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Introduction

Suppose G = (V, E) is a graph.

e A vertex coloring is an assignment of labels or colors to each vertex
of a graph such that no edge connects two identically colored
vertices

e An edge coloring of a graph is an assignment of labels or colors to
each edge such that no two edges that are incident with the same
vertex are identically colored.

e Line graph of graph G is denoted as L(G)

o V(L(G)) = E(G)
o Ve, e € E(G) are adjacent in L(G), if they are incident with common
vertex in G.
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Circular Coloring

Suppose G = (V, E) is a graph and C a circle of (euclidean) length r.

e r-circular coloring ¢ of G

o c assigns each vertex x an open unit length arc c(x)
o Ve=(x,y) € E(G):c(x)Nc(y)=10

e circular chromatic number
Xc(G) = inf{r : G is r-circular colorable.}
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Interval Coloring

Suppose G = (V, E) is a graph and C a circle of (euclidean) length r.

e r-interval coloring g of G
o g assigns each vertex x an open unit length sub-interval [0, r]
o Ve=(x,y) € E(G) : g(x)Ng(y) =0

e chromatic number
X(G) = min{r : G there is an r-interval coloring.}

Theorem ([Zhu01, Zhu06])
For any finite graph G, x(G) — 1 < x<(G) < x(G).
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Interval vs. Circular coloring example
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Circular chromatic index

Suppose G = (V, E) is a graph.
e chromatic index X'(G) = x(L(G))
e circular chromatic index xL(G) = x<(L(G))

Theorem
For any finite graph G, x'(G) — 1 < x.(G) < X/(G).
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Motivation

e By Vizing's theorem, chromatic index of cubic graphs is either
three or four.

e X is measure of uncolorability
e NP-complete problem

* number of colors is proportional to number of edges (guesstimate
is # colors? edges resp. # edges# edgeS)
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Snark Graphs (1)

Definition
Snark — connected bridgeless cubic graph with chromatic index four.

e Avoiding trivial cases

o cyclically 4-edge connected
o girth > 5

 Petersen graph is the smallest snark (of order 10)
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Snark Graphs (2)

n # snarks
10 1
18 2
20 6
22 20
24 38
26 280
28 2900
30 28399
32 293059
34 | 3833587
36 | 60167732

Table 1: Database House of graphs [Hou] in graph6 format [McK]
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Potential indices (1)

e All rational numbers 2 between 3 and 4, such that
p < circumference(L(G)) < |E(G)|
e ordering of s potential indices

o ascending
o ascending according to numerator
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Potential indices (2)

Time complexity
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Figure 1: Time complexity of determining circular colorability
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Backtrack - basic algorithm

Ordering of edges — next edge is edge with most colored neighbours

First edge has color 0

Second edge has half of colors

Try only colors that are not covered by edge neighbours

12 of 25



SAT solvers [Lin]

For graph G and coloring ¢ (§ -
as SAT instance in CNF

e Veec E(G) let Py < c(e) =y.
e clause type 1: Ve € E(G) = Pe,, y€{0..(p—1)}

e clause type 2: Ve, f € E(G) (e and f are incident) —
—Pey VP, ly—z|<qV|y—z|>p—gq

coloring) we represent this problem
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SAT solvers [Lin] — alternative representation (1)

R

Figure 2: Colors in node for (3k+1, k)-coloring
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SAT solvers [Lin] — alternative representation (2)

 Variables - Vv € V(G) let P, & c(v) =t
e Clause type 1 -
Vv e V(G) VP, ; t € {all possible triplets of colors}
e Clause type 2 = Vu,v € V(G) A (u,v) € E(G) = =Py VP4, if

not he same color is assigned to the edge (u, v) by triplets t; and
tr.
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Theoretical time complexity

Algorithm Complexity
Exhaustive search o(p™)
Backtrack 0 (\f(2)’"*3 (%)m_l)

SAT instance edges | O (1.32"(2_%_61_31+mip)> )
SAT instance vertices | O ((1.32p(§(q2+q)+5)_3> )

Table 2: Time complexity of method determining (p, q)-circular edge
colorability of a given graph
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Algorithm comparison — finding index

Order | # snarks | Backtrack | SAT solver [Lin]
10 1 0m0.02s 0m0.09s
18 2 >10h 0m5.97s
20 6 0m47.08s
22 20 3m26.19s
24 38 8m27.99s
26 280 33m39.60s
28 2900 49h26m?27.67s
30 28399 *204h22m42.82s

Table 3: Backtrack and SAT solver comparison.

* 7 threads were used to compute results
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Time vs. order of graph

Time vs. order of graph
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Figure 3: Average running time for snark depending on a given order.
Results were computed by SAT solver.
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Graphs with (10, 3) circular chromatic index

e Generate all 13—0—co|orings

e Determine if for each coloring ¢, D.(G) contains a tight cycle
e Generating colorings

o Backtrack
o All solution sat
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Algorithm comparison — generating all colorings +
testing tight cycles

Order | # snarks | (10,3)-index | Backtrack '[AC”I\IS:iglon sat
10 1 0 0m0.05s 0m0.21s
18 2 1| Omll.68s 0m7.21s
20 6 5| 0m33.81s 0m11.68s
22 20 18 | 8m14.48s 1m48.01s
24 38 37 | 47Tm11.87s 9m47.51s
26 280 211 5h31m7.53s

Table 4: (10, 3)-index of graphs of order less than 28
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Results
Order 10 18 20 22 24 26 28 30
Frsnarks 1 2 6 20 38 280 2900 28399
Index
(29,9)[322] 0 0 0 0 o0 1 0 8
(13,4)[325] 0 0 0 0 0 13 314 4130
(23,7)[329] 0 0 0 0 1 55 1076 12775
(33,10)(330] 0 0 0 0 0 0O 0 1
(10,3) [333| 0 1 5 18 37 211 1509 11483
(17,5) (340 0 0 1 2 0 0 1 2
(7.2)|350] 0 1 0 0 0 0O 0 0
(11,3)[366| 1 0 O 0 0 0O 0 0

Table 5: Results for graphs of order up to 30
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Thank You for Attention




Question (1)

Algoritmus na urcenie poradia Cisel r vychadzal z predpokladu, Ze
cirkularne chromatické index su distribuované rovnomerne.

10/3. Mohli by ste navrhniit a vyskisat stratégiu zaloZend na tomto
predpoklade?

e Usporiadanie zlomkov podla frekvencie — [10/3, 23/7, 13/4]

e Na prehlasenie, Ze dany zlomok je index je nutné overit aj zvysné
potencialne zlomky — zamietnut mensie alebo vygenerovat vsetky
farbenia a preverit tesné cykly
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Question (2)

Okrem obmedzenia na farby prvych dvoch hran nie je popisana Ziadna

snaha o vylepsenie (odhadu) zloZitosti algoritmu spatného

prehladavania.

e V praci je na stranach 23-26 opisana vylepSena verzia backtrack
algoritmu s fixnym poradim hran, optimalizujica pocet skisanych
farieb. My sme vychadzali v praci priamo z tohto algoritmu.
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Question (3)

Jedno z moznych vylepseni je nefarbit (zafarbitelné) hrany so styrmi
zafarbenymi susedmi, ¢o dava horny odhad jednej farby.
e Analyza moznych pripadov
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Question (4)

Mohli by ste vyskisat (analyzovat aj implementovat) alternativne
stratégie usporiadania hran na prehladdvanie (napr. najprv 2-faktor,
najprv 1-faktor, prehladdvanim do Sirky, nahodne)?

e Spomenuté stratégie sme neimplementovali:

e V pripade indexu, ktorym je dany graf ofarbitelny, by alternativne
pristupy mohli poméct.

e Rozhodnutie, ¢i dany index je pre graf indexom vyzaduje
zamietnutie mensich zlomkov

e priklad za¢neme 1-faktorom pri 23/7 farbeni: zlozitost 23IEl/3

e Poradie zvolené v praci odhaluje lokalne konflikty ¢o najskér. Malo
by teda dosahovat lepsie vysledky (rychlejsie asy).
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Question (5)

Skasali ste, ¢i beh SAT-solvera zavisi od usporiadania formual?

* Nie, neskisali, pretoze v literatire [MN14] sa uvadza, ze ndhodné
preusporiadavanie formdl neméa vplyv na rychlost vyrieSenia
indtancie (viaceré SAT solvery, vratane Lingeling).
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Question (6)

MoézZete spravit odhad, kolko by trvalo vyratat cirkularny chromaticky

index snarkov na 32 pripadne 34 vrcholov?

e V praci je na strane 48 graf, v ktorom je priemer z desiatich 32 aj
34 vrcholovych grafov. Vypocty v priemere trvali 3 mindty.
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Question (7)

Aky je cirkularny chromaticky index cyklicky 5- a 6-stvislych snarkov
(aj na viac ako 30 vrcholoch)?
e Priemerny Cas behu pre jeden graf je 1m23.6s

Order 32

# snarks | 2953
(7, 2) 0
(10,3) | 753
(11, 3) 0
(13, 4) | 1191
(17, 5) 0
(23,7) | 1009
(29, 9) 0
(33, 10) 0
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