cyclic language and the minimal automaton accepting L is the UDFA
A of size (λ, 0), where FA = {qx}.

It is easily seen that Proposition 3 holds. For a proof of the special case, where
x = 0, we refer to [3].

Let a language L be given. Let us have a UDFA A of size (λ, µ) accepting the
language L. We can construct a UDFA B by sequentially connecting several copies
of the cycle of A in one cycle and then adding the same tail as A has. Thus after the
last state of the first copy of the cycle of A follows the first state of the second copy
of the cycle of A, etc. After the last state of the last copy of the cycle of A follows
the first state of the first copy of the cycle of A. Thus this sequence of copies of the
cycle of A forms the cycle of the new automaton B. The UDFA B constructed in
this way accepts the same language as A, i.e., the language L. Therefore we can
construct a UDFA accepting the same language as A which length of the cycle is a
multiple of the length of the cycle of the original UDFA A.
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Theorem 6. Let A be a UDFA of size (λ, µ). Let α ∈ N, α ≥ 1. Then we can
construct a UDFA of size (αλ, µ) which accepts the language L(A).

Proof. Let us have a UDFA A of size (λ, µ) and positive integer α. We shall construct
a UDFA B = (QB, {a}, δB, q0, FB) the following way. Let QB = {qB

i ; i ∈ Zαλ+µ}.
For all i ∈ Zµ let δB(qB

i , a) = qB
i+1 and let qB

i ∈ FB iff qA
i ∈ FA. For all i ∈ Zαλ

let δB(qB
i+µ, a) = qB

(i⊕1)+µ, where ⊕ is an operation in the additive group (Zαλ, ⊕).
Moreover, let qB

i+µ ∈ FB iff qA
(i mod λ)+µ ∈ FA. Thus B is a UDFA of size (αλ, µ) with

the tail identical to the tail of A. We shall prove that L(B) = L(A).

Let us consider w ∈ a∗ such that n = |w| < µ. By Proposition 2, it follows that
the computation of A on the word w ends in the state qA

n and the computation of B

on the word w ends in the state qB
n . Since n < µ, it holds that qA

n ∈ FA iff qB
n ∈ FB.

Thus w ∈ L(A) iff w ∈ L(B).

Let us consider w ∈ a∗ such that n = |w| ≥ µ. By Proposition 2, it follows
that the computation of A on the word w ends in the state qA

a , where a = ((n −
µ) mod λ) + µ. The computation of B on the word w ends in the state qB

b , where
b = ((n − µ) mod αλ) + µ. Since λ | αλ, using Proposition 1, we obtain that
(n − µ) mod λ = ((n − µ) mod αλ) mod λ. Thus qB

b ∈ FB iff qA
a ∈ FA.3 Therefore we

obtain that w ∈ L(B) iff w ∈ L(A). This holds for all w ∈ a∗, hence L(B) = L(A).
We constructed a UDFA of desired size accepting the language L(A), thus the
theorem holds.

Let a language L be given. Let us have a UDFA A of size (λ, µ) accepting the
language L. We can construct a UDFA B by rolling-out the cycle of A, i.e., splitting
the first state of the cycle of A in to the last state of the tail and the last state of
the cycle of B several times. The UDFA B constructed in this way accepts the same
language as A, i.e., the language L. Therefore we can construct a UDFA accepting
the same language as A which has the tail arbitrary longer than the tail of the
original UDFA A.

Lemma 1 (Roll-out Lemma, [5]). Let us consider a UDFA A of size (λ, µ). Then
for any µ0 ≥ µ and for the UDFA A0 of size (λ, µ0) where the set of accepting states
is defined by

F0 = {qA0
f ∈ Q0; (∃w ∈ L(A))(qA0

0 , w) `∗
A0 (qA0

f , ε)}
it holds that L(A0) = L(A).

Now we shall present several results concerning the intersection of unary regular
languages.

3In definition of FB we have i = (n − µ) mod αλ.
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Theorem 7 ([4]). Let L1 and L2 be two unary languages accepted by UDFAs A1 and
A2 of size (λ1, µ1) and (λ2, µ2), respectively. Then we can construct a UDFA of size
(lcm(λ1, λ2), max{µ1, µ2}) which accepts the intersection of L1 and L2.

Proposition 4. Let L = {aλk; k ∈ N} for some integer λ ≥ 1. For all i in a finite
index set I, let Li = {aλik; k ∈ N}. Moreover, let the least common multiple of all λi,
i ∈ I, be λ. Then

L =
⋂
i∈I

Li

It is easily seen that Proposition 4 holds. For a proof we refer to [3].

1.3 Decomposability

For a problem given by a regular language L, we consider a supplementary information
provided by a language Ladv useful, if it allows us to solve a simpler problem Lnew

instead. As a solution of the original problem, we consider a deterministic finite
automaton A accepting the language L and as its complexity the state complexity of
A. As a solution of the new problem, we consider a deterministic finite automaton
Anew accepting the language Lnew and as its complexity the state complexity of the
automaton Anew. Since we are interested in the best solution of the given problem,
we shall consider only minimal automaton for the given language. Thus let A be
minimal. Since the new problem is simpler than the original one, it holds that
sc(Anew) < sc(A). Since the advice allows us solve a new problem instead of the
original one, it holds that L = Ladv ∩ Lnew. Moreover, verifying correctness of the
advice should be simpler than the original problem, i.e., sc(Aadv) < sc(A), where
Aadv is a deterministic finite automaton accepting the language Ladv. Since the advice
and the new problem are symmetric, we can consider advice as another new simpler
problem. Thus we can look at this as a decomposition of the original problem into
two new simpler problems, i.e., a decomposition of the language L into the languages
Ladv and Lnew. Alternatively we can look at this as a decomposition of the automaton
A into the automata Aadv and Anew, since L(A) = L(Aadv) ∩ L(Anew). And we can
look at a decomposition of L as a decomposition of its minimal automaton.

The notion of usefulness of information formalized by decomposability of au-
tomata and decomposability of languages was first defined for the deterministic
finite automata setting in [6]. Then it was further expanded for other settings, e.g.,
nondeterministic finite automata, deterministic pushdown automata, deterministic
finite automata with finite state transducers, etc. The overview can be found in
[7]. Decompositions of DFAs were further examined in [8] using the notion of prime
and composite DFA. In this paper, a DFA A is called t-composite, if there exist
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DFAs A1, . . . , At such that L(A) = ⋂t
i=1 L(Ai) and for all i ∈ N, 1 ≤ i ≤ t, it holds

that sc(Ai) < sc(A), i.e., there exists a decomposition of A into t smaller automata.
Otherwise a DFA A is called prime, i.e., A is undecomposable. In this thesis we shall
consider decompositions into two smaller automata only. Now we provide definitions
of decomposability of deterministic finite automata and unary regular languages.

Definition 3. Let A be a DFA. We say that two DFAs A1 and A2 form a decompo-
sition of A if L(A) = L(A1) ∩ L(A2), sc(A1) < sc(A), and sc(A2) < sc(A). In case
such decomposition of A exists we say that A is decomposable.

Definition 4. Let L ∈ R. We say that L is deterministically decomposable if the
minimal DFA accepting L is decomposable.

For a given problem L ∈ R, we call the information that w ∈ L(A1) an advice.
This allows as to find a simpler solution A2 instead of an original solution A, i.e., we
solve a simpler problem L(A2) instead of the original problem L.

Remark 2. Let A be the minimal DFA accepting a given language L. Note that
automata A1 and A2 do not have to be minimal for their languages in order to form
a decomposition of A. It suffices that sc(A1) < sc(A) and sc(A2) < sc(A). Thus in
order for L to be decomposable, it suffices that there exist DFAs A1 and A2 with
lower state complexities than A such that L = L(A1) ∩ L(A2).

1.3.1 Decomposability of ultimately λ-cyclic languages

We shall consider properly ultimately λ-cyclic languages. Let the language L be
given and let A be the minimal UDFA accepting the language L. Thus A is a UDFA
of size (λ, µ), where µ ≥ 1. It is easily seen that A is 2-undecomposable if λ = 1.
Hence unary regular language L is deterministically 2-undecomposable if L is a finite
language or an infinite language having a finite complement. Before we proceed to
the case λ > 1, we need to introduce some new notation.

Notation 2. For a UDFA A of size (λ, µ) we denote the states forming the tail
by Qtail

A = {qA
i ∈ QA | 0 ≤ i < µ} and the states forming the cycle by Qcycle

A =
{qA

i ∈ QA | µ ≤ i < µ + λ}. Similarly we denote the accepting states in the tail by
F tail

A = FA ∩ Qtail
A and the accepting states in the cycle by F cycle

A = FA ∩ Qcycle
A .

Remark 3. It is easily seen that QA = Qtail
A ·∪ Qcycle

A and FA = F tail
A ·∪ F cycle

A .4 Note
that Qtail

A and Qcycle
A are disjoint sets. Likewise F tail

A and F cycle
A are also disjoint sets.

Furthermore it is easily seen that |Qcycle
A | = λ and |Qtail

A | = µ.

Let λ > 1. We shall provide two examples of deterministically decomposable
properly ultimately λ-cyclic languages whose minimal UDFAs differ in the last states

4By ·∪ we denote disjoint union.
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in the tail in terms of acceptance. The last state in the tail of A and the last state in
the cycle of A are neither both accepting nor both rejecting, since A is the minimal
UDFA. First we provide an example, where the last state in the tail of A is rejecting.
Thus the last state in the cycle of A is accepting.

Example 1. Let us take L = {a4k+4, a4k+5; k ∈ N}. Let A be the minimal UDFA
accepting the language L. It holds that L is a properly ultimately 4-cyclic language
and A is the UDFA of size (4, 2), where FA = {qA

4 , qA
5 }.

qA
0 qA

1 qA
2

qA
3

qA
4

qA
5

a a

a a

aa

Figure 1.1: UDFA A of size (4, 2), L(A) = {a4k+4, a4k+5; k ∈ N}

Note that the last state in the cycle of A, i.e., the state qA
5 , is accepting and the last

state in the tail of A, i.e., the state qA
1 , is rejecting. We construct a UDFA A1 by

merging these states. Thus A1 is the UDFA of size (4, 1), where F1 = {qA1
1 , qA1

4 }.

qA1
0 qA1

1

qA1
2

qA1
3

qA1
4

a

a a

aa

Figure 1.2: UDFA A1 of size (4, 1), L(A1) = L(A) ·∪ {a}

By Proposition 2, it follows that only the computation on the word a ends in the
rejecting state qA

1 in the UDFA A and in the accepting state qA1
1 in the UDFA A1.

Thus it holds that L(A1) = L ·∪ {a}. In order for A1 to be part of a decomposition of
A, we need to find a UDFA A2 such that sc(A2) < sc(A), L(A2) ⊇ L, and a /∈ L(A2).
We shall construct such UDFA A2 using the same tail as A has and the cycle of length
one with an accepting state.5 Let A2 be the UDFA of size (1, 2), where F2 = {qA2

2 }.

qA2
0 qA2

1 qA2
2

a a a

Figure 1.3: UDFA A2 of size (1, 2), L(A2) = a∗ − {ε, a}

5It suffices to take all states in A2 except the state qA2
1 as accepting. Then A2 is the minimal

UDFA accepting the language a∗ − {a}.
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It holds that L(A2) = a∗ − {ε, a}. Since ε /∈ L, it holds that L(A2) ⊇ L. Thus
L(A1) ∩ L(A2) = L. Moreover, it holds that 5 = sc(A1) < sc(A) = 6 and 3 =
sc(A2) < sc(A) = 6. Therefore the automata A1 and A2 form a decomposition of A

which is the minimal UDFA accepting the language L. Thus L is deterministically
decomposable.

Now we provide the second example, where the last state in the tail of A is
accepting. Thus the last state in the cycle of A is rejecting.

Example 2. Let us take L = {a6k+3, a6k+5; k ∈ N} ∪ {ε, a}. Let A be the minimal
UDFA accepting the language L. It holds that L is a properly ultimately 6-cyclic
language and A is the UDFA of size (6, 2), where FA = {qA

0 , qA
1 , qA

3 , qA
5 }.

qA
0 qA

1 qA
2

qA
3 qA

4

qA
5

qA
6qA

7

a a

a

a

a

a

a

a

Figure 1.4: UDFA A of size (6, 2), L(A) = {a6k+3, a6k+5; k ∈ N} ∪ {ε, a}

Note that the last state in the cycle of A, i.e., the state qA
7 , is rejecting and the last

state in the tail of A, i.e., the state qA
1 , is accepting. We construct a UDFA A1 by

merging these states. Thus A1 is the UDFA of size (6, 1), where F1 = {qA
0 , qA

1 , qA
3 , qA

5 }.

qA1
0 qA1

1

qA1
2 qA1

3

qA1
4

qA1
5qA1

6

a

a

a

a

a

a

a

Figure 1.5: UDFA A1 of size (6, 1), L(A1) = L ·∪ {a6k+7; k ∈ N}

By Proposition 2, it follows that the computations on the words of the form a6k+7,
k ∈ N, end in the rejecting state qA

7 in the UDFA A and in the accepting state qA1
1 in

the UDFA A1. Thus it holds that L(A1) = L ·∪ {a6k+7; k ∈ N}. In order for A1 to be
part of a decomposition of A, we need to find a UDFA A2 such that sc(A2) < sc(A),
L(A2) ⊇ L, and for all k ∈ N it holds that a6k+7 /∈ L(A2). We shall construct such
UDFA A2. We need to find λ2 < λ such that λ2 | λ and for all i ∈ Zλ it holds that
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if i ≡ −1 (mod λ2), then qA
i+µ /∈ FA. This allows us to shorten the cycle of A. We

choose λ2 = 3, since it is the only integer that meets our requirements, i.e., 3 | 6 and
the states qA

2+2 and qA
5+2 are rejecting. Numbers 2 and 5 are all numbers x ∈ Z6 such

that x ≡ −1 (mod 3). We construct a UDFA A2 of size (λ2, µ), i.e., of size (3, 2),
where F2 = {qA

0 , qA
1 , qA

2 , qA
3 }. Thus all states in the cycle of A2 except the last one

are accepting and the tail of A2 is the same as the tail of A.

qA2
0 qA2

1 qA2
2

qA2
3

qA2
4

a a

a

a

a

Figure 1.6: UDFA A2 of size (3, 2), L(A) = a∗ − {a3k+4; k ∈ N}

Using Proposition 2, we obtain that the computations of A2 on the words of the
form a3k+4, k ∈ N, end in the rejecting state qA2

4 . For the odd k, these words are the
words of the form a6k+7, k ∈ N. Thus for all k ∈ N it holds that a6k+7 /∈ L(A2). All
other words that do not belong to the language L(A2) are of the form a6k+4, k ∈ N.
Using Proposition 2, we obtain that the computations of A on these words end in
the rejecting state qA

4 . Thus it holds that L(A2) ⊇ L. Therefore L(A1) ∩ L(A2) = L.
Moreover, it holds that 6 = sc(A1) < sc(A) = 8 and 5 = sc(A2) < sc(A) = 8.
Therefore the automata A1 and A2 form a decomposition of A which is the minimal
UDFA accepting the language L. Thus L is deterministically decomposable.

Techniques presented in Example 1 and Example 2 were used for a characterization
of properly ultimately λ-cyclic languages upon deterministic decomposability in [5].
We can find an alternative characterization approached from an existential viewpoint
in [8].

1.3.2 Decomposability of λ-cyclic languages

We shall consider properly λ-cyclic languages. Let the language L be given and
let A be the minimal UDFA accepting the language L. Thus A is a UDFA of size
(λ, 0). First we shall provide an example of deterministically decomposable properly
λ-cyclic language.

Example 3. Let us take L = {a12k+2, a12k+11; k ∈ N}. Let A be the minimal UDFA
accepting the language L. It holds that L is a properly 12-cyclic language and A is
the UDFA of size (12, 0), where FA = {qA

2 , qA
11}. We construct UDFAs A1 of size (4, 0)

and A2 of size (6, 0), where F1 = {qA1
2 , qA1

3 } and F2 = {qA2
2 , qA2

5 }. By Proposition 2,
it follows that the computations on the words a12k+2, k ∈ N end in the state qA1

2 in
the UDFA A1 and in the state qA2

2 in the UDFA A2. Similarly using Proposition 2,



14 CHAPTER 1. DEFINITIONS AND PRELIMINARIES

we obtain that the computations on the words a12k+11, k ∈ N end in the state qA1
3 in

the UDFA A1 and in the state qA2
5 in the UDFA A2. Thus L ⊆ L(A1) ∩ L(A2).

qA1
0

qA1
1

qA1
2

qA1
3

a a

aa

qA2
0

qA2
1 qA2

2

qA2
3

qA2
4qA2

5

a

a

a

a

a

a

Figure 1.7: UDFAs A1 of size (4, 0) and A2 of size (6, 0), L(A1) ∩ L(A2) = L

However, there are two other pairs of accepting states in the newly constructed
automata, i.e., (qA1

2 , qA2
5 ) and (qA1

3 , qA2
2 ). If there exists a word w ∈ a∗ such that the

computations of the automata A1 and A2 end in the states that form one of these
pairs, then w ∈ L(A1) ∩ L(A2) and w /∈ L. Let us consider the following systems of
congruences.

x ≡ 2 (mod 4) y ≡ 3 (mod 4)
x ≡ 5 (mod 6) y ≡ 2 (mod 6)

Using Proposition 2, we obtain that the computation on the word ax ends in the
state qA1

2 in the UDFA A1 and in the state qA2
5 in the UDFA A2 if and only if x is a

solution of the first given system of congruences. However by Chinese Remainder
Theorem (Theorem 3), it follows that there does not exists a solution x of this system,
since gcd(4, 6) = 2 - 3 = 5 − 2. Similarly using Proposition 2, we obtain that the
computation on the word ay ends in the state qA1

3 in the UDFA A1 and in the state
qA2

2 in the UDFA A2 if and only if y is a solution of the second given system of
congruences. However, by Chinese Remainder Theorem (Theorem 3), it follows that
there does not exists a solution y of this system, since gcd(4, 6) = 2 - 1 = 3 − 2. Thus
there does not exist a word w such that the computations of the automata A1 and
A2 end in the states (qA1

2 and qA2
5 ) or in the states (qA1

3 , qA2
2 ). Therefore there does

not exists w ∈ a∗ such that w ∈ L(A1) ∩ L(A2) and w /∈ L. Thus L(A1) ∩ L(A2) = L.
Moreover, it holds that 4 = sc(A1) < sc(A) = 12 and 6 = sc(A2) < sc(A) = 12.
Therefore the automata A1 and A2 form a decomposition of A which is the minimal
UDFA accepting the language L. Thus L is deterministically decomposable. Note
that A2 is not the minimal UDFA accepting the language L(A2).

Properly λ-cyclic languages were characterized upon deterministic decomposabil-
ity in [5] using Chinese Remainder Theorem (Theorem 3) and bipartite graph that
decomposes the language. Vertices in the partitions of this graph represent states of
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the newly constructed automata which form a decomposition.

Note that in the canonical representation of the size of the UDFA A from Example
3 there are two distinct primes, i.e., sc(A) = 12 = 22 ·3. This is necessary in order for
A to be decomposable. Moreover for one concrete form of properly λ-cyclic languages
it is also a sufficient condition for their decomposability.

Theorem 8 ([7]). Let n ∈ N such that n ≥ 1. Let Ln = {akn; k ∈ N}. The language
Ln is deterministically decomposable if and only if n is not a power of prime.

1.3.3 Normal forms of decompositions

Let a unary regular language L be given. Let A be the minimal UDFA accepting L.
We shall provide several normal forms of decompositions of A. First, we consider
L to be a properly ultimately λ-cyclic language. If L is decomposable, then there
exists a decomposition of A such that both UDFAs forming the decomposition have
tails shorter than or as long as the tail of A. Moreover, if a UDFA A1 which is a
part of the decomposition of A has tail of the same length as the tail of A, then the
length of the cycle of A1 divides the length of the cycle of A.

Theorem 9 ([5]). Let L be a deterministically decomposable properly ultimately
λ-cyclic language. Let A of size (λ, µ) be the minimal UDFA such that L(A) = L.
Let UDFAs A1 of size (λ1, µ1) and A2 of size (λ2, µ2) form a decomposition of A.
Moreover, let A1 and A2 be the minimal UDFAs accepting their respective languages.
If µ1 > µ, then there exists a decomposition of A formed by the UDFA A2 and a
UDFA A′

1 of size (λ1, µ). Similarly if µ2 > µ, then there exists a decomposition of A

formed by the UDFA A1 and a UDFA A′
2 of size (λ2, µ).

Theorem 10 ([5]). Let L be a deterministically decomposable properly ultimately
λ-cyclic language. Let A of size (λ, µ) be the minimal UDFA such that L(A) = L.
Let UDFAs A1 of size (λ1, µ1) and A2 of size (λ2, µ2) form a decomposition of A.
Moreover, let A1 and A2 be the minimal UDFAs accepting their respective languages.
If µ1 ≥ µ, then λ1 | λ. Similarly if µ2 ≥ µ, then λ2 | λ.

Second, we consider L to be a properly λ-cyclic language. If L is decomposable,
then there exists a decomposition of A such that both UDFAs forming the decompo-
sition have tails of zero length and the least common multiple of the lengths of the
cycles of the automata forming the decomposition is the same as the length of the
cycle of A. Moreover for every decomposition of the UDFA A formed by UDFAs A1

and A2, there exists a decomposition of A in this normal form formed by UDFAs E1

and E2 such that sc(E1) ≤ sc(A1) and sc(E2) ≤ sc(A2). This normal form is crucial
when dealing with the quality of decomposition of properly λ-cyclic languages in
Chapter 3.
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Theorem 11 ([3]). Let L be a deterministically decomposable properly λ-cyclic
language for some λ ∈ N. Let A be the minimal UDFA accepting the language L. Let
UDFAs A1 of size (λA

1 , µA
1 ) and A2 of size (λA

2 , µA
2 ) form a decomposition of A. Then

there exists a decomposition of A formed by a UDFA E1 of size (λE
1 , 0) and a UDFA

E2 of size (λE
2 , 0). Moreover, it holds that lcm(λE

1 , λE
2 ) = λ, λE

1 | λA
1 , and λE

2 | λA
2 .

If a decomposition is in the normal form given by Theorem 11, we say that it is
an effective decomposition.

Definition 5. Let A be a UDFA of size (λ, 0) for some λ ∈ N. Let UDFAs A1 of size
(λ1, 0) and A2 of size (λ2, 0) form a decomposition of A. We say that the UDFAs A1

and A2 form an effective decomposition of A if lcm(λ1, λ2) = λ.



Chapter 2

Power of supplementary
information

We consider a supplementary information or an advice about an input useful if it
allows us to solve a problem easier. The previous research of the notion of usefulness
of information dealt with the question, whether there exists useful advice for a given
problem. In this chapter, we shall deal with the question, how powerful is a given
advice. Moreover, we compare the power of different advices and explore how a
relation between these powers depends on a relation between the respective advices.
By this question, we understand for how many problems is the given advice useful
and how the number of these problems depends on the complexity of the advice.
Using the notion of automata decomposability, we can formulate this question as
follows: for how many languages is a given DFA A a part of a decomposition of their
minimal automaton. And how the number of these languages depends on the size of
A.

We define a relation on languages provide useful information. The language LA

provides useful information for LB if the information about an input w ∈ LA, i.e.,
the advice LA, is useful for the problem LB. We further define the family of all
problems for which LA provides useful information. To address our question, we
shall deal with a cardinality of this family for different languages LA in Section 2.2.
Next, we shall deal with relations between inclusion of these families, inclusion of
the given languages and the relation provide useful information in Section 2.3 and
Section 2.4.

Definition 6. Let LA, LB ∈ R. Let A and B be the minimal DFAs accepting these
languages. Let us define a relation provide useful information Ainf⊆ R×R such that
(LA, LB) ∈Ainf (we write LA Ainf LB) if and only if there exists a decomposition of
B which includes the DFA A.

17
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Notation 3. Given a language LA, let us have a DFA A such that L(A) = LA. We
denote by LA the family of languages such that a language L ∈ LA iff LA Ainf L.

In other words, for a given language LA and an arbitrary automaton A accepting
this language, the family LA is a family of all problems, for which the language LA

provides useful information. Thus L ∈ LA iff there exists a decomposition of the
minimal automaton accepting the language L which includes the minimal automaton
Amin accepting the language LA.

Let us note that A does not have to be a part of a decomposition of the minimal
automaton accepting the language L. It suffices to have some automaton accepting
the language LA which is a part of a decomposition.1 This definition corresponds with
our perception of LA as a family of all problems, for which the language LA provides
useful information. Since A may be an automaton of an arbitrary size, even much
larger than the minimal automaton accepting the language LA, there may exist some
languages, whose minimal automata are smaller than A. However LA still provides
useful information for them. This occurs if the minimal automaton accepting LA

has lower state complexity than the minimal automata accepting these languages. If
we require A to be a part of a decomposition, we exclude these languages from the
family LA just because we have chosen an automaton A with large state complexity
for the language LA. We shall demonstrate this by the following example.

Example 4. Let us have L(A) = {a2k; k ∈ N}. Let us choose A to be the UDFA
of size (8, 0) such that FA = {qA

i ; 2 | i}. Let us have L = {a6k; k ∈ N}. Thus L is
6-cyclic language and the minimal automaton accepting L is the UDFA M of size
(6, 0) such that FM = {qM

0 }.

qA
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qA
1

qA
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qA
3

qA
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qA
5

qA
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a
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0

qM
1 qM
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3
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4qM
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a

a

Figure 2.1: UDFAs A of size (8, 0) and M of size (6, 0), L(A) = {a2k; k ∈ N}

It holds that L = L(A) ∩ {a3k; k ∈ N}. Since L(A) is 2-cyclic language, the minimal
automaton accepting the language L(A) is the UDFA Amin of size (2, 0), where

1If there exists a UDFA A′ accepting LA which is a part of a decomposition, there exixts also a
decomposition which includes the minimal UDFA Amin accepting the language LA.
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Fmin = {qAmin
0 }. It is easily seen that there exists a decomposition of M which

includes an automaton accepting the language L(A), e.g., Amin. Thus L(A) provides
useful information for L, i.e., L(A) Ainf L. Hence it holds that L ∈ LA, even though
sc(A) > sc(M).

2.1 Decomposition lemma

Let a unary regular language L be given. Let A be an arbitrary UDFA accepting the
language L, not necessarily minimal. We shall construct a second UDFA B such that
the UDFAs A and B form a decomposition of the minimal automaton accepting the
language L ∩ L(B). We require the construction of B to be as general as possible,
i.e., to allow us to construct many automata B, such that they have the required
property. We also require the construction of B to be simple in order to use it in
many situations. We shall consider A with the tail of zero length in Section 2.1.1
and A with the tail of nonzero length in Section 2.1.2.

2.1.1 Decomposition lemma for automata without tail

First, we shall consider an arbitrary UDFA A with a tail of zero length. The
automaton A does not have to be the minimal UDFA accepting the language L(A).
We propose a construction of a UDFA B such that they form a decomposition of the
minimal automaton accepting the intersection of the languages L(A) and L(B). We
shall demonstrate our approach by the following example and then we proceed to
the formulation of the lemma.

Example 5. Let us have the UDFA A of size (4, 0) such that FA = {qA
1 , qA

3 }. Clearly
A is not the minimal UDFA, since A accepts all words of the odd length. Thus
L(A) = {a2k+1; k ∈ N}. We shall consider the UDFA B of size (5, 0) such that
FB = {qB

2 }. Therefore L(B) = {a5k+2; k ∈ N}. Note that the size of B is greater
than the size of A and there is exactly one accepting state in B. Moreover, the cycle
of B has a prime length.
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qA
3

a a

aa
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0
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qB
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Figure 2.2: UDFA A of size (4, 0), L(A) = {a2k+1; k ∈ N} and constructed UDFA B
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It holds that L(A) ∩ L(B) = {a10k+7; k ∈ N}. Let us consider the UDFA M of
size (10, 0) such that FM = {qM

7 }. Thus L(M) = L(A) ∩ L(B). According to the
characterization of the minimal UDFA (Theorem 4), it holds that M is the minimal
automaton accepting the language L(A) ∩ L(B). Since sc(A) = 4 < 10 = sc(M)
and sc(B) = 5 < 10 = sc(M), the automata A and B form a decomposition of M .
Note that A is a part of this decomposition even though it is not the minimal UDFA
accepting the language L(A).

Lemma 2. Let A be a UDFA of size (λ, 0), such that L(A) 6= a∗ and L(A) 6= ∅. Let
us consider a UDFA B of size (p, 0), where p is a prime larger then λ. Moreover,
let B have exactly one accepting state. Let M be the minimal UDFA accepting the
language L(A) ∩ L(B). Then the automata A and B form a decomposition of M .

From the assumptions of Lemma 2 we have L(M) = L(A) ∩ L(B). In order for
A and B to form a decomposition of M , it must hold that sc(M) > sc(A) = λ and
sc(M) > sc(B) = p. Without providing a detailed construction of M , we prove
that these inequalities hold. In the proof we use the fact that we can construct
an automaton of size λp accepting the language L(A) ∩ L(B) given by Theorem 7.
Next we use the existing relation between the sizes of an arbitrary and the minimal
automaton accepting the same unary regular language given by Theorem 5.

Proof. Let us have a UDFA A of size (λ, 0) such that FA is a nonempty proper subset
of QA and λ ≥ 2 is an arbitrary natural number. Clearly L(A) 6= a∗ and L(A) 6= ∅.
Let pα1

1 pα2
2 . . . pαn

n be the canonical representation of λ. Furthermore let us have a
UDFA B of size (p, 0), where p is a prime larger than λ. Thus p is larger than pi for
all i, 1 ≤ i ≤ n. Moreover, it holds that B has a longer cycle than A. Let the set of
the accepting states FB contain exactly one state. Let us denote it qB

f .

First, we prove that L(A) ∩ L(B) 6= ∅. The set of accepting states of the
automaton A is nonempty, thus there exists an accepting state in A, let it be qA

i . We
shall consider the following system of congruences.

x ≡ f (mod p)
x ≡ i (mod λ)

Numbers p and λ are coprime. Thus by Chinese Remainder Theorem (Theorem
3), it follows that there exists a solution x of the given system of congruences. By
Proposition 2, it follows that the computation of A on the word ax ends in the state
qA

i , thus it holds that ax ∈ L(A). Similarly the computation of B on the same word
ends in the state qB

f , thus it also holds that ax ∈ L(B). Therefore ax ∈ L(A) ∩ L(B),
hence L(A) ∩ L(B) 6= ∅.

There exists an automaton accepting the language L(A) ∩ L(B). Using Theorem
7, we can construct an automaton T of size (λp, 0). Let M be the minimal UDFA
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accepting the language L(A) ∩ L(B). Thus by Theorem 5, it holds that sc(T ) =
sc(M)ϕ, ϕ ∈ N and the automaton M does not have a tail. Hence sc(M)ϕ =
pα1

1 . . . pαn
n p. Since L(A) ∩ L(B) is a nonempty language, there exists an accepting

state in M . Since L(A) 6= a∗ and L(M) ⊆ L(A), we obtain that L(M) 6= a∗. Thus
there also exists a rejecting state in M . Hence sc(M) ≥ 2 and ϕ 6= pλ. We shall
consider several possibilities for the value of ϕ.

i) Let ϕ = pβ1
1 . . . pβn

n , where βi ≤ αi for all i, 1 ≤ i ≤ n, and there exists j,
1 ≤ j ≤ n such that βj < αj. Since sc(M)ϕ = pα1

1 . . . pαn
n p, sc(M) can be written

as ppjγ, where 1 ≤ γ = pα1−β1
1 . . . pαn−βn

n . It holds that sc(B) = p, sc(A) = λ

and p > λ. Since p and pi are primes, they are greater or equal to two. Thus
we have sc(M) ≥ 2p > sc(B) > sc(A). Therefore the automata A and B form a
decomposition of the automaton M .

ii) Let ϕ = pα1
1 . . . pαn

n , thus sc(M) = p, i.e., sc(M) = sc(B). Therefore these
automata differ only in the sets of the accepting states. Moreover, it holds that
L(M) ⊆ L(B), thus FM ⊆ FB. Since FB contains exactly one state, qB

f and FM is a
nonempty set, the sets FM and FB must be equal. Hence qM

f is the only accepting
state in M . Therefore we have L(M) = L(B).

It holds that FA is a proper subset of QA, thus there exists a non-accepting
state in the automaton A, let it be qA

r . We shall consider the following system of
congruences.

x ≡ r (mod λ)
x ≡ f (mod p)

By Chinese Remainder Theorem (Theorem 3), it follows that there exists a solution x

of the given system of congruences. By Proposition 2, it follows that the computation
of A on the word ax ends in the state qA

r , thus it holds that ax /∈ L(A). Similarly the
computation of M on the word ax ends in the accepting state qM

f , thus ax ∈ L(M).
Since ax is not in L(A), it is also not in the intersection of L(A) and L(B). Since M

is the minimal automaton accepting the language L(A) ∩ L(B), we have ax /∈ L(M),
which contradicts ax ∈ L(M) from above. Hence the situation, such that sc(M) = p,
cannot occur.

iii) Let ϕ = ppβ1
1 . . . pβn

n , where βi ≤ αi for all i, 1 ≤ i ≤ n, and there exists j,
1 ≤ j ≤ n, such that βj < αj. Thus sc(M) = pα1−β1

1 . . . pαn−βn
n . Using Theorem 6,

we can construct an automaton N of the size (pα1
1 . . . pαn

n , 0) such that L(N) = L(M).
Thus sc(N) = pα1

1 . . . pαn
n = λ = sc(A), hence these automata differ only in the sets

of accepting states. Moreover, it holds that L(N) ⊆ L(A), thus FN ⊂ FA.

Let FN be a proper subset of FA. More precisely let there exist i such that
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qN
i /∈ FN and qA

i ∈ FA. We can assume this, since FA is a nonempty set. We shall
consider the following system of congruences

x ≡ i (mod λ)
x ≡ f (mod p)

By Chinese Remainder Theorem (Theorem 3), it follows that there exists a solution x

of the given system of congruences. By Proposition 2, it follows that the computation
of the automaton A on the word ax ends in the state qA

i , thus ax ∈ L(A). Using the
same argumentation, we obtain that the computation of the automaton B on the
word ax ends in the accepting state qB

f , thus ax ∈ L(B). Therefore ax ∈ L(A)∩L(B).
However, by Proposition 2, it follows that the computation of the automaton N on the
word ax ends in the state qN

i , thus ax /∈ L(N). This contradicts ax ∈ L(A) ∩ L(B) =
L(N) from above. Hence the situation, such that FN is a proper subset of FA, cannot
occur.

Let FN = FA, i.e., for every i, 1 ≤ i ≤ n, it holds that qA
i ∈ FA if and only

if qN
i ∈ FN . Since FA is a nonempty set, there exists an accepting state in the

automaton A, let it be qA
i . Thus the state qN

i is also accepting. Since p > λ ≥ 2 and
FB contains exactly one accepting state, there exists h, such that qB

h /∈ FB. We shall
consider the following system of congruences,

x ≡ i (mod λ),
x ≡ h (mod p).

By Chinese Remainder Theorem (Theorem 3), it follows that there exists a solution x

of the given system of congruences. By Proposition 2, it follows that the computation
of the automaton N on the word ax ends in the state qN

i , thus ax ∈ L(N). Similarly,
the computation of the automaton B on the word ax ends in the state qB

h , thus
ax /∈ L(B). Therefore ax /∈ L(A) ∩ L(B), thus ax /∈ L(N). This contradicts
ax ∈ L(N) from above. Hence the situation, such that FA = FN , cannot occur.
Therefore the situation, such that sc(M) = pβ1

1 . . . pβn
n , cannot occur as well.

We have discussed all possibilities for the values of ϕ. In each case we either have
that A and B form a decomposition of M or the case leads to a contradiction. Thus
the lemma holds.

Remark 4. An important observation from the proof of Lemma 2 is that the state
complexity of M , which is the minimal automaton accepting the language L(A)∩L(B),
is a product of p and at least one pi. Thus sc(M) is a product of sc(B) and at least
one prime from the canonical representation of sc(A), at least in the first power.
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2.1.2 Decomposition lemma for automata with tail

Now we shall consider an arbitrary UDFA A with a tail of nonzero length. The
automaton A does not have to be the minimal UDFA accepting the language L(A).
Similarly as in Section 2.1.1, we propose a construction of a UDFA B such that the
automata A and B form a decomposition of the minimal automaton accepting the
intersection of the languages L(A) and L(B). We shall consider two cases. The first
case such that there is at least one accepting and one rejecting state in the cycle of
the automaton A. This restricts L(A) more then just to be a nonempty language
other then ∗. It has to be an infinite language having an infinite complement. The
second case such that all states in the cycle of A are accepting and there is at least
one rejecting state in the tail of A. This restricts L(A) to an infinite language having
a finite complement. We prove that in both cases it suffices to take large enough
prime p as the length of the cycle of the automaton B and to use the same tail for
B as the initial part of the tail of A. We shall demonstrate our approach in the first
mentioned case by the following example and then we proceed to the formulation of
a generalized version of Lemma 2.

Example 6. Let us have the UDFA A of size (3, 3) such that F tail
A = {qA

0 , qA
1 } and

F cycle
A = {qA

4 , qA
5 }. Therefore L(A) = {a3k+4, a3k+5; k ∈ N} ∪ {ε, a}. Note that by

the characterization of the minimal UDFA (Theorem 4), A is the minimal UDFA
accepting the language L(A).

qA
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1 qA
2 qA

3

qA
4

qA
5

a a a
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a

a

Figure 2.3: UDFA A of size (3, 3), L(A) = {a3k+4, a3k+5; k ∈ N} ∪ {ε, a}
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Figure 2.4: Constructed UDFA B of size (7, 3), L(B) = {a7k+8; k ∈ N} ∪ {ε, a}
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We shall consider the UDFA B of size (7, 3) such that F tail
B = {qB

0 , qB
1 } and F cycle

B =
{qB

8 }. Therefore L(B) = {a7k+8; k ∈ N} ∪ {ε, a}. Note that the size of the cycle of
B is greater than sc(A) and there is exactly one accepting state in the cycle of B.
Moreover, the cycle of B has a prime length and the tail of B is the same as the tail
of A. It holds that L(A) ∩ L(B) = {a21k+1, a21k+8; k ∈ N} ∪ {ε}. Let us consider the
UDFA M of size (21, 1) such that F tail

M = {qM
0 } and F cycle

M = {qM
1 , qM

8 }. Therefore
L(M) = L(A) ∩ L(B). Since the last state of the cycle of M is rejecting and the last
state of the tail of M is accepting, by the characterization of the minimal UDFA
(Theorem 4), it holds that M is the minimal automaton accepting the language
L(A) ∩ L(B). Since sc(A) = 6 < 22 = sc(M) and sc(B) = 10 < 22 = sc(M), the
automata A and B form a decomposition of M . Note that M has a shorter tail
than A. Therefore M is a smaller UDFA than a UDFA accepting the language
L(A) ∩ L(B) given by Theorem 7 which is the one constructed using the standard
construction for the intersection of regular languages.

Lemma 3. Let A be a UDFA of size (λ, µ) such that F cycle
A is a nonempty proper

subset of Qcycle
A . Let us consider a UDFA B of size (p, µ), where p is a prime larger

than λ + µ. Moreover, let B have exactly one accepting state in the cycle and
F tail

B = F tail
A . Let M be the minimal UDFA accepting the language L(A) ∩ L(B).

Then the automata A and B form a decomposition of M .

We shall construct automata A′ and B′ by removing the tails from A and B.
Then we apply Lemma 2 to these new automata. From Lemma 2 we obtain the
minimal automaton N ′ accepting the language L(A′) ∩ L(B′). We construct an
automaton N by connecting the tail from the automaton A before the start state of
the automaton N ′ and we prove that L(N) = L(A) ∩ L(B). Then we prove that the
minimal automaton M accepting this language is larger than both automata A and
B. We shall use only the known relations between the sizes of the different automata
constructed in the proof and the lower bound on the size of N ′ obtained from the
proof of Lemma 2.

Proof. Let us have a UDFA A of size (λ, µ) such that F cycle
A is a nonempty proper

subset of Qcycle
A and λ ≥ 2, µ ≥ 1 are arbitrary natural numbers. Thus L(A) is an

infinite language having an infinite complement. Furthermore let us have a UDFA B

of size (p, µ), where p is a prime larger than λ + µ. Thus the cycle of B is longer
than sc(A). Moreover, let B have exactly one accepting state in the cycle and the
tail same as the tail of A.

We shall construct an automaton A′ by removing the tail from the automaton
A. Formally A′ = (QA′ , {a}, δA′ , qµ, FA′), where QA′ = Qcycle

A , FA′ = F cycle
A and δA′ =

δA|Qcycle
A ×{a}. Thus A′ is a UDFA of size (λ, 0) and FA′ is a nonempty proper subset of
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QA′ . Hence L(A′) 6= ∗ and L(A′) 6= ∅. Similarly we shall construct an automaton B′

by removing the tail from the automaton B. Formally B′ = (QB′ , {a}, δB′ , qµ, FB′),
where QB′ = Qcycle

B , FB′ = F cycle
B and δB′ = δB|Qcycle

B ×{a}. Thus B′ is a UDFA of size
(p, 0), where p > λ + µ, hence p > λ. Moreover, B′ has exactly one accepting state,
since there is exactly one accepting state in the cycle of B. Therefore automata A′

and B′ meet the assumptions of Lemma 2, thus they form a decomposition of the
minimal automaton accepting the language L(A′) ∩ L(B′). We denote it by N ′. For
technical purposes, let the state qN ′

µ be the start state of the automaton N ′. Likewise
the state qA′

µ is the start state of the automaton A′ and qB′
µ is the start state of the

automaton B′.

We shall construct an automaton N by connecting the tail of the automaton
A before the start state of the automaton N ′. Formally N = (QN , {a}, δN , q0, FN),
where QN = QN ′ ·∪ Qtail

A , FN = FN ′ ·∪ F tail
A and δN = δN ′ ·∪ δA|Qtail

A ×{a}. We shall
prove that automaton N accepts the language L(A) ∩ L(B). We constructed the
automaton A′ by removing the tail from automaton A, thus the words accepted by
the automaton A′ are suffixes of the words accepted by the automaton A. Hence
for all words w ∈ a∗ it holds that w ∈ L(A′) iff aµw ∈ L(A). We constructed the
automaton B′ from the automaton B the same way, thus for all words w ∈ a∗ it holds
that w ∈ L(B′) iff aµw ∈ L(B). Furthermore it holds that L(N ′) = L(A′) ∩ L(B′),
thus for all words w ∈ a∗ it holds that w ∈ L(N ′) iff aµw ∈ L(A) and aµw ∈ L(B).
We constructed the automaton N by connecting the same tail as the automata A

and B have to the automaton N ′ . Therefore the words accepted by the automaton
N ′ are suffixes of the words accepted by the automaton N . Hence for all words
w ∈ a∗ it holds that w ∈ L(N ′) iff aµw ∈ L(N). Moreover, the computations of the
automata N, A, B on the words shorter than µ end in the same state in the terms of
acceptance in all three automata. Thus it is easily seen that L(N) = L(A) ∩ L(B).

Let M be the minimal automaton accepting the language L(N) = L(A) ∩ L(B).
Since the language L(N ′) is formed by the suffixes of the words from L(N) = L(M),
for all words w ∈ a∗ it holds that w ∈ L(N ′) iff aµw ∈ L(M). We shall construct an
automaton M ′ by removing the tail of the automaton M . Since M is the minimal
automaton accepting the language L(N), by Theorem 5, it holds that |Qtail

M | ≤ µ.
Thus by Proposition 2, it follows that the computation of the automaton M on
the word aµ ends in the state qM

s , where s = ((µ − |Qtail
M |) mod |Qcycle

M |) + |Qtail
M |.

Moreover, the state qM
s is in the cycle of M . We make the state qM ′

s the start
state of the automaton M ′. Thus the computation of the automaton M ′ on a
word w ∈ ∗ is the same as the computation of the automaton M on a word aµw.
Formally M ′ = (QM ′ , {a}, δM ′ , qs, FM ′), where QM ′ = Qcycle

M , FM ′ = F cycle
M and

δM ′ = δM |Qcycle
M ×{a}. The automaton M ′ accepts the suffixes of the words accepted
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by the automaton M . In particular for all w ∈ a∗ it holds that w ∈ L(M ′)
iff aµw ∈ L(M). Thus L(M ′) = L(N ′). Since N ′ is the minimal automaton
accepting the language L(M ′), it holds that sc(M ′) ≥ sc(N ′). Since we constructed
the automaton M ′ from the automaton M by removing the tail, it holds that
sc(M ′) ≤ sc(M).

From the proof of Lemma 2 we know that the cycle of the automaton N ′ has the
size ppiγ, where pi is a prime from the canonical representation of λ, p is a prime
larger then λ + µ and γ is any natural number except zero. Since pi is a prime, it
holds that pi ≥ 2, thus the size of the cycle of N ′ is at least 2p. We obtain that
2p ≤ sc(N ′) ≤ sc(M ′) ≤ sc(M). It holds that sc(A) = λ + µ < p < 2p and also
sc(B) = p + µ < p + p = 2p. Hence both automata A and B are smaller then
the automaton M . Furthermore, it holds that L(M) = L(A) ∩ L(B) and M is the
minimal automaton accepting this language. Thus the automata A and B form a
decomposition of M . Hence the lemma holds.

Now we shall consider the second case mentioned above, i.e., we consider an arbi-
trary UDFA A such that L(A) is an infinite language having an infinite complement.
Thus all states in the cycle of A are accepting. We shall demonstrate our approach
to the construction of a UDFA B by the following example and then we proceed to
the formulation of the lemma.

Example 7. Let us have the UDFA A of size (3, 4) such that F tail
A = {qA

0 , qA
3 } and

F cycle
A = Qcycle

A . Therefore the language L(A) is a complement of the finite language
{a, aa}. The state qA

2 is the last rejecting state in the automaton A.

qA
0 qA

1 qA
2 qA

3 qA
4

qA
5

qA
6

a a a a

a

a

a

Figure 2.5: UDFA A of size (3, 4), L(A) = {a, aa}C

We shall consider the UDFA B of size (7, 2) such that F tail
B = {qB

0 } and F cycle
B =

{qB
2 , qB

6 }. Therefore L(B) = {a7k+2, a7k+6; k ∈ N} ∪ {ε}. Note that the size of the
cycle of B is greater than or equal to sc(A) and the first state of the cycle of B is
accepting. Furthermore the cycle of B has prime length and there exists a rejecting
state in the cycle of B. Moreover, the tail of B is the same as the initial part
of the tail of A up to the last rejecting state qA

2 . It holds that L(A) ∩ L(B) =
{a7k+9, a7k+6; k ∈ N} ∪ {ε}, since aa is the only word in L(B) such that it is not
in L(A). Let us consider the UDFA M of size (7, 3) such that F tail

M = {qM
0 } and

F cycle
M = {qM

6 , qM
9 }.
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Figure 2.6: UDFA B of size (7, 2), L(B) = {a7k+2, a7k+6; k ∈ N} ∪ {ε}
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Figure 2.7: UDFA M of size (7, 3), L(M) = L(A) ∩ L(B)

Therefore L(M) = L(A) ∩ L(B). Note that the last state of the cycle of M is
accepting and the last state of the tail of M is rejecting. Moreover, there exist
both rejecting and accepting states in the cycle of M and M has the cycle of a
prime length. Thus by the characterization of the minimal UDFA (Theorem 4), it
holds that M is the minimal automaton accepting the language L(A) ∩ L(B). Since
sc(A) = 7 < 10 = sc(M) and sc(B) = 9 < 10 = sc(M), the automata A and B

form a decomposition of M . However, note that both A and B are not the minimal
automata accepting their respective languages.

Lemma 4. Let A be a UDFA of size (λ, µ) such that F cycle
A = Qcycle

A and L(A) 6= a∗.
Let qA

ν ∈ Qtail
A be the last rejecting state of A, i.e., qA

j ∈ FA for all j, ν < j < λ + µ,
and qA

ν /∈ FA. Let us consider a UDFA B of size (p, ν), where p is a prime greater
than or equal to λ + µ. Let qB

ν ∈ FB and for all j, 0 ≤ j < ν, let qB
j ∈ F tail

B iff
qA

j ∈ F tail
A . Moreover, let F cycle

B be a proper subset of Qcycle
B . Let M be the minimal

UDFA accepting the language L(A) ∩ L(B). Then the automata A and B form a
decomposition of M .

Unlike in the proof of Lemma 3, we shall construct a UDFA M and prove that it
is the minimal automaton accepting the language L(A) ∩ L(B).



28 CHAPTER 2. POWER OF SUPPLEMENTARY INFORMATION

Proof. Let us have a UDFA A of size (λ, µ) such that F cycle
A = Qcycle

A , i.e., all states
in the cycle of A are accepting. Moreover, let F tail

A ( Qtail
A and µ ≥ 1, i.e., there

exists a rejecting state in tail of A. Thus L(A) 6= a∗. Let qA
ν ∈ Qtail

A be the last
rejecting state of A, i.e., qA

ν /∈ F tail
A and for all j, ν < j < µ, it holds that qA

j ∈ F tail
A .

Furthermore, let us have a UDFA B of size (p, ν), where p is a prime greater than or
equal to λ + µ. Thus the cycle of B is as long or longer than sc(A). Let qB

ν ∈ FB

and for all j, 0 ≤ j < ν, let it hold that qB
j ∈ FB iff qA

j ∈ FA. Therefore the tail of
B is the same as the initial part of the tail of A up to the state qA

ν . Moreover, let
F cycle

B ( Qcycle
B , i.e., there exists a rejecting state in the cycle of B.

We shall construct a UDFA M = (QM , {a}, δM , q0, FM), where QM = {qi; i ∈
Zp+ν+1} and the function δM is defined as follows. For all i in Zν+1 it holds that
δM (qi, a) = qi+1, where + is the standard addition on the natural numbers. For all i

in Zp it holds that δM(qi+ν+1, a) = q(i⊕1)+µ+1, where + is the standard addition on
the natural numbers and ⊕ is the operation in the additive group (Zp, ⊕). The set of
accepting states FM is defined as follows. For all i in Zν+1 it holds that qM

i ∈ FM iff
qA

i ∈ FA. For all i in Zp it holds that qM
i+ν+1 ∈ FM iff qB

(i⊕1)+ν ∈ FB, where ⊕ is the
operation in the additive group (Zp, ⊕). In other words, the automaton M is a UDFA
of size (p, ν + 1) with the same tail as the initial part of the tail of A and the same
cycle as the cycle of B, except the different first state in the cycle. Since qB

ν ∈ FB,
it holds that qM

p+ν ∈ FM . Thus the last state in the cycle of M is accepting. Since
qA

ν /∈ FA, it holds that qM
ν /∈ FM . Thus the last state in the tail of M is rejecting.

Moreover, M has the cycle of the prime size p and there exists a rejecting state in
the cycle of M , since there exists a rejecting state in the cycle of B. Therefore by the
characterization of the minimal UDFA (Theorem 4), M is the minimal automaton
accepting the language L(M). We shall prove that L(M) = L(A) ∩ L(B).

First, we shall consider w ∈ a∗ such that |w| < ν. By Proposition 2, it follows
that the computations of the automata A, B, and M on the word w all end in the
state q|w| in the respective automata. For these states it holds that qA

|w| ∈ FA iff
qB

|w| ∈ FB iff qM
|w| ∈ FM . Thus w ∈ L(M) iff w ∈ L(A) iff w ∈ L(B). Therefore

w ∈ L(M) iff w ∈ L(A) ∩ L(B).

Second, we shall consider w ∈ a∗ such that |w| > ν. Since qA
ν is the last rejecting

state in A, it holds that w ∈ L(A). Thus it holds that w ∈ L(A)∩L(B) iff w ∈ L(B).
By Proposition 2, it follows that the computation of B on the word w ends in
the state qB

((|w|−ν) mod p)+ν . Similarly the computation of M on the word w ends
in the state qM

((|w|−ν−1) mod p)+ν+1. By definition of FM from above, it holds that
qM

((|w|−ν−1) mod p)+ν+1 ∈ FM iff qB
((|w|−ν) mod p)+ν ∈ FB.2 Thus w ∈ L(M) iff w ∈ L(B).

Therefore w ∈ L(M) iff w ∈ L(A) ∩ L(B).
2As i ∈ Zp from the definition of FM we have i = (|w| − ν − 1) mod p.
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Last, we shall consider w = aν . By Proposition 2, it follows that the computation
of the automaton A on the word w ends in the state qA

ν . Since qA
ν is the last rejecting

state in A, it holds that w /∈ L(A). Thus w /∈ L(A) ∩ L(B). By Proposition 2, it
follows that the computation of M on the word w ends in the rejecting state qM

ν .
Thus w /∈ L(M).

We obtain that for all w ∈ a∗ it holds that w ∈ L(M) if and only if w ∈
L(A) ∩ L(B). Thus L(M) = L(A) ∩ L(B). For the state complexities of these
automata it holds that sc(A) = λ + µ ≤ p < p + ν + 1 = sc(M) and sc(B) = p + ν <

p + ν + 1 = sc(M). Thus it holds that the UDFAs A and B form a decomposition of
M , which is the minimal automaton accepting the language L(A) ∩ L(B). Hence
the lemma holds.

2.2 Cardinality of LA

Let a unary regular language L be given. In this section we shall explore the family
of problems for which the language L provides useful information. We prove that
there exist infinitely many such problems for a nontrivial language L. By nontrivial
we understand an infinite language other than a∗. Even though we may understand
infinite language having an finite complement as trivial, since it is a complement of
trivial language, we prove that it still provides useful information for infinitely many
problems. Therefore an automaton accepting nontrivial language has an accepting
state in its cycle.

First, we shall consider an infinite language L having an infinite complement. Let
A be a UDFA such that L(A) = L. Thus there exist an accepting and a rejecting
state in the cycle of A. To prove that LA is infinite we shall construct a sequence
of UDFAs B such that L(A) Ainf L(A) ∩ L(B). We use the same construction of
B as in Lemma 3 which depends on a chosen prime p, and a fact that there exist
infinitely many primes. First, we prove that for UDFAs B1 and B2 constructed using
different primes, it holds that L(A) ∩ L(B1) 6= L(A) ∩ L(B2). Then we proceed to
the formulation and the proof of the theorem.

Lemma 5. Let A be a UDFA of size (λ, µ) such that F cycle
A is a nonempty proper

subset of Qcycle
A . Let us consider UDFAs B1 and B2 of sizes (p1, µ) and (p2, µ)

respectively, where p1 and p2 are primes larger than λ + µ and it holds that p1 6= p2.
Let F cycle

B1 = {qB1
y } and F cycle

B2 = {qB2
y }. Moreover, let F tail

A = F tail
B1 = F tail

B2 . Then
L(A) ∩ L(B1) 6= L(A) ∩ L(B2).

Proof. Let us have UDFAs A, B1, and B2 such that they satisfy the assumptions
of the lemma. Since F cycle

A is a nonempty set, there exists an accepting state in the
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cycle of A. Let it be the state qA
acc ∈ F cycle

A . Since F cycle
A is a also a proper subset

of Qcycle
A , it holds that sc(A) ≥ 2. Since there exists exactly one accepting state in

the cycle of B2, i.e., the state qB2
y , there exists also a rejecting state in the cycle of

B2. Let it be the state qB2
rej ∈ Qcycle

B2 − F cycle
B2 . Let us consider the following system of

congruences.

z ≡ acc − µ (mod λ)
z ≡ y − µ (mod p1)
z ≡ rej − µ (mod p2)

Since p1 and p2 are primes larger than λ, by Chinese Remainder Theorem (Theorem
3), it follows that there exists a solution z of the given system of congruences. Let us
take a word w = az+µ. By Proposition 2, it follows that the computation of A on the
word w ends in the accepting state qA

acc. Thus w ∈ L(A). Similarly by Proposition 2,
it follows that the computation of B1 on the word w ends in the accepting state qB1

y

and the computation of B2 on the word w ends in the rejecting state qB2
rej. Thus it

holds that w ∈ L(B1) and w /∈ L(B2). Therefore we obtain that w ∈ L(A) ∩ L(B1),
however, w /∈ L(A) ∩ L(B2). Hence L(A) ∩ L(B1) 6= L(A) ∩ L(B2) and the lemma
holds.

Theorem 12. Let A be a UDFA of size (λ, µ) such that F cycle
A is a nonempty proper

subset of Qcycle
A . There exist infinitely many languages such that A is a part of a

decomposition of their minimal automaton.

Proof. Let us have a UDFA A that satisfies the assumptions of the theorem. Let us
denote the i-th prime by pi. Let k be the smallest natural number such that pk > λ+µ.
Such k exists, since there exist infinitely many primes. Let Pk = {pi | i ≥ k}. The
set Pk contains all primes larger than or equal to pk, thus larger then λ + µ. It is
easily seen that the set Pk is infinite.

For every pl ∈ Pk we shall construct an automaton Bl. Since the construction is
the same for every l, we omit l from the indices at p and B in the construction to
improve readability of the proof. The automaton B = (QB, {a}, δB, q0, FB), where
QB = {qi | i ∈ Zp+µ} and the function δB is defined as follows. For all i in Zµ it
holds that δB(qi, a) = qi+1, where + is the standard addition on the natural numbers.
For all i in Zp it holds that δB(qi+µ, a) = q(i⊕1)+µ, where + is the standard addition
on the natural numbers and ⊕ is the operation in the additive group (Zp, ⊕). The
set of accepting states FB is defined as follows. For all i in Zµ it holds that qB

i ∈ FB

if and only if qA
i ∈ FA. In addition, it also holds that qB

µ ∈ FB. In other words, the
automaton B is a UDFA of size (p, µ) with exactly one accepting state in the cycle
and the tail identical to the tail of the automaton A.

For every pl ∈ Pk the automata A and Bl satisfy the assumptions of Lemma 3,
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thus they form a decomposition of the minimal automaton accepting the language
L(A) ∩ L(Bl). Using Lemma 5, we obtain that L(A) ∩ L(Bl) 6= L(A) ∩ L(Bm) for
l 6= m. Therefore we obtain infinitely many languages such that the automaton A is
a part of a decomposition of their minimal automaton.

Now we shall consider an infinite language L having a finite nonempty complement.
Let A be a UDFA accepting the language L. Thus all states in the cycle of A are
accepting and there exists a rejecting state in the tail of A. Note that if A is minimal,
it has the cycle of length one. Again we shall construct a sequence of UDFAs B such
that L(A) Ainf L(A) ∩ L(B). This time we use the same construction of B as in
Lemma 4, which also depends on a chosen prime p. First, we prove that for UDFAs B1

and B2 constructed using different primes, it holds that L(A)∩L(B1) 6= L(A)∩L(B2)
and then we proceed to the formulation of the theorem.

Lemma 6. Let A be a UDFA of size (λ, µ) such that F cycle
A = Qcycle

A and L(A) 6= a∗.
Let qA

ν be the last rejecting state of A, i.e., qA
ν /∈ FA and for all j, ν < j < λ + µ it

holds that qA
j ∈ FA. Let us consider UDFAs B1 and B2 of sizes (p1, ν) and (p2, ν)

respectively, where p1 and p2 are primes greater than or equal to λ+µ and it holds that
p1 6= p2. Let F cycle

B1 = {qB1
y } and F cycle

B2 = {qB2
y }. Moreover, let F tail

B1 = F tail
A ∩ Qtail

B1

and F tail
B2 = F tail

A ∩ Qtail
B2 . Then L(A) ∩ L(B1) 6= L(A) ∩ L(B2).

Proof. Let us have UDFAs A, B1, and B2 such that they satisfy the assumptions of
the lemma. Since the following holds for both automata B1 and B2, we shall omit
the index from B. First, let us consider w ∈ a∗ such that |w| < ν. By Proposition 2,
it follows that the computations of the automata A and B on the word w both end
in the state q|w| in the respective automata. Since |w| < ν, the state q|w| is in the
tail in both automata. Since the tail of B is the same as an initial part of the tail of
A, it holds that qA

|w| ∈ FA iff qB
|w| ∈ FB. Thus w ∈ L(A) iff w ∈ L(B). Therefore it

holds that w ∈ L(A) ∩ L(Bl) iff w ∈ L(B).

Now let us consider w ∈ a∗ such that |w| > ν. By Proposition 2, it follows that
the computation of the automaton A on the word w ends in the state qA

e , where
e = |w| if |w| < µ and e = ((|w| − µ) mod λ) + µ if |w| ≥ µ. In both cases it holds
that e > ν. Since qν is the last rejecting state of A, it holds that the state qA

e is
accepting. Thus w ∈ L(A). Therefore it holds that w ∈ L(A) ∩ L(B) iff w ∈ L(B).

Finally, let us consider w = aν . By Proposition 2, it follows that the computations
of the automata A and B on the word w both end in the state qν in the respective
automata. Since qA

ν /∈ FA, it holds that w /∈ L(A). The state qB
ν is the first

state in the cycle of B and the state qB
y is the only accepting state in the cycle

of B. If y = ν, i.e., the state qB
ν is accepting, it holds that w ∈ L(B). Hence
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L(A) ∩ L(B) = L(B) − {aν}. If y 6= ν, i.e., the state qB
ν is rejecting, it holds that

w /∈ L(B). Hence L(A) ∩ L(B) = L(B).

Therefore we obtain that L(A) ∩ L(B1) 6= L(A) ∩ L(B2) if and only if L(B1) 6=
L(B2). We shall prove that L(B1) 6= L(B2). Since L(A) 6= a∗ and all states in
the cycle of A are accepting, there exist an accepting and a rejecting state in
A. Thus sc(A) ≥ 2 and there are at least two states in the cycle of B2, since
|Qcycle

B2 | ≥ sc(A). Since there exists exactly one accepting state in the cycle of B2,
i.e., the state qB2

y , there exists also a rejecting state in the cycle of B2. Let it be the
state qB2

rej ∈ Qcycle
B2 − F cycle

B2 . Let us consider the following system of congruences.

z ≡ y − ν (mod p1)
z ≡ rej − ν (mod p2)

Since p1 and p2 are primes, by Chinese Remainder Theorem (Theorem 3), it follows
that there exists a solution z of the given system of congruences. Let us take a word
w = az+ν . By Proposition 2, it follows that the computation of B1 on the word w

ends in the accepting state qB1
y and the computation of B2 on the word w ends in

the rejecting state qB2
rej. Thus it holds that w ∈ L(B1), however, w /∈ L(B2). Hence

L(B1) 6= L(B2) and the lemma holds.

Remark 5. Note that in order for A and B to form a decomposition of the minimal
UDFA accepting the language L(A)∩L(B), it must hold that y = ν, i.e., the state qB

ν

must be the only accepting state in the cycle of B. Otherwise L(A) ∩ L(B) = L(B).

Theorem 13. Let A be a UDFA of size (λ, µ) such that F cycle
A = Qcycle

A and
F tail

A ( Qtail
A . There exist infinitely many languages such that A is a part of a

decomposition of their minimal automaton.

Proof. Let us have a UDFA A that satisfies the assumptions of the theorem. Let us
denote the i-th prime by pi. Let k be the smallest natural number such that pk ≥ λ+µ.
Such k exists, since there exist infinitely many primes. Let Pk = {pi | i ≥ k}. The
set Pk contains all primes larger than or equal to pk, thus larger then or equal to
λ + µ. It is easily seen that the set Pk is infinite.

For every pl ∈ Pk we shall construct an automaton Bl. Since the construction is
the same for every l, we omit l from the indices at p and B in the construction to
improve readability of the proof. Let qA

ν ∈ QA be the last rejecting state in A, i.e.,
qA

ν /∈ FA and for all j, ν < j < λ + µ, it holds that qA
j ∈ FA. Since all states in the

cycle of A are accepting, the state qA
ν is in the tail of A. Let B = (QB, {a}, δB, q0, FB),

where QB = {qi | i ∈ Zp+ν} and the function δB is defined as follows. For all i in Zν it
holds that δB(qi, a) = qi+1, where + is the standard addition on the natural numbers.
For all i in Zp it holds that δB(qi+ν , a) = q(i⊕1)+ν , where + is the standard addition
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on the natural numbers and ⊕ is the operation in the additive group (Zp, ⊕). The
set of accepting states FB is defined as follows. For all i in Zν it holds that qB

i ∈ FB

if and only if qA
i ∈ FA. Moreover, let qB

ν ∈ FB. In other words, the automaton B

is a UDFA of size (p, ν), where the first state in the cycle, qB
ν , is accepting and all

other states in the cycle are rejecting. Since p ≥ 2, there exists a rejecting state in
the cycle of B. Moreover, the tail of B is identical to the initial part of the tail of A

up to the state qA
ν .

For every pl ∈ Pk the automata A and Bl satisfy the assumptions of Lemma 4,
thus they form a decomposition of the minimal automaton accepting the language
L(A) ∩ L(Bl). Using Lemma 6, we obtain that L(A) ∩ L(Bl) 6= L(A) ∩ L(Bm) for
l 6= m. Therefore we obtain infinitely many languages such that the automaton A is
a part of a decomposition of their minimal automaton.

Corollary 1. Let L be an infinite unary regular language such that L 6= a∗. Let A

be arbitrary UDFA accepting the language L. Then the family LA is infinite.

In other words, every infinite unary regular language L 6= a∗ provides useful
information for infinitely many problems.
Remark 6. Note that regardless of the choice of A for the given language L, there
still exist infinitely many languages such that exactly A is part of a decomposition
of their minimal automaton. This holds for an arbitrarily large A compared to the
minimal UDFA accepting the language L.

Let a unary regular language L be given. Let us choose an arbitrary UDFA A

accepting the language L. Let Amin be the minimal UDFA accepting the language
L. Let M be the minimal UDFA such that there exists a decomposition of M ,
which includes the automaton A. Then there exists a decomposition of M , which
includes the automaton Amin. It suffices to take the same second automaton as a
part of the decomposition. In the Example 4 we saw this does not necessarily hold
the other way. Conversely, let M be the minimal UDFA such that there exists a
decomposition of M , which includes the automaton Amin. Except for finitely many
cases where sc(M) < sc(A), there exists a decomposition of M , which includes the
chosen automaton A. Again it suffices to take the same second automaton as a
part of the decomposition. Therefore the cardinality of LA would not change, if we
defined it as the family of languages such that A is a part of a decomposition of
their minimal automaton. In fact the cardinality of LA is the same as the cardinality
of natural numbers, since this family is infinite and the family of all unary regular
languages is countably infinite.

Finally, we shall consider a finite unary regular language L. Let A be an arbitrary
UDFA accepting the language L. Note that if A is minimal, it has the cycle of length
one. We prove that A is not a part of a decomposition of any minimal automaton.
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Theorem 14. Let A be a UDFA of size (λ, µ) such that F cycle
A = ∅ and F tail

A 6= ∅.
There does not exist any language such that A is a part of a decomposition of its
minimal automaton.

Proof. Let us have a UDFA A that satisfies the assumptions of the theorem. Thus
all states in the cycle of A are rejecting and there exists an accepting state in the
tail of A. Therefore L(A) is a finite language. For the contrary, let us assume
that there exists a language L such that A is a part of a decomposition of its
minimal automaton M . Thus there exists a UDFA B such that L = L(A) ∩ L(B)
and for the state complexities of these automata it holds that sc(A) < sc(M) and
sc(B) < sc(M). Since L = L(A) ∩ L(B) and L(A) is a finite language, it holds that
L is also a finite language. However, all finite unary languages are undecomposable,
thus M is undecomposable. This contradicts the assumption that A is a part of a
decomposition of M . Therefore there does not exist a language such that A is a part
of a decomposition of its minimal automaton.

Corollary 2. Let L be a finite nonempty unary regular language. Let A be an
arbitrary UDFA accepting the language L. Then the family LA is empty.

In other words, no finite nonempty unary regular language L provides useful
information for some problem. Since a∗ and empty language also do not provide
useful information for any problem, we covered all unary regular languages. Therefore
we obtain the following.

Corollary 3. Let L be an arbitrary unary regular language. Let A be an arbitrary
UDFA accepting the language L. Then the family LA is either infinite or empty.

In other words, every unary language L either provides useful information for
infinitely many problems or does not provide useful information for any problem.

2.3 Relations

Let UDFAs A and B be given, both minimal for their respective languages. Let us
have the following statements.

(i) L(B) Ainf L(A), i.e., L(B) provides useful information for L(A)
(ii) L(A) ⊆ L(B).
(iii) LA ⊆ LB.

In this section we shall explore relations between these statements, i.e., whether one
of them implies another or whether some of them are equivalent. We shall discuss
the relation between (i) and (ii) in Section 2.3.1, the relation between (ii) and (iii) in
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Section 2.3.2 and the relation between (i) and (iii) in Section 2.4. First, we prepare
the framework for proving that some implications between the above statements
do not hold. We formulate and prove lemma that allows us to prove that for the
given UDFAs A and B there does not exist a decomposition of A, which includes
the automaton B.

Lemma 7. Let A be a UDFA of size (λA, 0) and B be a UDFA of size (λB, 0).
Moreover, let both be the minimal automata accepting their respective languages. Let
λA = pα1

1 . . . pαl
l and λB = pβ1

1 . . . pβl
l , where for all i ∈ N, 1 ≤ i ≤ l, it holds that pi

is a prime and αi + βi ≥ 1.3 If for all i ∈ N, 1 ≤ i ≤ l, it holds that βi < αi, then
there does not exist a decomposition of A, which includes the automaton B.

By Fundamental Theorem of Arithmetic (Theorem 1), it follows that λA and
λB have prime-power factorization which is unique, apart from permutations of the
factors. We can add to this factorization other primes in the zero power. Therefore
two different positive integers λA and λB can be written as a product of powers of
the same primes and the formulation of Lemma 7 is correct.

Proof. Let us have UDFAs A and B of sizes (λA, 0) and (λB, 0), respectively. Let
them be the minimal UDFAs accepting the languages L(A) and L(B). Let λA =
pα1

1 . . . pαl
l and λB = pβ1

1 . . . pβl
l , where for all i ∈ N, 1 ≤ i ≤ l, it holds that pi is

a prime, αi, βi ∈ N, and βi < αi. For a contrary, let us assume that there exists a
decomposition of A which includes the UDFA B. Thus there exists the minimal
UDFA C ′ of size (λC , µC) such that sc(C ′) < sc(A) and L(A) = L(B) ∩ L(C ′). Then
by Theorem 9, it follows that there exists a decomposition of A formed by B and a
UDFA C of size (λC , 0).

Using Theorem 7, we obtain that there exists a UDFA of size (lcm(λB, λC), 0)
accepting the language L(B) ∩ L(C) = L(A). Since A is the minimal UDFA
accepting this language, using Theorem 5, we obtain that λA | lcm(λB, λC). Thus
lcm(λB, λC) = pγ1

1 . . . pγl
l ϕ, where for all i ∈ N, 1 ≤ i ≤ l, it holds that γi ≥ αi

and pi - ϕ. In the canonical representation of lcm(λB, λC), the exponent of a prime
p is maximum of exponents of the prime p in canonical representations of λB and
λC . Since λB - ϕ and for all i ∈ N, 1 ≤ i ≤ l, it holds that βi < γi, we obtain that
λC = pγ1

1 . . . pγl
l ϕ. Thus λC = lcm(λB, λC) ≥ λA. Therefore sc(C) ≥ sc(A), which is

in contrary with sc(C) ≤ sc(C ′) < sc(A) from above. Hence there does not exists a
decomposition of A which includes the UDFA B.

3Note that for some i either αi or βi may possibly be zero, but not both at once. If we omit pi

such that αi = 0 from expansion of λA, we obtain its canonical representation. The same holds for
λB .
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2.3.1 Relations between L(A) ⊆ L(B) and L(B) Ainf L(A)

Let us have UDFAs A and B such that L(B) provides useful information for L(A),
i.e., L(B) Ainf L(A). Moreover, let them be the minimal automata accepting their
respective languages. Then there exists an automaton C such that the automata
C and B form a decomposition of A. Thus L(A) = L(B) ∩ L(C) and for the state
complexities of these automata it holds that sc(B) < sc(A) and sc(C) < sc(A). It
is easily seen that L(A) is a subset of L(B). Moreover, L(A) is a proper subset of
L(B), since sc(B) < sc(A). Thus the following implication holds.

L(B) Ainf L(A) =⇒ L(A) ( L(B) (2.1)

Remark 7. It is easily seen that this result does not depend on the minimality of A

and B, since neither side of the implication 2.1 depends on the sizes of the automata
A and B. The same holds for all results in the sections 2.3 and 2.4. Thus we shall
always consider the minimal automata for the respective languages.

We shall prove that the reverse implication does not necessarily hold. Let us
have UDFAs A and B such that L(A) ( L(B). We require the proper subset, since
for L(A) = L(B), the language L(B) clearly does not provide useful information
for L(A). Moreover, let us exclude the trivial cases, i.e., L(B) = a∗ and L(A) is a
finite language. In these cases the reverse implication to the implication 2.1 does
not hold since a∗ does not provide useful information for any language and the
minimal UDFA accepting any finite language is not decomposable. Let A and B

be the minimal automata accepting the languages L(A) and L(B), respectively.
Certainly there exists a language L such that L(A) = L(B) ∩ L, e.g., the language
L(A). However, in order for L(B) to provide useful information for L(A), it must
hold that sc(B) < sc(A). In general this does not necessarily hold. In fact, we can
easily construct an automaton B such that B is minimal for the language L(B),
sc(B) ≥ sc(A) and L(A) ( L(B). It suffices to take the same tail and the cycle of
double length of that of A. We choose accepting states in the cycle so that B would
accept all words from the language L(A) and then we add exactly one additional
accepting state to the cycle. If we add sc(B) < sc(A) to our assumptions, we still
need to find an automaton C such that L(A) = L(B) ∩ L(C) and sc(C) < sc(A). It
does not suffice to take A as an automaton C, since the inequality sc(C) < sc(A)
must be strict. We shall prove that such automaton C does not necessarily exist by
finding an infinite sequence of pairs of languages (LA

i , LB
i ), i ≥ 1 such that for all

i ≥ 1 it holds that LA
i ⊆ LB

i and LB
i does not provide useful information for LA

i , i.e.,
LB

i 6Ainf LA
i .

Theorem 15. There exists an infinite sequence of pairs of infinite unary regular
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languages (LA
i , LB

i ), i ≥ 1, such that the following holds

(i) LA
i ( LB

i ( a∗

(ii) sc(Bi) < sc(Ai)
(iii) There does not exist a decomposition of Ai which includes the automaton Bi.

Where by Ai and Bi we denote the minimal automata accepting the languages LA
i

and LB
i .

Proof. Let us denote the i-th prime by pi. Let x and y be arbitrary natural numbers
such that x > y > 0. For all i ≥ 1 we shall construct a pair of unary regular
languages (LA

i , LB
i ). For the construction of the i-th pair of languages we use the

i-th prime pi. Since there exist infinitely many primes, we are able to construct such
pair of languages for all i ≥ 1. Since apart from the use of pi, the construction is the
same for all pairs of languages, we omit i from the indices to improve readability of
the proof.

Let us take LB = {apyk; k ∈ N} and LA = {apxk; k ∈ N}. Let B be the minimal
UDFA accepting the language LB. Since LB is a properly py-cyclic language, B

is a UDFA of size (py, 0). Let A be the minimal UDFA accepting the language
LA. Similarly A is a UDFA of size (px, 0), since LA is a properly px-cyclic language.
Since py | px and y < x, it is easily seen that LA ( LB. Since y > 0 it holds that
LB 6= a∗ and clearly both languages LA and LB are infinite. Since y < x, it holds
that sc(B) = py < px = sc(A). Using Lemma 7, we obtain that there does not
exist a decomposition of A, which includes UDFA B. Thus for the pair of languages
(LA, LB) all three statements (i),(ii),(iii) hold. We constructed the desired infinite
sequence of pairs of unary regular languages, hence the theorem holds.

Remark 8. Note that by Theorem 8, it follows that the languages LA
i , for all i ≥ 1,

from the proof of Theorem 15 are deterministically undecomposable. However, if we
use pipi+1 instead of the prime pi in the construction of the i-th pair of languages we
obtain decomposable languages LA

i . Thus for all i ≥ 1 we have LA
i = {apx

i px
i+1k; k ∈ N}

and LB
i = {apy

i py
i+1k; k ∈ N}. Moreover, there still does not exist a decomposition of

Ai which includes Bi for all i ≥ 1, even though Ai is decomposable. By Ai and Bi

we denote the minimal automata accepting the languages LA
i and LB

i respectively.

Remark 9. Note that x and y from the proof of Theorem 15 can be arbitrary natural
numbers such that x > y > 0. Therefore the sequence of pairs of unary regular
languages constructed in the proof is parametrized by x and y. Thus we are able to
construct an infinite number of such sequences, e.g., it suffices to choose x = y + 47
and construct the sequence as in the proof of Theorem 15 for all y ∈ N.

We shall further demonstrate that the reverse implication to the implication
2.1 does not hold by the following concrete example. We use one of the pairs of
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languages from the proof of Theorem 15.

Example 8. Let us take LA = {a4k; k ∈ N} and LB = {a2k; k ∈ N}. Let A and B be
the minimal UDFAs accepting these languages, thus sc(A) = 4 and sc(B) = 2. It is
easily seen that LA ( LB and sc(B) < sc(A). Using Lemma 7, we obtain that there
does not exist a decomposition of A, which includes the UDFA B. Thus LB does
not provide useful information for LA, i.e., LB 6Ainf LA. Since 2 is the first prime,
(LA, LB) is the first pair in the sequence of unary regular languages constructed in
the proof of Theorem 15 for x = 2 and y = 1.

Conclusion 1. There exist unary regular languages L(A) and L(B) such that L(A) (
L(B) and L(B) 6Ainf L(A), where A and B are the minimal UDFAs accepting the
languages L(A) and L(B).

Moreover, such languages as in Conclusion 1 exist even if we require L(A) and
L(B) to be infinite languages other then a∗ and for the automata A and B to hold
that sc(B) < sc(A). Thus we obtain the following.

L(A) ( L(B) 6=⇒ L(B) Ainf L(A) (2.2)

2.3.2 Relations between L(A) ⊆ L(B) and LA ⊆ LB

Let us have UDFAs A and B such that LA ⊆ LB. We further require LA 6= ∅ to
exclude the trivial cases. If LA = ∅, then LA ⊆ LB holds for an arbitrary language
L(B). Moreover, it holds that L(A) is a finite language or a∗. In both cases, it is
easily seen that L(A) ⊆ L(B) does not necessarily hold. Clearly a∗ or an arbitrary
finite language are not subsets of an arbitrary unary regular language L(B). We
shall prove that L(A) ⊆ L(B) holds in case of LA 6= ∅. Suppose this does not hold,
we shall derive a contradiction using the same construction of the automaton B as
in Lemma 3 and in Lemma 4.

Theorem 16. Let A and B be arbitrary UDFAs such that ∅ ( LA ⊆ LB. Then
L(A) ⊆ L(B) holds.

Proof. Let us have a UDFA A of size (λ, µ) and a UFDA B such that ∅ ( LA ⊆ LB.
Since families LA and LB are nonempty, L(A) and L(B) are infinite languages
other than a∗. Thus there exists an accepting state in the cycle of A and there
exists an accepting state in the cycle of B. For a contradiction, let us assume that
L(A) ⊆ L(B) does not hold. Thus there exists w in L(A) such that w /∈ L(B). Let
p be a fixed prime such that p > max{|w|, sc(A)}. We shall consider two cases
according to the existence of a rejecting state in the cycle of A.
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i) Let there exist a rejecting state in the cycle of A. We shall construct an automaton
Aw = (Qw, {a}, δw, q0, Fw), where Qw = {qi | i ∈ Zp+µ} and the function δw is defined
as follows. For all i in Zµ it holds that δw(qi, a) = qi+1, where + is the standard
addition on the natural numbers. For all i in Zp it holds, that δw(qi+µ, a) = q(i⊕1)+µ,
where + is the standard addition on the natural numbers and ⊕ is the operation in
the additive group (Zp, ⊕). We shall consider two definitions of the set of accepting
states Fw for two possible relations between the size of w and µ.

a) Let |w| < µ. Then for all i in Zµ it holds that qAw
i ∈ Fw iff qA

i ∈ FA. Moreover, it
holds that qAw

µ ∈ Fw.

b) Let |w| ≥ µ. Then for all i in Zµ it holds that qAw
i ∈ Fw iff qAw

i ∈ Fw. Moreover,
it holds that qAw

|w| ∈ Fw.

In other words, the automaton Aw is a UDFA of size (p, µ) with the tail identical
to the tail of the automaton A and exactly one accepting state in the cycle. In
case the state qAw

|w| is in the tail, the accepting state in the cycle is the first state of
the cycle, i.e., the state qAw

µ . Since w ∈ L(A), using Proposition 2, we obtain that
qA

|w| ∈ FA. Since the tails of both automata A and Aw are identical in the terms of
acceptance, it holds that qAw

|w| ∈ Fw. In case the state qAw

|w| is in the cycle, the only
accepting state of the cycle is exactly the state qAw

|w| . Thus the state qAw

|w| is accepting
in both cases a) and b), whether it is in the tail or in the cycle of the automaton
Aw. The automata A and Aw satisfy the assumptions of Lemma 3, thus they form a
decomposition of the minimal automaton accepting the language L(A) ∩ L(Aw).

ii) Let all states in the cycle of A be accepting. Since L(A) 6= a∗, there exists a
rejecting state in tail of A. Let qA

ν be the last rejecting state of A, i.e., qA
ν /∈ FA and

for all j, ν < j < λ + µ, it holds that qA
j ∈ FA. We shall construct an automaton

Aw = (Qw, {a}, δw, q0, Fw), where Qw = {qi | i ∈ Zp+ν} and the function δw is defined
as follows. For all i in Zµ it holds that δw(qi, a) = qi+1, where + is the standard
addition on the natural numbers. For all i in Zp it holds, that δw(qi+µ, a) = q(i⊕1)+µ,
where + is the standard addition on the natural numbers and ⊕ is the operation in
the additive group (Zp, ⊕). The set of accepting states Fw is defined as follows. It
holds that qAw

ν ∈ Fw and for all i in Zν it holds that qAw
i ∈ Fw iff qA

i ∈ FA. Moreover,
if |w| > ν, it holds that qAw

|w| ∈ Fw.

In other words, the automaton Aw is a UDFA of size (p, ν) with the tail identical
to the tail of the automaton A and the first state of the cycle of Aw is accepting. If
the state qAw

|w| is in the cycle of Aw, it is accepting. Let us consider the case, where
the state qAw

|w| is in the tail of Aw, i.e., |w| < ν. Since w ∈ L(A), using Proposition 2,
we obtain that qA

|w| ∈ FA. Since the tail of Aw is identical with the initial part of the
tail of A in the terms of acceptance, it holds that qAw

|w| ∈ Fw. Thus the state qAw

|w| is
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accepting whether it is in the tail or in the cycle of the automaton Aw. The automata
A and Aw satisfy the assumptions of Lemma 4, thus they form a decomposition of
the minimal automaton accepting the language L(A) ∩ L(Aw).

In both cases i) and ii) we constructed the automaton Aw such that the automata
A and Aw form a decomposition of the minimal automaton accepting the language
L(A) ∩ L(Aw). Therefore L(A) provides useful information for the language L(A) ∩
L(Aw), i.e., L(A) Ainf L(A) ∩ L(Aw). Thus it holds that L(A) ∩ L(Aw) ∈ LA. Since
LA ⊆ LB, it holds that L(A)∩L(Aw) ∈ LB. Therefore L(B) Ainf L(A)∩L(Aw), i.e.,
L(B) provides useful information for L(A) ∩ L(Aw). Thus there exists an automaton
Bw such that L(B) ∩ L(Bw) = L(A) ∩ L(Aw).

Since in both cases i) and ii) the state qAw

|w| is accepting, it holds that w ∈ L(Aw).
Moreover, w ∈ L(A), thus it holds that w ∈ L(A) ∩ L(Aw). Since L(B) ∩ L(Bw) =
L(A) ∩ L(Aw), w ∈ L(B) ∩ L(Bw) also holds. Thus w ∈ L(B) which contradicts the
assumption w /∈ L(B) from above. Therefore L(A) ⊆ L(B) must hold.

Let L(A) = L(B), then LA = LB holds, since LA is a family of languages L such
that L(A) Ainf L. Let LA = LB. Using Theorem 16 on both inclusions, we obtain
that these inclusions also hold for the respective languages if LA = LB 6= ∅. Thus
L(A) = L(B).

Corollary 4. Let A and B be arbitrary UDFAs such that L(A) and L(B) are infinite
languages. Then L(A) = L(B) if and only if LA = LB.

From Theorem 16 we obtain that the following implication holds. Moreover, using
Corollary 4, we obtain that the version of this implication with proper inclusions
also holds.

∅ ( LA ⊆ LB =⇒ L(A) ⊆ L(B) ( a∗ (2.3)

We shall prove that the reverse implication does not necessarily hold. Let us
have UDFAs A and B such that L(A) ( L(B). Since LA = LB iff L(A) = L(B), it
suffices to consider the proper inclusion. Moreover, let us exclude the trivial cases
L(B) = a∗ and L(A) is a finite language. If L(A) is a finite language, it holds
that LA = ∅. Thus LA ⊆ LB trivially holds. If L(B) = a∗, it holds that LB = ∅,
since a∗ does not provide useful information for any language. Thus if LA 6= ∅, the
inclusion LA ⊆ LB does not hold. Let A and B be the minimal automata accepting
the languages L(A) and L(B). Let M be the minimal automaton accepting the
language L(M) such that L(A) Ainf L(M). In order to LA ⊆ LB, it must hold
that L(B) Ainf L(M) for all such automata M . However, this does not hold if
sc(B) ≥ sc(M). Moreover, we shall prove that L(B) Ainf L(M) does not necessarily
hold even if we require sc(B) < sc(M) to hold. We prove this by finding an infinite
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sequence of unary regular languages (LA
i , LB

i , LM
i ), i ≥ 1 such that for all i ≥ 1

it holds that LA
i ( LB

i , LA
i Ainf LM

i , and LB
i 6Ainf LM

i . Moreover, we find such
sequence that for the minimal automata Bi and Mi accepting the languages LB

i and
LM

i it holds that sc(Bi) < sc(Mi).

Theorem 17. There exists an infinite sequence of triples of unary regular languages
(LA

i , LB
i , LM

i ), i ≥ 1, such that the following holds
(i) LA

i ( LB
i ( a∗

(ii) There exists a decomposition of Mi which includes the automaton Ai

(iii) There does not exist a decomposition of Mi which includes the automaton Bi.
Where by Xi, X ∈ {A, B, M}, we denote the minimal automaton accepting the
language LX

i .

Proof. Let us denote the i-th prime by pi. Let αi = pi+47.4 Let x and y be arbitrary
natural numbers such that x > y > 0. For all i ≥ 1 we shall construct a triple
of unary regular languages (LA

i , LB
i , LM

i ). For the construction of the i-th triple of
languages we use the i-th prime pi and αi. Since there exist infinitely many primes,
we are able to construct such triple of languages for all i ≥ 1. Since apart of the use
of pi and αi, the construction is the same for all triples of languages, we omit i from
the indices to improve readability of the proof.

Let us take LB = {apyk; k ∈ N}, LA = {apxk; k ∈ N}, and LM = {apxαk; k ∈ N}.
Let B be the minimal UDFA accepting the language LB. Since LB is a properly py-
cyclic language, B is a UDFA of size (py, 0). Let A be the minimal UDFA accepting
the language LA. Since LA is a properly px-cyclic language, A is a UDFA of size (px, 0).
Let M be the minimal UDFA accepting the language LM . Similarly M is a UDFA of
size (pxα, 0), since LM is a properly pxα-cyclic language. Since py | px and y < x, it
is easily seen that LA ( LB. Since y > 0, it holds that LB 6= a∗. Using Lemma 7, we
obtain that there does not exist a decomposition of M , which includes the UDFA B.
Let us take the language LX = {aαk; k ∈ N}. Let X be the minimal UDFA accepting
LX . Since LX is a properly α-cyclic language, X is a UDFA of size (α, 0). Moreover,
it holds that α and p are coprime numbers. Therefore LX ∩ LA = LM . Moreover, it
holds that sc(A) < sc(M) and sc(X) < sc(M). Thus the automata A and X form
a decomposition of M . Hence there exists a decomposition of M which includes
the UDFA A. Thus for the triple of languages (LA, LB, LM) all three statements
(i),(ii),(iii) hold. We constructed the desired infinite sequence of triples of unary
regular languages, hence the theorem holds.

Remark 10. Note that x and y from the proof of Theorem 17 can be arbitrary natural
numbers such that x > y > 0. Moreover, αi can be any natural number coprime

4The result does not depend on this particular choice of αi. We only require αi to be coprime
with pi. Thus it suffices to choose any prime other than pi, e.g., pi+47.
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to pi. Therefore the sequence of triples of unary regular languages constructed in
the proof is parametrized by x and y and the choice of αi for all i ≥ 1. Thus we
are able to construct an infinite number of such sequences, e.g., it suffices to choose
x = y + 47 and construct the sequence as in the proof of Theorem 17 for all y ∈ N.
Other option is to choose αi = pi+j, j ∈ N and construct the sequence for all j ≥ 1.

We shall further demonstrate that the reverse implication to the implication 2.3
does not hold by the following concrete example. We use a modified version of one
of the triples of languages from the proof of Theorem 17.

Example 9. Let us take LA = {a4k; k ∈ N} and LB = {a2k; k ∈ N}. Let A and B be
the minimal UDFAs accepting these languages, thus sc(A) = 4 and sc(B) = 2. Let us
take LM = {a12k; k ∈ N}. Let M be the minimal UDFA accepting the language LM ,
thus sc(M) = 12. It is easily seen that LA ⊆ LB. Using Lemma 7, we obtain that
there does not exist a decomposition of M , which includes the UDFA B, even though
it holds that sc(B) < sc(M). Let us take LX = {a3k; k ∈ N}. Let X be the minimal
UDFA accepting the language LX , thus sc(X) = 3. It holds that LA ∩ LX = LM ,
and sc(A) < sc(M), and sc(X) < sc(M). Therefore there exists a decomposition
of M , which includes the UDFA A. It suffices to take the UDFA X as the second
automaton in the decomposition. We obtain that LA provides useful information for
LM , i.e., LA Ainf LM . On the other hand LB does not provide useful information
for LM , i.e., LB 6Ainf LM . Thus LA * LB. Since 2 is the first prime, i.e., p1 = 2,
(LA, LB, LM ) is the first triple in the sequence of unary regular languages constructed
in the proof of Theorem 17 for x = 2, y = 1 and α = 3 = p1+1 instead of α = p1+47.

Conclusion 2. There exist unary regular languages L(A) and L(B) such that L(A) ⊆
L(B) and LA * LB, where A and B are the minimal UDFAs accepting the languages
L(A) and L(B).

Moreover, such languages as in Conclusion 2 exist even if we require L(B) 6= a∗

and for all UDFAs M such that L(M) ∈ LA to hold that sc(B) < sc(M). Thus we
obtain the following.

L(A) ⊆ L(B) 6=⇒ LA ⊆ LB (2.4)

2.4 Non-transitivity of the relation Ainf

Let us have UDFAs A and B, both minimal for their respective languages. We shall
consider the following implication.

L(B) Ainf L(A) =⇒ LA ⊆ LB (2.5)
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This implication is related to a transitivity of the relation provide useful information
Ainf . Let us have a language L ∈ LA. Thus L(A) provides useful information for L,
i.e., L(A) Ainf L. Let M be the minimal automaton accepting the language L. Then
there exists a decomposition of the automaton M which includes the automaton
A. Let L(B) provide useful information for L(A), i.e., L(B) Ainf L(A). Thus there
exists a decomposition of A which includes the automaton B. Then the implication
2.5 holds iff L ∈ LB. Thus L(B) provides useful information for L, i.e., L(B) Ainf L.
Therefore the implication 2.5 holds iff there exists a decomposition of M which
includes the automaton B. Therefore the implication 2.5 holds iff the relation provide
useful information Ainf is transitive.

Considering the informal meaning of the relation provide useful information Ainf ,
we could expect that this relation is transitive. However, the entire information
provided is not necessarily useful. Let L(B) provide useful information for L(A).
This does not necessarily mean that the whole information provided by L(B) is
useful for L(A). Only part of this information may be useful. Let L(C) provide
useful information for L(B). If L(C) provides L(B) that part of the information that
is not useful for L(A), then naturally L(C) does not provide any useful information
for L(A). Hence according to this informal consideration, the relation provide useful
information Ainf is not necessarily transitive. We shall prove this counterintuitive
fact by finding an infinite sequence of triples of unary regular languages (LA

i , LB
i , LC

i ),
i ≥ 1 such that they break the transitivity of the relation Ainf . Thus for all i ≥ 1 it
holds that LB

i Ainf LA
i , LC

i Ainf LB
i , however, LC

i 6Ainf LA
i .

Theorem 18. There exists an infinite sequence of triples of unary regular languages
(LA

i , LB
i , LC

i ), i ≥ 1, such that the following holds:

(i) There exists a decomposition of Ai which includes the automaton Bi.
(ii) There exists a decomposition of Bi which includes the automaton Ci.

(iii) There does not exist a decomposition of Ai which includes the automaton Ci.

Where by Xi, X ∈ {A, B, C}, we denote the minimal automaton accepting the
language LX

i .

Proof. Let us denote the i-th prime by pi. For all i ≥ 1, let αi be en arbitrary natural
number such that pi - αi and let βi be an arbitrary natural number such that βi | αi

and 1 < βi ≤ αi.5 Let x and y be arbitrary natural numbers such that x > y > 0.
For all i ≥ 1 we shall construct a triple of unary regular languages (LA

i , LB
i , LC

i ).
For the construction of the i-th triple of languages we use the i-th prime pi, αi and
βi. Since there exist infinitely many primes, we are able to construct such triple of
languages for all i ≥ 1. Since apart of the use of pi, αi and βi, the construction is the

5We can choose, e.g., αi = pi+15pi+10 and βi = pi+15
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same for all triples of languages, we omit i from the indices to improve readability of
the proof.

Let us take LA = {apxαk; k ∈ N}, LB = {apyβk; k ∈ N}, and LC = {apyk; k ∈ N}.
Let A be the minimal UDFA accepting the language LA. Since LA is a properly
pxα-cyclic language, A is a UDFA of size (pxα, 0). Let B be the minimal UDFA
accepting the language LB. Since LB is a properly pyβ-cyclic language, B is a UDFA
of size (pyβ, 0). Let C be the minimal UDFA accepting the language LC . Similarly
C is a UDFA of size (py, 0), since LC is a properly py-cyclic language.

Let γ < α be arbitrary natural number such that lcm(β, γ) = α. Let us take the
language LX = {apxγk; k ∈ N}. Let X be the minimal UDFA accepting LX . Since LX

is a properly pxγ-cyclic language, X is a UDFA of size (pxγ, 0). Moreover, the least
common multiple of pxγ and pyβ is pxα. Therefore it holds that LX ∩LB = LA. Since
γ < α, it holds that sc(X) < sc(A) and since y < x, it holds that sc(B) < sc(A).
Thus the automata B and X form a decomposition of A. Hence there exists a
decomposition of A which includes the UDFA B.

Let us take the language LY = {aβk; k ∈ N}. Let Y be the minimal UDFA
accepting LY . Since LY is a properly β-cyclic language, Y is a UDFA of size (β, 0).
Moreover, py and β are coprime numbers, thus it holds that LY ∩ LC = LB. Since
β > 1 and y > 0, it holds that sc(Y ) < sc(B) and sc(C) < sc(B). Thus the
automata C and Y form a decomposition of B. Hence there exists a decomposition
of B which includes the UDFA C.

Since y < x, using Lemma 7, we obtain that there does not exist a decomposition
of A, which includes the UDFA C. Thus for the triple of languages (LA, LB, LC) all
three statements (i),(ii),(iii) hold. We constructed the desired infinite sequence of
triples of unary regular languages, hence the theorem holds.

Remark 11. Note that x and y from the proof of Theorem 18 can be arbitrary natural
numbers such that x > y > 0. Moreover, αi can be any natural number such that
pi - αi and βi any natural number such that 1 < βi | αi. Therefore the sequence
of triples of unary regular languages constructed in the proof is parametrized by x

and y and the choice of αi and βi for all i ≥ 1. Thus we are able to construct an
infinite number of such sequences, e.g., it suffices to choose x = y + 47 and construct
the sequence as in the proof of Theorem 17 for all y ∈ N. Other option is to choose
αi = ∏47

k=1 pi+j+k and βi = pi+j+47, j ∈ N and construct the sequence for all j ≥ 1.
Moreover, in this option we can construct different sequences depending on the choice
of βi.

We shall further demonstrate that the relation provide useful information Ainf

is not transitive by the following concrete example. We use one of the triples of
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languages from the proof of Theorem 18.

Example 10. Let us take LA = {a12k; k ∈ N}, LB = {a6k; k ∈ N}, and LC =
{a2k; k ∈ N}. Let A, B, and C be the minimal UDFAs accepting these languages,
thus sc(A) = 12, sc(B) = 6, and sc(C) = 2. Let us take LX = {a4k; k ∈ N}. Let
X be the minimal UDFA accepting the language LX , thus sc(X) = 4. Since the
least common multiple of 6 and 4 si 12, it holds that LB ∩ LX = LA. Moreover,
6 = sc(B) < sc(A) = 12, and 4 = sc(X) < sc(A) = 12. Therefore UDFAs
B and X form a decomposition of A. Let us take LY = {a3k; k ∈ N}. Let Y

be the minimal UDFA accepting the language LY , thus sc(Y ) = 3. It is easily
seen that LC ∩ LY = LB. Moreover, it holds that 2 = sc(C) < sc(B) = 6 and
3 = sc(Y ) < sc(B) = 6. Therefore UDFAs C and Y form a decomposition of B.
Using Lemma 7, we obtain that there does not exist a decomposition of A, which
includes the UDFA C. We obtain that LB provides useful information for LA, i.e.,
LB Ainf LA and LC provides useful information for LB, i.e., LC Ainf LB. On the
other hand LC does not provide useful information for LA, i.e., LC 6Ainf LA. Thus
the relation Ainf is not transitive, i.e., there exists a language L, e.g., LA, such that
L ∈ LB and L /∈ LC . Therefore LC Ainf LB and LB * LC . Since 2 is the first prime,
i.e., p1 = 2, (LA, LB, LC) is the first triple in the sequence of unary regular languages
constructed in the proof of Theorem 18 for x = 2, y = 1, α = 3 = p1+1 and β = α.

Conclusion 3. There exist unary regular languages L(B) and L(C) such that
L(C) Ainf L(B) and LB * LC , where B and C are the minimal UDFAs accepting
the languages L(B) and L(C).

Moreover, we can construct an infinite sequence of such languages as in Conclusion
3. And from the proof of Theorem 18 it is easily seen that for such languages LB and
LC chosen, there exist infinitely many languages in LB − LC . It suffices to choose
different x ∈ N, x > y, for the given y, αi, and βi to construct infinite sequence of
languages in LB − LC . Thus we obtain that the implication 2.5 does not hold, i.e.,:

L(B) Ainf L(A) 6=⇒ LA ⊆ LB (2.6)





Chapter 3

Quality of decompositions

For a given decomposable DFA A, there may be many pairs of DFAs A1 and A2

such that they form a decomposition of A. It holds that sc(A1) < sc(A) and
sc(A2) < sc(A). However, we can naturally expect that different DFAs A1 and A2

forming different decompositions of A also have different state complexities. Thus
some decompositions may be better than other. In this chapter, we shall deal with
the question, how good the given decomposition is. We shall measure the quality of
the decomposition using a q-quality function depending on the state complexities of
the automata A1 and A2 forming the decomposition.

Notation 4. We denote the set of all decompositions of all minimal DFAs by D =
{[A1, A2]; ∃A : A is the minimal DFA, A1 and A2 form a decomposition of A}.

Definition 7. We call a function q : D → N such that q([A1, A2]) = q([A2, A1]) for
all [A1, A2] ∈ D the q-quality of decomposition.

Remark 12. Let DFAs A1 and A2 form a decomposition of the minimal DFA A. We
naturally require from a q-quality function that q([A1, A2]) = q([A2, A1]), since by
changing the order of the automata forming the decomposition, we do not alter the
decomposition.

A q-quality function can be any reasonable function which reasonably combines
any reasonable measure of complexity of automata forming a decomposition of the
minimal DFA. Although we do not require it, we may assume that the q-quality
function returns a lower value on a decomposition with a higher quality.

In this thesis we shall consider as a q-quality function the functions sum, max,
and mult. We measure the sum-quality of a decomposition using the sum of the
state complexities of the automata forming the decomposition. We consider the
function sum in Section 3.2. We measure the max-quality of a decomposition using
the maximum of the state complexities of the automata forming the decomposition.
We consider the function max in Section 3.3. We measure the mult-quality of a

47
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decomposition using the product of the state complexities of the automata forming
the decomposition. We consider the function mult in Section 3.4. All these functions
satisfy the requirements for a reasonable q-quality function from above. For estimates
of bounds of these q-quality functions, we further need to introduce some new
notation.

Notation 5. Let λ ∈ N and let us have i ∈ N such that i ≥ 1. By pi(λ) we denote
the prime p such that p | λ and it holds that |{q ∈ P; q ≤ p, q | λ}| = i, where by P
we denote the set of all primes.

3.1 UDFAs forming decompositions

Let L be a properly λ-cyclic language, thus the minimal UDFA accepting L is a
UDFA A of size (λ, 0). Moreover, let L be deterministically decomposable and let
UDFAs A1 of size (λ1, µ1) and A2 of size (λ2, µ2) form a decomposition of A. Since
λ > λ1 + µ1, it holds that λ − λ1 − 1 ≥ µ1. By Roll-out Lemma (Lemma 1), it follows
that we can construct a UDFA B1 of size (λ1, λ − λ1 − 1) such that L(B1) = L(A1).
Using the same technique, we can construct a UDFA B2 of size (λ2, λ − λ2 − 1)
such that L(B2) = L(A2). Therefore we obtain UDFAs B1 and B2 which form
a decomposition of A and sc(B1) = sc(B2) = λ − 1 = sc(A) − 1. Clearly these
automata are not the minimal UDFAs accepting their respective languages. However,
by adding to or removing from the UDFAs B1 and B2 unnecessary accepting states,
we may be able to construct UDFAs M1 and M2 which form a decomposition of A

and it holds that sc(M1) = sc(M2) = sc(A)−1. Moreover, they are both the minimal
UDFAs accepting the languages L(M1) and L(M2), respectively. By unnecessary
accepting states in the UDFA B1, we understand states qB1 ∈ FB1 such that for all
words w ∈ a∗ it holds that if the computation of B1 on the word w ends in the state
qB1 , then w /∈ L. Thus if the state qB1 was accepting and we change it to be rejecting,
we do not change the intersection L(B1) ∩ L(B2) = L. Hence the newly constructed
automata form a decomposition of A. If the state qB1 was rejecting, we can change
it to be accepting only if this change does not alter the intersection L(B1) ∩ L(B2),
i.e., if w /∈ L(B2). Otherwise, the newly constructed automata would not form a
decomposition of A. We demonstrate this technique by the following example.

Example 11. Let us take the properly 6-cyclic language L = {a6k; k ∈ N}. Thus
the minimal UDFA accepting L is the UDFA A of size (6, 0), where FA = {qA

0 }.
Let us take the decomposition of A formed by UDFAs A1 of size (3, 0) and A2 of
size (2, 0), where FA1 = {qA1

0 } and FA2 = {qA2
0 }. We construct the UDFA B1 of

size (3, 2) by rolling-out the cycle of A1. Thus F tail
B1 = {qB1

0 } and F cycle
B1 = {qB1

3 }.
Similarly we construct the UDFA B2 of size (2, 3) by rolling-out the cycle of A2.
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Thus F tail
B2 = {qB2

0 , qB2
2 } and F cycle

B2 = {qB2
4 }. It holds that L(B1) = L(A1) and

L(B2) = L(A2). Thus the UDFAs B1 and B2 form a decomposition of A, however,
they are not the minimal UDFAs accepting their respective languages.

qA1
0

qA1
1

qA1
2

a

a

a

qA2
0 qA2

1

a

a

Figure 3.1: UDFAs A1 of size (3, 0) and A2 of size (2, 0), L(A1) ∩ L(A2) = L
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qB2
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3 qB2
4
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Figure 3.2: UDFAs B1 of size (3, 2) and B2 of size (2, 3), L(B1) ∩ L(B2) = L
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0 qM1

1 qM1
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3 qM2
4
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Figure 3.3: UDFAs M1 of size (3, 2) and M2 of size (2, 3), L(M1) ∩ L(M2) = L

The last state in the tail of B1, i.e., the state qB1
1 , is rejecting. We construct the UDFA

M1 from B1 by making this state accepting. Thus M1 is the UDFA of size (3, 2),
where F tail

M1 = {qM1
0 , qM1

1 } and F cycle
M1 = {qM1

3 }. We constructed the UDFA M1 form B1

by adding an unnecessary accepting state, i.e., the state qB1
1 . The last state in the tail

of B2, i.e., the state qB2
2 , is accepting. We construct the UDFA M2 from B2 by making
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this state rejecting. Thus M2 is the UDFA of size (2, 3), where F tail
M2 = {qM1

0 } and
F cycle

M2 = {qM2
4 }. We constructed the UDFA M2 form B2 by removing an unnecessary

accepting state, i.e., the state qB1
1 . By Proposition 2, it follows that only the

computation on the word a ends in the state q1 in the UDFAs B1 and M1. Similarly
only the computation on the word a2 ends in the state q2 in the UDFAs B2 and M2.
Thus it holds that L(M1) = L(B1) ·∪{a} and L(M2) = L(B2)−{a2}. Since a /∈ L(B2)
and a2 /∈ L(B1), it holds that L(M1) ∩ L(M2) = L. Thus the UDFAs M1 and M2

form a decomposition of A. Moreover, they are both the minimal UDFAs accepting
their respective languages and it holds that 5 = sc(M1) = sc(M2) = sc(A) − 1.

Let L be a properly λ-cyclic language, thus the minimal UDFA accepting L is a
UDFA A of size (λ, 0). Let A be decomposable and let UDFAs A1 of size (λA

1 , µA
1 )

and A2 of size (λA
2 , µA

2 ) form a decomposition of A. From Example 11, we obtain
that sc(A1) ≤ sc(A) − 1 and sc(A2) ≤ sc(A) − 1. Thus we have only this trivial
upper bound on the sizes of the automata forming the decomposition. However,
by Theorem 11, it follows that there exist UDFAs E1 of size (λE

1 , 0) and E2 of size
(λE

2 , 0) which form an effective decomposition (Definition 5) of A, i.e., they form
a decomposition of A and it holds that lcm(λE

1 , λE
2 ) = λ. Moreover, it holds that

λE
1 | λA

1 and λE
2 | λA

2 . Thus it is easily seen that sc(E1) ≤ sc(A1) and sc(E2) ≤ sc(A2).
Therefore q([E1, E2]) ≤ q([A1, A2]) for any reasonable q-quality function. Thus for
any decomposition of A and for a reasonable q-quality function, there exists an
effective decomposition of A with a smaller value of the q-quality function. Since we
are interested in the smallest possible value of the q-quality function when dealing
with the quality of decompositions, we obtain that it suffices to consider only effective
decompositions of the minimal UDFA A accepting the properly λ-cyclic language L.
We shall estimate the lower and the upper bounds of several q-quality functions for
effective decompositions in Sections 3.2, 3.3, and 3.4. We obtain much better upper
bounds than the trivial ones.

Let L be a properly ultimately λ-cyclic language. Thus the minimal UDFA
accepting L is a UDFA A of size (λ, µ), where µ ≥ 1. Moreover, let L be determinis-
tically decomposable and let UDFAs A1 of size (λ1, µ1) and A2 of size (λ2, µ2) form
a decomposition of A. Using the same technique as in Example 11, we may be able
to construct UDFAs M1 and M2 such that they are both minimal accepting the lan-
guages L(M1) and L(M2), respectively, and it holds that they form a decomposition
of A. Moreover, it holds that sc(M1) = sc(M2) = sc(A) − 1. Thus we have only
this trivial upper bound on the sizes of automata forming a decomposition, even for
properly ultimately λ-cyclic languages.

By Theorem 9 and Theorem 10, it follows that there exists UDFAs E1 of size
(λE

1 , µE
1 ) and E2 of size (λE

2 , µE
2 ) such that they form a decomposition of A. Moreover,



3.1. UDFAS FORMING DECOMPOSITIONS 51

for the lengths of the tails it holds that µE
1 ≤ µ and µE

2 ≤ µ, and for the lengths of
the cycles it holds that if µE

1 = µ, then λE
1 | λ and if µE

2 = µ, then λE
2 | λ. However,

it does not necessarily hold that λE
1 < λ. If µE

1 < µ, in order for E1 to be a part of a
decomposition it suffices to hold that λE

1 < λ + µ − µE
1 . Thus λE

1 may be larger than
λ. Therefore unlike decompositions of properly λ-cyclic languages, we do not have a
lower estimate of the upper bound of the sizes of automata forming a decomposition
in the normal form from above than sc(A) − 1. In fact, there exist many minimal
UDFAs A such that one of the UDFAs in all existing decompositions of A has size
exactly sc(A)−1. Moreover, there exists an edge case such that both UDFAs forming
the only existing decomposition of the minimal UDFA A have size exactly sc(A) − 1.
We present this edge case by the following example.

Example 12. We consider the properly ultimately 2-cyclic language L = {a2k; k ∈
N} − {ε}. The minimal UDFA accepting L is the UDFA A of size (2, 1), where
FA = {qA

2 }.

qA
0 qA

1 qA
2

a

a

a

Figure 3.4: UDFA A of size (2, 1), L = {a2k; k ∈ N} − {ε}

Let UDFAs A1 and A2 form a decomposition of A. Thus it holds that sc(A1), sc(A2) <

sc(A) = 3. Since a∗ and empty language are not a part of any decomposition, it holds
that sc(A1), sc(A2) > 1. Therefore we obtain that sc(A1) = sc(A2) = 2 = sc(A) − 1.
Now we must prove that there actually exists a decomposition of A. Let A1 be UDFA
of size (2, 0), where FA1 = {qA1

0 }. Thus L(A1) = {a2k; k ∈ N}. Let A2 be UDFA of
size (1, 1), where FA2 = {qA2

1 }. Thus L(A2) = a+.

qA1
0 qA1

1

a

a

qA2
0 qA2

1
a a

Figure 3.5: UDFAs A1 of size (2, 0) and A2 of size (1, 1), L(A1) ∩ L(A2) = L

It follows that L(A1)∩L(A2) = L. Thus the UDFAs A1 and A2 form a decomposition
of A. Moreover, since these UDFAs are the only UDFAs Ax such that sc(Ax) = 2
and a∗ 6= L(Ax) ⊇ L, we obtain that this is the only existing decomposition of A.

As a rough estimate of the lower bound of the sizes of automata forming a
decomposition of A in normal form, we can use lower bound of the sizes of automata
forming an effective decomposition of Acycle. Where Acycle is a UDFA constructed
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by removing the tail from the UDFA A. If we connect the tail of A before the
start states of the automata forming the effective decomposition of Acycle, we obtain
UDFAs forming a decomposition of A with larger state complexities. However these
automata are not necessarily minimal and their tails may be further shortened. We
can make this estimate only if the UDFA Acycle is deterministically decomposable.

3.2 Sum-quality of decompositions

Let A be the minimal DFA accepting a regular language L. Let DFAs A1 and A2 form
a decomposition of A. In this section we shall provide results concerning the quality
of the decomposition measured by the sum of the state complexities of the automata
forming the decomposition, i.e., sc(A1) + sc(A2). We shall call this q-quality function
sum. This q-quality function was considered in [3] for decompositions of the minimal
UDFAs accepting properly λ-cyclic languages into two and three new automata.

Definition 8. Let DFAs A1 and A2 form a decomposition of the minimal DFA A.
We call the function sum : D → N defined as follows

sum([A1, A2]) = sc(A1) + sc(A2)

the sum-quality of decomposition.

We shall consider only properly λ-cyclic languages. Let a language L be given
and let A be the minimal UDFA accepting L. In [3] it is proven that it suffices to
consider effective decompositions of A only. Thus for a decomposition of A formed
by UDFAs A1 and A2, there exists an effective decomposition of A formed by UDFAs
E1 and E2 with a smaller or equal value of the sum of the state complexities of
the automata forming the decomposition, i.e., with a smaller or equal value of the
sum-quality function. Now we present this result.

Proposition 5 ([3]). Let L be a properly λ-cyclic language for some λ ∈ N. Let
A be the minimal UDFA accepting the language L and let UDFAs A1 and A2 form
a decomposition of A. Then there exist UDFAs E1 and E2 such that they form an
effective decomposition of A and it holds that sum([E1, E2]) ≤ sum([A1, A2]).

In [3] we can find bounds for the sum-quality of effective decompositions of
properly λ-cyclic languages. Moreover, these bounds are exact. Thus there exist
decompositions of the minimal UDFAs which sum-qualities take on these bounds.
Now, we present these bounds.

Theorem 19. Let L be a properly λ-cyclic language for some λ ∈ N. Let A be the
minimal UDFA accepting the language L and let UDFAs A1 and A2 form an effective



3.3. MAX-QUALITY OF DECOMPOSITIONS 53

decomposition of A. Then it holds that

d2
√

λe ≤ sum([A1, A2]) ≤ 5
6λ

Remark 13. The upper bound for the sum-quality of effective decomposition of the
minimal UDFA accepting properly λ-cyclic languages were obtained in the proof of
Theorem 19 in [3] as

5
6λ = 1

2λ + 1
3λ

Moreover, the numbers 2 and 3 were obtain as the smallest possible numbers α > 1
and β > 1 which both divide λ and are mutually coprime. Thus they can be replaced
with the two smallest primes which divide λ, i.e., p1(λ) and p2(λ). Thus we obtain an
improved more general upper bound for the sum-quality of effective decomposition.

1
p1(λ)λ + 1

p2(λ)λ = p1(λ) + p2(λ)
p1(λ) ∗ p2(λ) λ

Let L be a properly λ-cyclic language and let A be the minimal UDFA accepting
L. Let UDFAs A1 and A2 form a decomposition of A. By Proposition 5, it follows
that there exists an effective decomposition of A formed by UDFAs E1 and E2 such
that sum([E1, E2]) ≤ sum([A1, A2]). Thus the lower bound for the sum-quality
of effective decompositions of A is also the lower bound for the sum-quality of all
decompositions of A. The upper bound for the sum-quality of all decompositions of
A is only the trivial one. Thus we obtain the following bounds for the sum-quality
of all decompositions of properly λ-cyclic languages.

d2
√

λe ≤ sum([A1, A2]) ≤ 2(λ − 1)

3.3 Max-quality of decompositions

Let A be the minimal DFA accepting a regular language L. Let DFAs A1 and A2

form a decomposition of A. In this section we shall measure the quality of the
decomposition by the maximum of the state complexities of the automata forming
the decomposition, i.e., max{sc(A1), sc(A2)}. We shall call this q-quality function
max.

Definition 9. Let DFAs A1 and A2 form a decomposition of the minimal DFA A.
We call the function max : D → N defined as follows

max([A1, A2]) = max{sc(A1), sc(A2)}

the max-quality of decomposition.
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We shall consider only properly λ-cyclic languages. Let a language L be given and
let A be the minimal UDFA accepting L. First, we prove that for a decomposition
of A formed by UDFAs A1 and A2, there exists an effective decomposition of A

formed by UDFAs E1 and E2 with a smaller or equal value of the maximum of the
state complexities of the automata forming the decomposition, i.e., with a smaller or
equal value of the max-quality function. Thus when dealing with the max-quality
of decompositions of the minimal UDFAs accepting properly λ-cyclic languages, we
can consider effective decompositions only.

Proposition 6. Let L be a properly λ-cyclic language for some λ ∈ N. Let A be
the minimal UDFA accepting the language L and let UDFAs A1 and A2 form a
decomposition of A. Then there exist UDFAs E1 and E2 such that they form an
effective decomposition of A and it holds that max([E1, E2]) ≤ max([A1, A2]).

Proof. Let L be a properly λ-cyclic language for some λ ∈ N. Let A be the minimal
UDFA accepting the language L, thus A is a UDFA of size (λ, 0). Let UDFAs A1

of size (λA
1 , µA

1 ) and A2 of size (λA
2 , µA

2 ) form a decomposition of A. By Theorem
11, it follows that there exist UDFAs E1 of size (λE

1 , 0) and E2 of size (λE
2 , 0) such

that they form an effective decomposition of A. Moreover, it holds that λE
1 | λA

1 and
λE

2 | λA
2 . Since µA

1 , µA
2 ≥ 0, we obtain that λE

1 = sc(E1) ≤ sc(A1) = λA
1 + µA

1 and
λE

2 = sc(E2) ≤ sc(A2) = λA
2 + µA

2 . Without loss of generality, let sc(A1) ≥ sc(A2).
Thus max([A1, A2]) = sc(A1). It holds that sc(E1) ≤ sc(A1) and sc(E2) ≤ sc(A2) ≤
sc(A1). Therefore we obtain that max([E1, E2]) ≤ sc(A1) = max([A1, A2]).

Now, we shall provide bounds for the max-quality of effective decompositions of
properly λ-cyclic languages.

Lemma 8. Let L be a properly λ-cyclic language for some λ ∈ N. Let A be the
minimal UDFA accepting the language L and let UDFAs A1 and A2 form an effective
decomposition of A. Then the following inequality holds:

d
√

λe ≤ max([A1, A2])

Proof. Let L be a properly λ-cyclic language for some λ ∈ N. Let A be the
minimal UDFA accepting L, thus A is a UDFA of size (λ, 0). Let UDFAs A1 of
size (λ1, 0) and A2 of size (λ2, 0) form an effective decomposition of A. Without
loss of generality, let us assume that λ1 ≥ λ2. Thus max([A1, A2]) = λ1. For the
contrary, let us assume that d

√
λe > max([A1, A2]). Therefore it also holds that√

λ > max([A1, A2]). Thus we obtain that
√

λ > λ1 ≥ λ2. Since A1 and A2 form
an effective decomposition of A, it holds that lcm(λ1, λ2) = λ. It follows that
sc(A) = lcm(λ1, λ2) ≤ λ1 ∗ λ2 ≤ λ2

1 <
√

λ
2 = λ = sc(A). Thus we obtain the

contradiction sc(A) < sc(A). Therefore d
√

λe ≤ max([A1, A2]).
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Lemma 9. Let L be a properly λ-cyclic language for some λ ∈ N. Let A be the
minimal UDFA accepting the language L and let UDFAs A1 and A2 form an effective
decomposition of A. Then the following inequality holds:

max([A1, A2]) ≤ 1
p1(λ)λ

Proof. Let L be a properly λ-cyclic language for some λ ∈ N. Let A be the minimal
UDFA accepting L, thus A is a UDFA of size (λ, 0). Let UDFAs A1 of size (λ1, 0) and
A2 of size (λ2, 0) form an effective decomposition of A. Without loss of generality,
let us assume that λ1 ≥ λ2. Thus max([A1, A2]) = λ1. Since A1 and A2 form an
effective decomposition of A, it holds that lcm(λ1, λ2) = λ, i.e., λ1 | λ, and λ1 < λ.
Therefore we obtain that λ = αλ1, where α > 1. Since p1(λ) is the smallest prime
which divides λ, it holds that α ≥ p1(λ). We obtain the following

p1(λ)λ1 ≤ αλ1 = λ

It follows that
λ1 ≤ 1

p1(λ)λ

Thus we obtain the desired inequality.

λ1 = max([A1, A2]) ≤ 1
p1(λ)λ

Since p1(λ) is the smallest prime number which divides λ, the smallest possible
value of p1(λ) is 2. Thus we obtain the following concrete upper bound for the
max-quality of effective decompositions.

Corollary 5. Let L be a properly λ-cyclic language for some λ ∈ N. Let A be the
minimal UDFA accepting the language L and let UDFAs A1 and A2 form an effective
decomposition of A. Then the following inequality holds:

max([A1, A2]) ≤ 1
2λ

Lemma 8 and Lemma 9 give lower and upper bound for the max-quality of
effective decompositions for properly λ-cyclic languages.

Theorem 20. Let L be a properly λ-cyclic language for some λ ∈ N. Let A be the
minimal UDFA accepting the language L and let UDFAs A1 and A2 form an effective
decomposition of A. Then it holds that

d
√

λe ≤ max([A1, A2]) ≤ 1
p1(λ)λ

Remark 14. It is easily seen than bounds given by Theorem 20 are exact. Thus for
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both bounds there exist UDFAs A1 and A2 which form an effective decomposition of
the minimal UDFA A and the value max([A1, A2]) is equal to this bound.

Let L be a properly λ-cyclic language and let A be the minimal UDFA accepting
L. Let UDFAs A1 and A2 form a decomposition of A. By Proposition 6, it follows
that there exists an effective decomposition of A formed by UDFAs E1 and E2 such
that max([E1, E2]) ≤ max([A1, A2]). Thus the lower bound for the max-quality
of effective decompositions of A is also the lower bound for the max-quality of all
decompositions of A. The upper bound for the max-quality of all decompositions of
A is only the trivial one. Thus we obtain the following bounds for the max-quality
of all decompositions of properly λ-cyclic languages.

d
√

λe ≤ max([A1, A2]) ≤ λ − 1

3.4 Mult-quality of decompositions

Let A be the minimal DFA accepting a unary language L. Let DFAs A1 and A2

form a decomposition of A. In this section we shall measure the quality of the
decomposition by the product of the state complexities of the automata forming the
decomposition, i.e., sc(A1) ∗ sc(A2). We shall call this q-quality function mult.

Definition 10. Let DFAs A1 and A2 form a decomposition of the minimal DFA A.
We call the function mult : D → N defined as follows

mult([A1, A2]) = sc(A1) ∗ sc(A2)

the mult-quality of decomposition.

This approach measures how far is the given decomposition from the optimal
decomposition of the minimal DFA A. By optimal, we understand a decomposition
of A formed by DFAs A1 and A2 such that sc(A1) ∗ sc(A2) = sc(A). Thus using the
standard construction for intersection of L(A1) and L(A2), we obtain the minimal
DFA accepting the language L, i.e., the DFA A. Therefore automata forming such
decomposition can not have lower state complexities.

We shall consider only properly λ-cyclic languages. Let a language L be given and
let A be the minimal UDFA accepting L. First, we prove that for a decomposition
of A formed by UDFAs A1 and A2, there exists an effective decomposition of A

formed by UDFAs E1 and E2 with a smaller or equal value of the product of the
state complexities of the automata forming the decomposition, i.e., with a smaller or
equal value of the mult-quality function. Thus when dealing with the mult-quality
of decompositions of the minimal UDFAs accepting properly λ-cyclic languages, we
can consider effective decompositions only.
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Proposition 7. Let L be a properly λ-cyclic language for some λ ∈ N. Let A be
the minimal UDFA accepting the language L and let UDFAs A1 and A2 form a
decomposition of A. Then there exist UDFAs E1 and E2 such that they form an
effective decomposition of A and it holds that mult([E1, E2]) ≤ mult([A1, A2]).

Proof. Let L be a properly λ-cyclic language for some λ ∈ N. Let A be the minimal
UDFA accepting the language L, thus A is a UDFA of size (λ, 0). Let UDFAs A1

of size (λA
1 , µA

1 ) and A2 of size (λA
2 , µA

2 ) form a decomposition of A. By Theorem
11, it follows that there exist UDFAs E1 of size (λE

1 , 0) and E2 of size (λE
2 , 0) such

that they form an effective decomposition of A. Moreover, it holds that λE
1 | λA

1 and
λE

2 | λA
2 . Since µA

1 , µA
2 ≥ 0, we obtain that λE

1 = sc(E1) ≤ sc(A1) = λA
1 + µA

1 and
λE

2 = sc(E2) ≤ sc(A2) = λA
2 +µA

2 . Thus sc(E1)∗sc(E2) ≤ sc(A1)∗sc(A2). Therefore
we obtain that mult([E1, E2]) ≤ mult([A1, A2]).

Now, we shall provide bounds for the mult-quality of effective decompositions of
properly λ-cyclic languages.

Lemma 10. Let L be a properly λ-cyclic language for some λ ∈ N. Let A be the
minimal UDFA accepting the language L and let UDFAs A1 and A2 form an effective
decomposition of A. Then the following inequality holds:

λ ≤ mult([A1, A2])

Proof. Let L be a properly λ-cyclic language for some λ ∈ N. Let A be the minimal
UDFA accepting L, thus A is a UDFA of size (λ, 0). Let UDFAs A1 of size (λ1, 0)
and A2 of size (λ2, 0) form an effective decomposition of A. For the contrary, let us
assume that λ > mult([A1, A2]) = λ1 ∗ λ2. By Theorem 7, it follows that we can
construct a UDFA B of (lcm(λ1, λ2), 0) such that L(B) = L(A1) ∩ L(A2) = L. It
follows that sc(B) = lcm(λ1, λ2) ≤ λ1 ∗ λ2 < λ = sc(A). Thus sc(B) < sc(A) which
contradicts with the minimality of the UDFA A. Therefore λ ≤ mult([A1, A2]).

Lemma 11. Let L be a properly λ-cyclic language for some λ ∈ N. Let A be the
minimal UDFA accepting the language L and let UDFAs A1 and A2 form an effective
decomposition of A. Then the following inequality holds:

mult([A1, A2]) ≤ 1
p1(λ) ∗ p2(λ)λ2

Proof. Let L be a properly λ-cyclic language for some λ ∈ N. Let A be the minimal
UDFA accepting L, thus A is a UDFA of size (λ, 0). Let UDFAs A1 of size (λ1, 0) and
A2 of size (λ2, 0) form an effective decomposition of A. Thus mult([A1, A2]) = λ1 ∗λ2.
Since A1 and A2 form an effective decomposition of A, it holds that lcm(λ1, λ2) = λ

and λ1, λ2 < λ. Thus it holds that λ1 | λ and λ2 | λ. Hence λ = αλ1 = βλ2, where
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α, β > 1. We shall denote the greatest common divisor of α and β by g. Let us
assume that g > 1. We obtain the following.

αλ1 = βλ2 = λ

αλ1

g
= βλ2

g
= l ∈ N

Moreover, it holds that l < λ and both λ1 and λ2 divide l. Thus l is a common
multiple of λ1 and λ2 strictly smaller than λ which contradicts that λ is the least
common multiple of λ1 and λ2. Therefore it must hold that g = 1. Thus α and β

are mutually coprime numbers. Furthermore it holds that α, β > 1 and they both
divides λ. Thus without loss of generality it holds that α ≥ p1(λ) and β ≥ p2(λ).
We obtain the following.

p1(λ) ∗ λ1 ≤ αλ1  p1(λ) ∗ λ1 ≤ λ  λ1 ≤ 1
p1(λ)λ

p2(λ) ∗ λ2 ≤ βλ2  p2(λ) ∗ λ2 ≤ λ  λ2 ≤ 1
p2(λ)λ

It follows that
λ1 ∗ λ2 ≤ 1

p1(λ)λ ∗ 1
p2(λ)λ = 1

p1(λ) ∗ p2(λ)λ2

Thus we obtain the desired inequality.

mult([A1, A2]) ≤ 1
p1(λ) ∗ p2(λ)λ2

Since p1(λ) is the smallest prime number which divides λ, the smallest possible
value of p1(λ) is 2. Similarly p2(λ) is the second smallest prime number which divides
λ. Thus the smallest possible value of p2(λ) is 3. Therefore we obtain the following
concrete upper bound for the mult-quality of effective decompositions.

Corollary 6. Let L be a properly λ-cyclic language for some λ ∈ N. Let A be the
minimal UDFA accepting the language L and let UDFAs A1 and A2 form an effective
decomposition of A. Then the following inequality holds:

mult([A1, A2]) ≤ 1
6λ2

Lemma 10 and Lemma 11 give lower and upper bound for the max-quality of
effective decompositions for properly λ-cyclic languages.

Theorem 21. Let L be a properly λ-cyclic language for some λ ∈ N. Let A be the
minimal UDFA accepting the language L and let UDFAs A1 and A2 form an effective
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decomposition of A. Then it holds that

λ ≤ mult([A1, A2]) ≤ 1
p1(λ) ∗ p2(λ)λ2

Remark 15. It is easily seen than bounds given by Theorem 21 are exact. Thus for
both bounds there exist UDFAs A1 and A2 which form an effective decomposition of
the minimal UDFA A and the value mult([A1, A2]) is equal to this bound.

Let L be a properly λ-cyclic language and let A be the minimal UDFA accepting
L. Let UDFAs A1 and A2 form a decomposition of A. By Proposition 7, it follows
that there exists an effective decomposition of A formed by UDFAs E1 and E2 such
that mult([E1, E2]) ≤ mult([A1, A2]). Thus the lower bound for the mult-quality
of effective decompositions of A is also the lower bound for the mult-quality of all
decompositions of A. The upper bound for the mult-quality of all decompositions of
A is only the trivial one. Thus we obtain the following bounds for the mult-quality
of all decompositions of properly λ-cyclic languages.

λ ≤ mult([A1, A2]) ≤ (λ − 1)2





Conclusion

In this thesis we continued the research of the notion of usefulness of information
in unary deterministic finite automata setting. Given a problem, we considered a
supplementary information about an input useful, if it allowed us to solve the problem
easier. We formalized this concept using decompositions of unary deterministic finite
automata.

We defined a relation on languages provide useful information Ainf such that
L(A) Ainf L(B) if there exists a decomposition of the minimal UDFA B which
includes the minimal UDFA A. Next we defined the family LA as a family of all
problems for which the language L(A) provides useful information. We proved that
LA is infinite iff L(A) is an infinite language other that a∗. Thus every nontrivial
information is useful for infinitely many problems. On the other hand, we proved
that LA is empty iff L(A) is a finite language or a∗. Thus no trivial information is
useful for some problem. From this it follows that for all unary regular languages
L(A) the family LA is either infinite or empty.

Next, we explored relations between inclusion of families LA ⊆ LB, inclusion
of the given languages L(A) ⊆ L(B) and the relation provide useful information,
i.e., L(B) Ainf L(A). We proved that inclusion of families LA ⊆ LB implies the
same inclusion of respective languages, i.e., L(A) ⊆ L(B). Thus we have LA = LB

if and only if L(A) = L(B). However, we proved that the reverse implication does
not holds. Moreover, we found an infinite sequence of counterexamples. Trivially,
it holds that if L(B) Ainf L(A), then L(A) ⊆ L(B). We proved that the reverse
implication in this case also does not hold. Moreover, we found an infinite sequence
of counterexamples.

Furthermore, we proved an counterintuitive fact that the relation provide useful
information Ainf is not transitive. Thus there exist languages L(A), L(B), and L(C)
defined by UDFAs A, B, and C such that L(B) provides useful information for L(A),
L(C) provides useful information for L(B), however L(C) does not provide useful
information for L(A). Moreover, we found an infinite sequence of such triples of
languages L(A), L(B), and L(C).

We concluded this thesis with results concerning the quality of decompositions.

61
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We built on [3], where the quality of decompositions was measured using the sum of
the state complexities of automata forming a decomposition. We measured the quality
of decompositions using the maximum and the product of the state complexities of
automata forming a decomposition. In both these cases we provided exact bounds
for quality of effective decompositions of properly λ-cyclic languages. Moreover, we
proved that it suffices to consider effective decompositions only, when dealing with
quality of decomposition of properly λ-cyclic languages.

To conclude, we mention several problems for further research. Quality of
decompositions of properly ultimately λ-cyclic languages could be examined in
more depth. It should by possible to obtain at least slightly better estimate for
bounds than the trivial ones. Also quality of decompositions into more than two
new automata could be examined. Moreover, the problem whether the implication
LA ⊆ LB =⇒ L(B) Ainf L(A) holds remains open. Also other properties of the
relation provide useful information Ainf than transitivity could be examined.
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